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Research  has  been  carried  out  in  the  areas  of  (l)  Collision  kernels 
and  laser  spectroscopy*  (2)  Laser-assisted  collisions*  (3)  Heating  and 
cooling  via  collisionally -aided  radiative  excitation  (U)  Collisional 
processes  in  lt-vave  nixing  experiments  (5 )  Laser  Spectroscopy  of  Ha 
(6)  Radiative  collisions  involving  surfaces  and  (7)  Two-level  problem 
plus  radiation  pulse. 

1.  Collision  Kernels  and  Laser  Spectroscopy  (P.  Berman,  R.  Shakeshaft) 

In  an  atomic  vapor,  a  quantity  of  physical  intereat  is  the 
collision  kernel  W^(v'-»v)  giving  the  probability  density  per  unit  tine 
that  an  atom  in  state  i  undergoes  a  change  of  velocity  from  v '  to  v,  owing 
to  collisions  with  perturber  atoms.  For  atoms  in  a  superposition  of 
states  i  and  J  there  is  an  alalogous  "kernel”  (v'-*v)  (it  need  not  be 
definite)  which  describes  the  effects  of  collisions  on  atomic  state 
coherences.  The  coherence  kernel  is  important  in  problems  relating  to 
atomic  spectroscopy  where  an  external  radiation  field  creates  a  linear 
superposition  of  atomic  states.  The  coherence  kernel  specifies  the  manner 
in  which  collisions  modify  superposition  states;  in  turn  the  collision- 
induced  modification  alters  the  absorptive  and  dispersive  properties  of 
the  vapor.  A  complete  analysis  of  the  line  shapes  associated  with  laser 
spectroscopy  can  be  achieved  only  with  an  understanding  of  the  collision 
kernels.  Conversely*  the  line  shapes  can  be  used  to  provide  information 

on  collisional  processes  occurring  within  the  vapor. 

Formal  expressions  for  the  collision  kernels  exist1,  but  limited 

progress  had  been  achieved  in  gaining  physical  insight  into  those  ex¬ 
pressions  for  the  case  when  the  collisional  interactions  for  states  1  and 


J  differ  appreciably  (as  they  vill  for  most  electronic  transition). 
Classically,  the  i  and  j  state  populations  would  follow  different 
trajectories  during  a  collision,  and  it  is  not  obvious  that  a  collision 
trajectory  can  be  assigned  to  the  atonic  coherence  (superposition  state). 

Using  argunents  based  on  the  uncertainty  principle,  ve  have 

2»  3»  5*  ge 

shown  *  *  *  *  that  collisions  can  be  divide'3  roughly  into  two 

regions.  Let  b  be  sone  characteristic  impact  parameter  in  the  scattering 
o 

process.  For  collisions  having  Impact  parameters  b<bQ,  collisions  may 
be  treated  classically  leading  to  classical  population  kernels  and 
vanishing  coherence  kernels .  The  coherence  kernel  vanishes  owing  to  a 
spatial  separation  of  the  state  i  and  J  collision  trajectories.  On  the 
other  hand,  collisions  having  b>bQ  must  be  treated  quantum-mechanically . 
These  collisions  give  rise  to  diffractive  scattering  contributions  to 
both  the  papulation  and  coherence  kernels. 

The  interpretation  based  on  the  Uncertainty  Principle  represents 

the  first,  simple  unifying  explanation  of  the  manner  in  vhich  collisions 

affect  the  physical  observables  associated  with  an  atomic  system.  Ve 
j> 

have  shown  that  the  diffractive  velocity  changes  should  depend  only 
on  the  active  atom  mass  and  not  the  perturber  to  active  atom  mass  ratio. 

Drsmatic  experimental  evidence  for  these  conclusions  has  been  provided 

by  a  series  of  experiments  carried  ouv  by  Hartmann's  group  at  Columbia 

using  Li,  Ha  and  T1  as  the  active  atoms  in  photon  echo  experiments. 

This  work  is  serving  to  stimulate  experimental  efforts  by  other  groups . 

*Asterisks  on  references  indicate  that  the  reference  is  appended  to 
this  report. 
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A  comprehensive  summary  of  the  physical  processes  underlying 
collisions  in  atomic  vapors  and  the  corresponding  Implications  for 
spectroscopy  has  been  prepared  in  conjunction  with  lectures  given  at 
the  1982  Les  Houches  Summer  School  in  "Sew  Trends  in  Atomic  Physics." 

2.  Laser-Assisted  Collisions  (F.  Berman,  E.J.  Robinson) 

A  review  article  on  Collisionally -Aided  Radiative  Excitation 
(CARE)  and  Radiatively  Assisted  Inelastic  Collisions  (RAIC)  was  written 
In  this  article,  simple  physical  arguments  vere  given  to  explain  the  de¬ 
tuning  and  field  strength  dependence  of  cross  sections  for  laser  assisted 
collisions . 

Recently,  we  predicted  that  final  state  coherences  could  be 
9 

created  by  RAIC.  Motivated  by  the  theory,  A.  De&urre  performed  an  ex¬ 
periment  to  test  its  predictions.  Her  results10  provided  the  first  ex¬ 
perimental  evidence  for  coherences  created  by  RAIC  and  were  in  excellent 
agreement  with  theory. 

3.  Cooling  or  Heating  via  CARE  (P.  Berman) 

Several  years  ago,11  we  predicted  that  cooling  or  heating  of  an 
atomic  vapor  could  be  achieved  using  Collisionally -Aided  Radiative  Ex¬ 
citation  (CARE).  In  Prof.  Stroke's  laboratory,  we  are  now  trying  to 
carry  out  an  experiment  of  this  type .  The  reaction  under  investigation 

is 

la  (3S1/g)  ♦  X  ♦  fifi  Ha  (3P1/2)  ♦  X 
where  X  is  a  rare  gas  atom. 

-  3  - 


The  energy  defect  between  the  photon  energy  -fiH  and  the 
transition  frequency  Is  provided  by  a  corresponding  change  in  the 
translational  energy  of  the  Ha  -  rare  gas  system.  To  probe  this  energy 
change,  the  Telocity  distribution  of  the  excited  state  Ha  atoms  is  moni¬ 
tored  using  the  transition  to  the  hD  state.  Calculations  were  made  which 
indicated  that  heating  of  the  Ha  should  be  detectable  by  this  scheme  using 

a  positive  energy  defect  and  heavy  rare  gas  perturbers .  Preliminary  re- 
12* 

suits  confirm  this  heating  effect.  Work  on  this  experiment  will  con¬ 
tinue  into  next  year. 

4.  Collisional  Processes  in  4-Wave  Mixing  (P.  Berman) 

In  the  past  several  years,  there  has  been  considerable  interest  in 

13 

4-wave  mixing  and  is  phase  conjugate  optics.  Beceotly,  several  attempts 

to  include  collisional  effects  into  the  theory  of  such  processes  have 

appeared.  "Hew",  "collision  induced"  resonances  have  been  predicted  and 
14 

observed.  Although  there  have  been  some  attempts  at  physical  ex¬ 
planations  of  these  resonances,  there  appears  to  be  room  for  a  more 
fundamental  understanding  of  their  origin.  Moreover,  4-wave  mixing  ex¬ 
periments  offer  a  convenient  vehicle  for  studying  the  effects  of  velocity¬ 
changing  collisions  on  Zeeman  coherences,  a  problem  that  continues  to 
elude  a  simple  physical  Interpretation. 

In  collaboration  with  Dr.  J.  lam,  we  have  begun  a  systematic  study 
of  collision  effects  in  4-wave  mixing  experiments .  It  is  our  hope  to 


provide  e  coherent  picture  of  the  collision-induced  resonances  and  to  in¬ 
corporate  the  effects  of  velocity  changing  collisions  into  the  line  shape 
formulas .  Calculations  have  begun  and  ve  have  already  concluded  that 
the  standard  interpretations  of  sane  of  the  resonances  appearing  in  Wvave 
mixing  are  in  error. 

5 .  Laser  Spectroscopy  of  Ha  (C.  Feuillade) 

Owing  to  a  favorable  resonance  transition  frequency,  Ha  has 
been  the  favorite  choice  of  experimentalists  in  laser  spectroscopic 
studies.  The  fine  and  hyperfine  structure  of  Ha  leads  to  a  multitude 
of  levels,  even  in  the  Ha  ground  state.  There  have  been  no  rigorous 
calculations  that  properly  incorporate  the  effects  of  fine  and  hyperfine 
structure,  collisions!  effects  and  optical  pusping  effects  with  Ha  as 
the  active  atom  in  a  laser  spectroscopy  experiment.  However,  it  is  clear 
that  optical  pumping  of  the  ground  state,  in  particular,  can  severely 
modify  the  laser  spectroscopic  line  shapes. 

Due  to  the  fundamental  importance  of  the  Ha  system  in  laser 
spectroscopy,  ve  have  begun  a  project  to  include  all  fine  and  hyperfine 
structure  of  the  38,  3?  and  UD  levels  of  Ha,  interacting  with  two  laser 
fields.  Both  steady  state  and  transient  solutions  will  be  sought,  to 
clearly  isolate  the  effects  of  optical  pushing.  Hventually,  colliaional 
effects  will  be  included.  Progress  to  date  includes  the  development 
of  a  large  computer  code  to  include  all  the  relevant  levels  and  allow 
for  arbitrary  polarization  of  the  laser  fields. 
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6.  Radiative  Collisions  Involving  Surfaces  (P.  Be man,  X.  Robinson) 

Xn  collaboration  vith  Prof.  Raj an  (BHU),  ve  have  started  some 
preliminary  studies  of  atom-surface  interactions  in  the  presence  of 
laser  fields.  While  seme  problems  have  been  identified,  little  progress 
has  been  made  in  developing  the  theory.  Still,  in  the  long  term,  this 
appears  to  be  a  fruitful  area  for  investigation. 

7.  Tvo-level  Atom  plus  Radiation  Pulse  (X.  Robinson,  A.  Bambini ,  P.  Berman) 

Research  continues  in  the  fundamentally  important  problem  of  a 

two-level  system  coupled  by  a  radiation  pulse.  In  the  large  detuning  limit, 

ve  were  able  to  show  that  certain  classes  of  coupling  pulses  having  the 

same  asymptotic  Fourier  transforms  will  yield  transition  probabilities  that 

15* 

are  related  to  each  other  by  a  simple  scaling  transformation.  Methods 
for  evaluating  the  transition  probabilities  in  the  large-detuning  limit 
have  also  been  developed. 

l 

8.  Miscellaneous 

Previous  vork  has  been  published  relating  to  the  effects  of 

16* 

collisions  on  Zeeman  coherences  ,  the  dressed  atom  picture  as  applied 

17* 

to  laser  spectroscopy  ,  and  the  eigenvalue  problem  for  the  tvo-level 
atom  plus  radiation  pulse  problem. In  addition,  a  Consent1^  ,  was 

2Q 

published  correcting  and  clarifying  some  recent  work  yielding  sub¬ 
natural  line  width  resolution. 
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Measurement  of  a  Total  Atomic-Radiator -Perturber  Scattering  Cross  Secth 

R.  Kachru,(a)  T.  J.  Chen,  and  S.  R.  Hartmann 

Columbia  Radiation  Laboratory ,  Department  of  Physics,  Columbia  University ,  New  York,  New  York  10027 
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and 

P.  R.  Berman 

Department  of  Physics,  New  York  University,  New  York,  New  York  10003 
(Received  9  June  1981) 

From  work  on  the  2S-2P,/2  transition  of  atomic  7Ii,  perturbed  by  noble  gases,  and  use 
of  the  photon-echo  technique,  the  first  measurement  of  a  “total”  atomic-radiator-per- 
turber  scattering  cross  section  is  reported.  The  phase-changing,  inelastic,  and  veloc¬ 
ity-changing  aspects  of  collisions  contribute  to  this  cross  section,  which  is  significantly 
larger  than  the  corresponding  pressure-broadening  cross  section.  Typical  velocity 
changes  are  found  to  be  roughly  one  percent  of  the  mean  thermal  Bpeed. 


PACS  numbers:  32.70.Jz,  34.40.+U,  34.90.+qf  42.65.Gv 


In  most  spectroscopy  experiments,  one  moni¬ 
tors  the  dipole  moment  of  the  system  under  in¬ 
vestigation.  The  collisional  perturbation  of  opti¬ 
cal  dipoles  or  "optical  radiators”  represents  an 
interesting  problem,  since  it  requires  one  to  un¬ 
derstand  the  way  in  which  collisions  affect  a  su¬ 
perposition  state.  At  first  glance,  it  might  seem 
than  any  collision  destroys  the  superposition 
state  since  the  states  a  and  b  involved  in  the  opti¬ 
cal  transition  generally  follow  different  collision 
trajectories.1’2  The  notion  of  distinct  trajector¬ 
ies,  however,  is  a  classical  one  which  is  known 
to  fail  for  large-impact-parameter  collisions. 
Thus  the  dipole  moment  or  optical  coherence  is 
not  necessarily  destroyed  in  such  large  impact - 


parameter  collisions.3  Despite  the  fact  that  state- 
dependent  trajectory  effects  seem  to  play  a  cru¬ 
cial  role  in  determining  the  fate  of  the  optical  di¬ 
poles,  for  reasons  to  be  discussed  below,  steady- 
state  spectroscopy  experiments  are  not  overly 
sensitive4  to  such  effects.  As  a  result  tradition¬ 
al  theories  of  pressure  broadening,5  in  which  col¬ 
lisions  are  assumed  to  affect  only  the  phases  of 
the  optical  dipoles,  have  been  successful  in  ex¬ 
plaining  these  experiments.  Only  recently  has 
the  effect  of  velocity-changing  collisions  been  put 
in  better  perspective.6  To  identify  clearly  the  ef¬ 
fects  of  velocity-changing  collisions  on  optical  di¬ 
poles  experimentally,  coherent  transient  tech¬ 
niques  offer  unique  possibilities.7 
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We  present  here  results  of  a  photon-echo  study 
of  2S-2P1/2  Li  radiators  perturbed  by  noble-gas 
atoms  which  provide  the  first  comprehensive  pic¬ 
ture  of  the  quantum -mechanical  velocity -chang¬ 
ing  aspect  of  collisions.3,7  We  measure  a  total 
radiator-perturber  scattering  cross  section  o, 
(representing  the  combined  effect  of  the  inelastic, 
phase- changing,  and  velocity -changing  aspects  of 
collisions),  and  find  that  it  is  significantly  larger 
than  the  broadening  cross  sections  deduced  from  | 


spectral  line  measurements.  Fitting  our  data  by 
a  phenomenological  collision  kernel  allows  us  to 
estimate  the  average  velocity  change  experienced 
by  a  radiator  in  those  collisions  which  produce 
identifiable  velocity  changes. 

Assume  that  the  two  photon-echo-excitation 
pulses  propagate  along  i  and  occur  at  the  times 
t  =  0  and  t  =  t.  The  phase  of  a  radiator  residing  at 
a  particular  location  f  in  the  sample  is  given8 
(for  /  >t)  by  expf-i  (u>  -£•  ?)],  where 


(p(t)s-  for[u>ft')  +E  •  v{t')}dt'  +  f‘  [a’ft')  +  5c  •  v(t')]dt 

w(f')  [v(f')]  is  the  instantaneous  oscillation  fre¬ 
quency  [velocity)  of  the  radiator,  and  5  is  the 
common  wave  vector  of  the  excitation  pulses.  In 
the  absence  of  collisions,  wit')  and  v(f')  are  time 
independent  so  that  <p(ie  =  2r)  =  0  (i.e.,  Doppler  de¬ 
phasing  is  eliminated)  and  an  echo  is  emitted 
along  z . 

In  the  presence  of  collisions,  the  echo  intensity 
I,  is  degraded  by  the  factor  (exp(-iy>{2T)])2, 
where  the  angle  brackets  indicate  an  ensemble 
average.  While  a  more  detailed  calculation  of  the 
collisionally  induced  modification  of  the  echo  am¬ 
plitude  will  be  given  elsewhere,  we  can,  roughly 
speaking,  evaluate  this  factor  by  considering  col¬ 
lisions  to  be  divided  into  two  groups,  i.e.,  those 
having  impact  parameters ,  b ,  less  than  or  great¬ 
er  than  the  Weisskopf  radius  by,  3  For  6  <few, 
classical  trajectory  notions  are  valid  and  because 
of  the  separation-of -trajectories  argument,  one 
is  led  to  the  conclusion  that  the  dipole  moment  is 
destroyed  in  a  collision.  In  traditional  pressure¬ 
broadening  theories,  phase  changes  in  this  re¬ 
gion  are  large  enough  to  destroy  the  optical  co¬ 
herence.  A  broadening  cross  section  oB  can  be 
calculated  using  either  theoretical  picture  (loss 
of  dipoles  because  of  phase  changes  or  distinct 
trajectories)  and,  interestingly,  both  approaches 
lead  to  the  same  value.  For  collisions  with  b>bw, 
the  distinct -trajectory  argument  fails  and  one 
must  perform  a  quantum  mechanical  calculation. 
Collisions  for  which  b  >b  w  give  rise  to  all  veloc- 


(1) 


ity-changing  effects  in  which  the  dipole  moment 
may  be  preserved  and  the  small  phase  changes 
which  occur  in  these  collisions  (which  for  sim¬ 
plicity  we  neglect)  contribute  to  the  pressure-in¬ 
duced  shifts  in  spectral  profiles.  We  can  under¬ 
stand  the  success  of  traditional  theories  of  pres¬ 
sure  broadening  despite  their  neglect  of  velocity¬ 
changing  effects  by  noting  that  collisions  with 
b  >6W  generally  give  rise  only  to  small-angle 
(0  <  Xb/6w  «  1,  where  \B  is  the  deBroglie  wave¬ 
length  of  Li)  diffractive  scattering.  The  small 
velocity  changes  associated  with  diffractive  scat¬ 
tering  do  not  significantly  modify  the  output  of 
most  steady-state  spectroscopic  experiments. 

For  large  t,  however,  photon-echo  experiments 
can  be  sensitive  to  the  velocity  changes  resulting 
from  even  diffractive  scattering. 

Thus  collisions  with  b<bv  can  be  viewed  as 
“inelasticlike”  and  accordingly  le*d  to  a  decrease 
in  echo  intensity  by  the  factor 

exp(-4nur(7BT)»  (2) 

where  n  is  the  perturber  number  density,  vr 
=  (ShgT/nn)1'2  is  the  mean  perturber -radiator 
relative  speed,  he  is  Boltzman’s  constant,  T  is 
the  absolute  temperature,  p  is  the  radiator-per¬ 
turber  reduced  mass,  and  aB  is  the  r-independent 
broadening  cross  section.  Velocity-changing  col¬ 
lisions  decrease  the  echo  intensity  by  the  factor8 

exp<  -4m>,  T(7„( t)],  (3a) 

where 


ct„(t)  =  o„n{l  -  T'\r  dr'  X”  exptifcT'  (Ar,)]g(Au,)rf(Ar.) } , 

o°  is  the  total  cross  section  for  velocity  chang-  ( - 

ing  collisions,  1?  =  |k| ,  and  the  collision  kernel 
g{ Ar,)  gives  the  probability  of  a  particular  change 
in  the  2  component  erf  velocity  Ar,.  Over  all,  the 
echo  intensity  varies  as 

le{n,r)  =/f°exp(-  4m  , Toe,t(r)],  (4a) 


(3b) 


where 

oertir)  =  Og+or(T),  (4b) 

and  !°  is  the  n  =  0  echo  intensity.  Since  the  root 
mean  square  change  in  tsv,  is  finite  for  any  real¬ 
istic  g(Ac,),  o,,(t )  =  ar2  for  sufficiently  small  r 
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FIG.  1.  Plot  of  creff  (r)  vs  t.  Error  bars  represent 
statistical  uncertainty.  At  right  we  show  a,. 


and 

oeff(T)  =  oB+aT 2  (short  r).  (5) 

Here  a  depends  on  the  details  of  g(bv,).  There¬ 
fore,  0'ff(T  =0)=  <t„.  On  the  other  hand,  ct„(t-  «o) 
=  o.°,  which  implies  that  o,ff (r  -  <*>)  =  a,  s  aB  +  <r„°. 

The  excitation  pulses  used  in  our  experiment 
on  the  6708-A  2S-2P1/2  transition  of  7Li  have  a  6- 
GHz  spectral  width,  a  4.5-nsec  temporal  width, 
and  a  peak  power  of  a  few  watts.  The  two  pulses, 
optically  split  from  the  single  output  pulse  of  an 
N2-laser-pumped  dye  laser,  were  collimated  to 
a  4-mm  diameter,  and  directed  through  a  stain¬ 
less-steel  heat-pipe-type  cell  containing  Li  of 
natural  isotopic  concentrations.  The  cell,  main¬ 
tained  at  525  ±  15  K  (implying  a  Li  pressure  of 
«  10" 6  Torr),  had  a  vapor  region  approximately 
10  cm  in  length.  For  reasons  described  else¬ 
where,3  we  used  excitation  pulses  of  orthogonal 
linear  polarization  in  short-r  measurements. 


Excitation  pulses  of  parallel  polarization,  which, 
depending  on  r,  produce  echo  signals  10  to  100 
times  larger  than  pulses  of  orthogonal  polariza¬ 
tion,  were  used  for  long-T  measurements,  where 
radiative  decay  of  the  2P1/2  state  weakened  the 
echo  signal  (by  *  1600  times  for  r=  100  nsec). 
Measurements  in  the  intermediate-r  regime  re¬ 
vealed  no  polarization  dependence  of  observed 
cross  sections. 

We  have  measured  /,  vs  n  (maximum  n  =  1016 
cm'3)  for  various  fixed  t,  and  usea  Eq.  (4a)  to 
calculate  otf(iT).  In  Fig.  1,  we  plot  otff(r)  vs  r 
for  each  noble-gas  perturber.  We  obtained  val¬ 
ues  of  oB  by  using  our  two  shortest-r  measure¬ 
ments  of  otff(r)  for  each  perturber  and  extrapolat¬ 
ing,  according  to  Eq.  (5),  back  to  aeff  (t=  0)=  oB. 
These  values  of  oB  are  presented  in  Table  I  along 
with  the  values  of  oB  obtained  in  traditional  line¬ 
broadening  experiments.10  Except  in  the  case  of 
He,  we  find  that  the  measurements  are  in-good 
agreement. 

We  attempt  to  reproduce  p„(t)  [computed  using 
our  value  of  oB  and  Eq.  (4b)]  and  hence  ocff(r)  by 
inserting  various  g (Au,)  in  Eq.  (3b).  For  g(bv,) 

=  (j ruoy 1/2  exp(-  Ai>//i/02),  we  obtain  the  solid  lines 
shown  in  Fig.  1.  The  least-squares-fit  values  of 
the  free  parameters  o„°  and  u0  are  shown  in  Table 
I.  The  quality  of  the  fits  is  quite  good.  A  Lo- 
rentzian  kernel  of  the  form  g  (Ar,)  =  iuJv)/kto 
+  At>/)  [but  with  g(&v,)  =  0  for  Av,»t/0]  produces 
a  better  fit  to  o„(t)  for  Li-He  collisions,  but  a 
poorer  fit  for  the  other  perturbers.  These  re¬ 
sults,  as  well  as  the  ratio  oB/ova*  1.0  observed 
in  our  experiment,  are  in  qualitative  agreement 
with  a  theory  based  on  a  quantum  mechanical 
hard-sphere  model  of  collisions. 

The  derived  values  of  «„  and  ov°  depend  some¬ 
what  on  our  choice  for  g(&r,).  We  note,  however, 
that  our  measurements  are  sensitive  to  all  veloc¬ 
ity  changes  Au,>  Au,mln=  l/kr^  (r^  is  our 


TABLE  I.  Various  cross  sections  involved  in  this  work  (see  text).  The  G  and  L  in  parentheses  indicate  results 
obtained  with  a  Gaussian  and  a  Lorentzian  collision  kernel,  respectively. 


Perturber  (jt2) 

CTBh,c 

(A2) 

(G) 

(A2) 

(A2) 

“o  (G> 
(cm/sec) 

“o  (L) 
(cm/  sec) 

aa  J 

(A2) 

o,  (G) 

a*) 

<y,  a.) 
(A2) 

He 

99 

86(3) 

34 

49 

1060 

247 

130 

133 

148 

Ne 

101 

104(4) 

47 

90 

1140 

187 

150 

149 

191 

At 

181 

164(8) 

145 

207 

1400 

340 

400 

326 

388 

Kr 

206 

211(9) 

170 

236 

1320 

335 

440 

376 

442 

Xe 

233 

265(10) 

200 

289 

1320 

315 

510 

433 

522 

‘This  work.  cRef.  10. 

b8caled  from  628  to  525  K  according  to  (l/7’)1/s.  dRef.  11. 
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maximum  pulse  separation).  Our  value  for  Au,ml" 
is  less  than  the  characteristic  diffractive  veloc¬ 
ity  change  vD  =  i >r\B/So,.  The  fact  that  the  scat¬ 
tering  is  diffractive  in  nature  restricts  our  choice 
of  g( At>#)  to  functions  which  are  relatively  flat  in 
the  region  Ar,£  vD.  With  this  restriction,  we  do 
not  expect  our  derived  value  of  <r„°  to  differ  great¬ 
ly  from  those  shown  in  Table  I.  If  a  heavier  radi¬ 
ator  is  used,  the  corresponding  values  of  u0*vD 
could  be  smaller  and  the  region  in  which  velocity 
changes  are  seen  (i.e.,  ku  0r  a  1)  might  no  longer 
be  accessible.  It  is  perhaps  for  this  reason  that 
velocity -changing  effects  were  not  seen  in  a  co¬ 
herent-transient  experiment  with  I2  as  the  radia¬ 
tor.12 

Recent  treatments  of  radiator -perturber  scat¬ 
tering  have  shown  that  the  net  polarization  in  a 
medium  obeys  a  quantum  mechanical  transport 
equation.12’14  This  equation  contains  a  loss  term 
whose  real  part,  which  corresponds  to  the  time 
rate  of  change  of  the  polarization’s  magnitude,  is 
given  by  nur(o.  +o„)/2,  where  ac  (ot)  corresponds 
to  the  cross  section  for  ground-state  (excited- 
state)  radiator-perturber  scattering.  Since  this 
is  the  only  term  important  to  the  long-time  be¬ 
havior  of  the  photon  echo,  we  equate  our  a,  with 
(oa+q,)/2. 

The  cross  section  a„  has  been  measured  by 
atomic-beam  techniques.11  In  Table  I,  we  list, 
for  each  perturber,  the  velocity-selected  value 
of  o,  obtained  at  the  velocity  vr.  Our  values  of 
a,  =oB  +  <7P°,  based  on  both  Lorentzian  and  Gauss¬ 
ian  kernels,  are  also  presented.  Since  the  long- 
range  part  of  the  potential  should,  to  a  reason¬ 
able  approximation,  determine  the  magnitude  of 
the  scattering  cross  section,  we  expect  (at  least 
for  Ar,  Kr,  and  Xe)  that  ab/an  a  (CgVce*  Y/s, 
where  Cb  (Cta)  is  the  coefficient  of  the  Van  der 
Waals  portion  of  the  potential.  Assuming  that  Ce 
=  2erln8,  where  e  is  the  potential  well  depth  and 
rm  is  the  internuclear  separation  at  which  the  po¬ 
tential  is  minimum  [as  is  true  of  a  Leonard - 
Jones  (6, 12)  potential],  we  can  use  the  potential 
calculation  of  Baylis15  to  find  that  (C,VCe*)2/s 
falls  between  1  and  1.6,  depending  on  the  per¬ 
turber  and  which  of  the  possible  excited-state  po¬ 
tentials  is  considered.  This  implies  that  a, 
should  be  between  1  and  1.3  times  a,.  Our  data 
are  reasonably  consistent  with  this  result. 

Our  results  clearly  demonstrate  the  role  played 
by  velocity-changing  collisions.  Their  contribu¬ 
tion  to  the  echo  signal  underlines  the  importance 
of  quantum  mechanical  scattering  effects  in  col¬ 
lisions  undergone  by  an  optical  dipole. 
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Noble  Gas  Induced  Relaxation  of  the  Li  3S-3P  Transition  I 

Spanning  the  Short  Term  Impact  Regime  to  the  Long  Term 
Asymptotic  Regime 

T.W.  Mossberg*,  R.  Kachru*,  T.J.  Chen,  S.R.  Hartmann  ■ 

Columbia  Radiation  Laboratory,  Department  of  Physics,  Columbia  University 

538  W.  120th.  St.,  New  York,  NY  10027,  USA,  and  I 

P.R.  Berman  ! 

Department  of  Physics,  New  York  University,  4  Washington  Place  ' 

New  York,  NY  10003,  USA 

Photon  echoes  have  a  Doppler  free  character  which  allows  one  to  study 
relaxation  processes  which  would  otherwise  be  hidden  in  Che  inhomogen iously 
broadened  spectral  profile.  It  has  recently  been  shown,  for  example,  that  1 

contrary  to  expection,  a  radiating  atom  in  a  linear  superposition  of  dis¬ 
similar  electronic  states  can  undergo  identifiable  velocity  changing  col¬ 
lisions  [1].  Studies  of  this  nature  require  an  examination  of  the  sub- 
Doppler  region  of  the  spectral  line  shape.  The  effect  manifests  Itself, 

In  Che  case  of  photon  echoes,  in  a  dependence  of  the  effective  relaxation  , 

cross  section  <Jefj  on  the  excitation  pulse  separation  t.  In  this  paper  we 
report  measurements  in  Li  vapor  where  r  can  be  increased  into  the  regime 
where  oe(f  once  again  becomes  independent  of  t.  In  the  limit  t  ■  0  we  mea¬ 
sure  Oq  which  is  the  phase  changing  cross  section  as  calculated  by  Baranger  3  * 

while  in  the  large  t  limit  we  measure  am  the  average  total  scattering  cross 
section  of  the  ground  and  the  excited  states.  Our  data  at  intermediate 
values  of  t  Is  used  to  determine  the  form  of  the  scattering  kernel  and  the 
average  velocity  change  per  collision.  These  measurements  are  for  the 
2S-2P  superposition  states  in  atomic  Li  perturbed  by  each  of  the  noble 
gases.  For  He  perturbers  the  scattering  kernel  is  found  to  be  Lorentzian,  I 

for  the  other  perturbers  it  is  Gaussian. 

We  use  a  N2  laser  pumped  dye  laser  to  generate  a  4.5  nsec  light  pulse  I 

at  the  6708  S  2S-2Pj/2  transition  of  7li.  The  pulse  which  has  a  6  CHz 
spectral  width  is  attenuated,  split,  delayed  ah  amount  t,  recombined,  and 
directed  into  a  cell,  whose  effective  length  is  10  cm,  at  525  +  15°K 
containing  the  Li  vapor  (at  -10-6  tort).  For  short  values  of  t  the  polar¬ 
izations  of  the  photon  echo  excitation  pulses  were  orthogonal  in  order  to 
reduce  the  effects  of  detector  saturation  which  arose  because  of  the  non 
Instantaneous  response  the  Pockels  cell  shutters  used  for  their  protection. 

For  a  superposition  state  relaxing  at  an  effective  race  reff * nv  ae{{ 
where  n  is  the  perturber  density,  v  is  the  average  relative  velocity  of  the 
collision  partners  and  oeff  is  an  effective  cross  section,  Che  corresponding 
echo  Intensity  will  decay  according  to 

I  -  I0exp(-4reffT)  (1)  , 

and  since  Tejf  varies  linearly  with  perturber  pressure  P 

I(P)  -  I(0)exp(-8P)  (2) 
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where  the  constant  8,  which  we  aeasure  directly,  Is  characteristic  of  the 
perturber  and  the  collision  process.  We  determine  3  at  several  discrete 
values  of  r  by  measuring  the  echo  intensity  as  a  function  of  the  perturber 
gas  pressure.  The  value  of  oeff  ls  obtained  froa 

<*tt[  •  r#ff/ov  -  SP/4nvr.  (3) 

In  fig.  (1)  we  summerize  our  work  by  plotting  all  measured  values  of 
•»  a  function  of  r.  A  dependence  on  r  arises  because  each  collision 
of  the  Li  atom  with  a  perturber  gives  rise  to  a  velocity  change  In  addition 
to  a  phase  change  of  the  Li  superposition  scate.  If  only  phase  changing 
collisions  occured  <?eff  would  be  independent  of  t.  Velocity  changing  col¬ 
lisions  have  a  delayed  effect  which  manifests  Itself  in  a  dependence  of 
Oeff  on  T.  Our  data  indicates  chat  at  the  shortest  values  of  T  oeff  in¬ 
creases  at  a  large  and  relatively  constant  rate  while  at  higher  t  it 
levels  off  considerably. 

Echoes  in  the  optical  regime  (photon  echoes)  are  generally  formed  in  a 
volume  large  compared  to  the  waveler.gch  of  the  optical  transition.  Thus 
any  atom  experiencing  a  velocity  change  sufficient  to  displace  it  an  ap¬ 
preciable  fraction  of  a  wavelength  from  the  position  it  would  otherwise 
have  taken  in  the  phased  array  which  radiates  the  echo  will  not  necessarily 
reinforce  the  echo  signal.  As  t  ls  Increased  the  resulting  displacement 
increases  and  the  effect  of  a  particular  velocity  change  is  enhanced.  This 
proceeds  up  to  a  point  that  being  when  t  ls  so  large  that  all  atoms  experl- 
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encing  •  velocity  change  are  effectively  eliminated  from  the  echo  formation 
processes.  The  data  of  fig.  (1)  at  .large  t  shows  this  effect  clearly  In 
Che  weakening  dependence  of  ae((  on  r. 

In  what  may  be  called  the  collision  kernel  approximation  Flusberg  [3] 
ham  shown  that  aef(  may  be  expressed  as 

-  oQ  ♦  oy  [1-(1/T)  J  dt  g(kt)l  (4) 

where  °g(ay)  Is  the  phase  changing  (velocity  changing)  cross  section  and 
g(kc)  »  /  exp(iktAv)  g(Av)  d(Av).  (3) 


The  collision  kernel  g(Av)  gives  the  probability  of  a  particular  change  Av 
la  the  component  of  the  velocity  along  the  laser  pulse  direction.  For 
kt  «  1 


"off 


12  2  2 
o-  +  o  4  k  t  <Av  > 
0  vo 


(6) 


where  <Av  »  Is  the  second  moment  of  the  collision  kernel.  For  kr  »  1 


«>ff  -  «0  +  oy  [1  -  »g(0)/2kr]  (7) 

where  g(0)  Is  the  amplitude  of  the  collision  kernel  at  Av  »  0. 

Our  data  at  short  r  does  not  fit  (6)  well,  shorter  excitation  pulses 
would  have  been  required  to  enter  the  regime  where  this  approximation  Is 
valid.  Our  data  does  suffice  however  to  use  (6)  to  estimate  oq  and  we 
find  that  except  for  He  we  agree  to  within  a  few  percent  with  measurements 
of  Og  made  from  line  broadening  experiments  [41.  Our  estimate  of  og  for 
Be  runs  -10Z  high. 

The  solid  line  curves  of  fig.  (1)  were  obtained  using  an  explicit  form 
of  the  collision  kernel.  For  all  perturbers  except  He  we  have  used  a 
Gaussian  kernel 

g(Av)  ■  (l//n  u0)exp(-Av2/u2)  (8) 

while  for  He  we  have  used  the  Lorentzlan  kernel 

g(Av)  •  (Uq/ x) / (Uq  +  Av2).  (9) 

He  vary  u0  and  ov  to  obtain  the  best  fit.  All  relevant  parameters  are 
tabulated  In  table  I. 


Table  1 


An  alternative-  r- 
a  function  of  r,  set 


°eff 


<°0  *  VT  ' 


and  we  should  obtain 
yields  oQ  +  ov  .  Cm 
with  g(0)  .  The  v.a  I-. 
calculsted  from  tne  _ 
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An  alternative  proceedure  for  presenting  our  data  la  to  plot  a  f -t  aa 
a  function  of  r,  nee  fig.  (2),  in  which  case  we  expect  that  fron  (7J 

®eff  “  (®0  +  VT  *  °v  w«<0)/2k  (10) 

and  wa  should  obtain  an  assuaptotlc  fit  to  a  straight  line  whose  slope 
yields  °o  +  ®v  «  am  and  whose  negative  intercept  yields  the  product  of  ffv 
with  g(0>.  The  values  of  Oq  +  ov  »  am  so  obtained  are  conpared  with  that 
calculated  froa  the  data  of  table  I. 
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Collisioaal  processes  occurring  within  an  atomic  vapor  can  be  conveniently  described  in 
terms  of  collision  kernels.  The  population  kernel  V— >7)  gives  the  probability  densi¬ 

ty  per  unit  time  that  an  “active”  atom  in  state  i  undergoes  a  collision  with  a  perturber 
that  changes  the  active  atom's  velocity  from  v*  to  v.  For  active  atoms  in  a  lineal  super¬ 
position  of  states  i  and  j,  there  is  an  analogous  coherence  kernel  Wtl(\'—*  v )  (i=fcj)  re¬ 
flecting  the  effects  of  collisions  on  the  off-diagonal  density-matrix  element  ptj.  In  this 
work,  we  discuss  the  general  properties  of  the  collision  kernels  which  characterize  a  two- 
level  active  atom  which,  owing  to  the  action  of  a  radiation  field,  is  in  a  linear  superposi¬ 
tion  of  its  two  levels.  Using  arguments  based  on  the  uncertainty  principle,  we  show  that 
collisions  can  be  divided  roughly  into  the  following  two  categories:  (1)  collisions  having 
impact  parameters  less  than  some  characteristic  radius  which  may  be  described  classically 
and  (2)  collisions  having  impact  parameters  larger  than  this  characteristic  radius  which 
give  rise  to  diffractive  scattering  and  must  be  treated  using  a  quantum-mechanical  theory. 

For  the  population  kernels,  collisions  of  type  (1)  can  lead  to  a  large-angle  scattering  com¬ 
ponent,  while  those  of  type  (2)  lead  to  a  small-angle  (diffractive)  scattering  component. 

For  the  coherence  kernel,  however,  assuming  that  the  collisional  interaction  for  states  i 
and  j  differ  appreciably,  only  collisions  of  type  12)  contribute,  and  the  coherence  kernel 
contains  a  small-angle  scattering  component  only.  The  absence  of  a  large-angle  scattering 
component  in  the  coherence  kernel  is  linked  to  a  collision-induced  spatial  separation  of 
the  trajectories  associated  with  states  i  and  j.  Interestingly  enough,  the  width  of  the  dif¬ 
fractive  kernel,  as  measured  in  the  laboratory  frame,  is  found  to  be  insensitive  to  the  per¬ 
turber  to  active-atom  mass  ratio.  To  illustrate  these  features,  a  specific  calculation  of 
the  kernels  is  carried  out  using  a  hard-sphere  model  for  the  scattering.  The  relationship 
erf  the  present  description  of  collisions  to  that  of  traditional  pressure-broadening  theory  in 
which  trajectory  separation  effects  are  ignored  is  discussed.  It  is  explained  why  tradition¬ 
al  pressure-broadening  theory  correctly  describes  collision  effects  in  linear  spectroscopy, 
but  fails  to  provide  an  adequate  description  of  some  saturation  spectroscopy  and  photon- 
echo  experiments  in  which  velocity-changing  collisions  associated  with  the  coherence  ker¬ 
nel  play  a  significant  role.  An  expression  for  the  collisionally  modified  photon-echo  am¬ 
plitude  is  derived  which  clearly  displays  the  role  played  by  velocity-changing  collisions  as¬ 
sociated  with  the  coherence  kernel. 


I.  INTRODUCTION 

Emission  and  absorption  spectra  have  tradition¬ 
ally  provided  the  blueprints  from  which  most  of 
our  data  concerning  the  energy-level  structure  of 
atoms  and  molecules  could  be  derived.  The  preci¬ 
sion  of  this  data  is  limited  by  one's  inability  to 
resolve  structure  that  lies  within  the  widths  of  the 

25 


various  spectral  lines.  In  low-density  atomic  va¬ 
pors,  the  linewidth  is  determined  mainly  by  the 
Doppler  effect  (i.e.,  atoms  moving  at  different 
velocities  absorb  or  emit  Doppler-shifted  frequen¬ 
cies),  although  both  the  natural  widths  of  the  levels 
and  collisions  within  the  vapor  contribute  some¬ 
what.  One  of  the  most  exciting  achievements  in 
spectroscopy  over  the  last  decade  has  been  the 
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development  of  methods  wherein  the  Doppler 
width  is  partially  or  totally  suppressed.  The 
development  of  these  “Doppler-free”  methods  in 
both  time  (e.g.,  photon-echo)  and  frequency  (e.g., 
saturation  spectroscopy)  domain  experiments  has 
been  made  possible  in  large  part  by  the  advances  in 
laser  technology.  With  the  removal  of  the  Doppler 
broadening,  the  line  shapes  increasingly  reflect  the 
effects  of  collisional  processes  occurring  in  the  va¬ 
por.  It  is  not  surprising,  therefore,  that  the  pro¬ 
gress  in  laser  spectroscopy  has  been  accompanied 
by  a  renewed  interest  in  understanding  (1)  the 
manner  in  which  collisions  modify  the  line  shapes 
and  (2)  the  extent  to  which  laser  spectroscopy  can 
be  used  as  a  probe  of  collisional  processes  in  va¬ 
pors. 

In  order  to  illustrate  the  role  played  by  collisions 
in  atomic  spectroscopy,  we  consider  an  ensemble  of 
two-level  "active”  atoms  immersed  in  a  low-density 
vapor  of  “perturber”  atoms.  The  levels  of  each  ac¬ 
tive  atom  (labeled  1  and  2)  are  coupled  by  a  radia¬ 
tion  field.  The  active  atoms  undergo  binary  col¬ 
lisions  with  the  perturbers  (active-atom— active- 
atom  collisions  are  neglected).  The  collisions  are 
assumed  to  be  adiabatic  in  the  sense  that  they  pos¬ 
sess  insufficient  energy  to  induce  transitions  be¬ 
tween  the  active-atom’s  levels.  Under  these  condi¬ 
tions,  one  may  seek  to  determine  the  manner  in 
which  these  elastic  collisions  affect  the  physical 
observables  associated  with  the  active  atoms. 

The  problem  can  be  approached  by  investigating 
in  detail  a  collision  between  an  active  atom  and  a 
perturber  (Fig.  1).  The  active  atom,  which  is 
prepared  in  a  linear  superposition  of  its  two  levels 
by  a  radiation  Held,  generally  experiences  a  colli¬ 
sional  interaction  which  is  different  for  states  I 
and  2.  From  a  classical  viewpoint,  the  collisional 
interaction  (acting  analogously  to  a  Stem-Oerlach 
magnet)  separates  the  populations  (conveniently 
represented  by  density  matrix  elements  pu  and  p^) 
along  the  distinct  trajectories  shown  in  Fig.  1. 

Since  the  populations  scatter  independently,  the 


FIG.  1.  Picture  of  a  collision  between  an  active  atom 
A  and  stationary  perturber  P.  There  it  no  obvious  clas¬ 
sical  trajectory  to  associate  with  the  atomic  “coherence” 

Im¬ 


possibility  of  distinct  post-collision  trajectories 
poses  no  conceptual  difficulties.  The  scattering  for 
each  state  i  U  =  1,2)  is  determined  by  the  differen¬ 
tial  cross  section  cr,(0)  =  |/,(fl)  | 2  for  the  elastic 
scattering  of  an  active  atom  in  state  i  by  a  per¬ 
turber  atom.1 

The  populations  pu,  however,  are  not  the  only 
relevant  quantities  in  considering  the  interaction  of 
radiation  with  matter.  The  polarization  of  the  va¬ 
por  directly  influences  its  absorptive  and  dispersive 
properties.  If  the  dipole  moment  operator  of  our 
two-level  atom  is  p  and  if  states  1  and  2  have  op¬ 
posite  parity,  then  the  polarization  of  the  system  is 
proportional  to  (fi)  =  Piip2i+  p2\P\i>  where  p tJ  is 
the  ij  matrix  element  of  p  and  ptj  is  the  ij  density- 
matrix  element  (i.e.,  plj=a,a*,  where  a,  is  the  state 
i  probability  amplitude).  Consequently,  the  absorp¬ 
tive  and  dispersive  properties  of  the  medium  are 
influenced  by  collisional  perturbations  of  the 
“atomic  coherence”  pI2  (or  p21). 

Collisions  appear  to  affect  p12  in  a  particularly 
simple  way.  Since  the  collision  shown  in  Fig.  1 
leads  to  a  spatial  separation  of  states  1  and  2,  p12 
vanishes  following  the  collision.  Thus,  using  a 
classical  picture  of  a  collision,  one  is  led  to  distinct 
trajectories  for  the  populations  plt  and  p22  and  to  a 
vanishing  of  the  coherence  pu. 

While  the  classical  picture  of  a  collision  given  in 
Fig.  1  is  useful  in  providing  some  insight  into  the 
effects  of  collisions  on  the  various  density-matrix 
elements,  it  is  not  sufficient  to  obtain  a  total  pic¬ 
ture  of  the  scattering.  Using  arguments  based  on 
the  uncertainty  principle,  we  will  show  that,  within 
certain  limits,  the  classical  picture  is  valid  for 
small-impact  parameter  collisions.  However,  for 
large-impact  parameter  collisions,  the  quantum 
theory  must  be  used.  Quantum-mechanical  effects 
give  rise  to  diffractive  scattering  contributions  for 
the  populations  and  to  nonvanishing  values  of  p)2 
following  a  collision. 

The  discussion  of  a  single  collision  given  above 
would  be  appropriate  to  a  crossed  atomic-beam  ex¬ 
periment  in  which  the  center -of-mass  energy  is 
constant  for  all  collisions.  In  an  atomic  vapor, 
however,  the  perturbers  have  some  velocity  distri¬ 
bution  which  must  be  averaged  over.  For  the  va¬ 
por,  the  quantity  of  interest  is  the  collision  kernel 
giving  the  probability  density  per  unit 
time  that  an  active  atom  in  state  i  changes  its  velo¬ 
city  from  V  to  V  in  undergoing  a  collision  with  a 
perturber.  The  corresponding  rate  tor  such  colli¬ 
sions  is  denoted  by  r((?').  The  kernel  is  propor¬ 
tional  to  the  differential  scattering  cross  section 
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averaged  over  the  perturber  velocity  distribution 
consistent  with  conservation  of  momentum  and  en¬ 
ergy.  For  off-diagonal  density-matrix  dements, 
one  can  also  define  a  "kernel”  v'— *v)  and 

“rate”  r^(  v'),  although  these  quantities,  now 
dependent  on  fifi,  need  no  longer  be  positive  de¬ 
finite.  Formal  expressions  for  IF|2(V'— »V)  and 
F^(  v')  have  been  given,13  but  there  has  been,  with 
two  recent  exceptions,4,5  little  progress  in  obtaining 
a  satisfactory  physical  interpretation  or  actual 
evaluation  of  the  “coherence  kernd”  Wn(V'— *?).4 
It  is  the  purpose  of  this  paper  to  provide  a  simple 
physical  picture  of  the  scattering  process  that  leads 
to  an  intuitive  understanding  of  the  nature  of 
IFu(v'—  v). 

It  has  already  been  noted  that  collisional  pertur¬ 
bations  of  pi2  affect  the  absorptive  properties  of  a 
medium.  Thus,  one  might  imagine  that  collision 
induced  modifications  of  absorption  or  emission 
line  shapes  are  intimately  connected  with  the 
coherence  kernd  v).  Since  1F,2(V'-*V) 

is  strongly  influenced  by  the  trajectory  effects 
shown  in  Fig.  1,  it  appears  that  such  trajectory  ef¬ 
fects  are  critical  in  calculating  the  effects  of  colli¬ 
sions  on  spectral  line  shapes.  However,  it  is  wdl 
known  that  traditional  theories  of  pressure 
broadening,7  which  totally  ignore  trajectory  effects 
of  the  type  shown  in  Fig.  1  and  consider  collisions 
to  produce  only  phase  changes  in  p12,  have  been 
very  successful  in  explaining  most  spectral  profiles. 
How,  one  may  ask,  can  a  theory  that  ignores  tra¬ 
jectory  separation  effects  still  produce  correct  re¬ 
sults?  It  is  a  second  purpose  of  this  paper  to  pro¬ 
vide  an  answer  to  this  question. 

[There  is  a  range  of  experimental  situations 
where  trajectory  effects  are  known  to  be  impor¬ 
tant.1  In  such  experiments,  however,  the  states  in¬ 
volved  in  the  transition  (usually  vibrational,  rota¬ 
tional,  or  rf  transitions)  experience  nearly  identical 
collisional  interactions  and,  consequently,  follow 
the  same  collisional  trajectory.  Trajectory  effects 
lead  to  a  narrowing  of  spectral  hoes  in  linear 
spectroscopy  and  to  a  signal  with  a  unique  signa¬ 
ture  in  photon-echo  experiments.9  In  this  paper, 
however,  we  shall  be  concerned  only  with  situa¬ 
tions  where  the  collisional  interaction  for  states  1 
and  2  differs  somewhat  (the  precise  conditions  are 
given  below)  as  is  generally  the  case  for  electronic 
transitions.  Only  recently  has  an  experiment  been 
performed  that  dearly  indicates  the  importance  of 
trajectory  effects  for  an  electronic  transition. 10,1 ’] 

In  Sec.  II,  the  uncertainty  principle  is  used  to 
obtain  a  simple  physical  picture  of  the  scattering. 


It  is  shown  that  collisions  can  be  divided  roughly 
into  two  regions.  For  small-impact  parameter  col¬ 
lisions,  the  scattering  can  be  given  a  classical  in¬ 
terpretation;  the  distinct  trajectories  for  states  1 
and  2  shown  in  Fig.  1  then  lead  to  a  vanishing  of 
P12  following  the  collision.  On  the  other  hand,  for 
large-impact  parameter  collisions  (leading  to  dif¬ 
fractive  scattering),  the  classical  picture  fails  and  a 
quantum-mechanical  calculation  of  p12  is  needed. 

A  specific  evaluation  of  the  coherence  kernel  and 
rates  is  made  in  Sec.  Ill  using  a  model  potential 
based  on  hard-sphere  scattering.  The  various 
features  discussed  in  Sec.  II  are  illustrated  by  this 
example.  In  Sec.  IV,  the  role  that  the  coherence 
kernel  plays  in  affecting  various  spectroscopic  line 
shapes  is  discussed.  The  reason  for  the  success  of 
traditional  pressure-broadening  theories  is  ex¬ 
plained  in  this  section.  Finally,  a  calculation  of  a 
collisionally  modified  photon -echo  signal  is  given 
in  Sec.  V.  The  role  played  by  trajectory  effects  is 
clearly  reflected  in  the  expression  for  the  echo  am¬ 
plitude. 

For  simplicity,  the  calculations  carried  out  in 
Secs.  II— V  are  made  assuming  a  high  ratio  of  per¬ 
turber  to  active  atom  mass.  In  Appendix  A,  the 
calculations  are  extended  to  allow  for  an  arbitrary 
mass  ratio.  It  is  shown  that  the  width  of  the  coher¬ 
ence  kernel  is  effectively  independent  of  the  ratio  of 
perturber  to  active-atom  mass  and  depends  only  on 
the  active-atom  mass  and  collision  cross  section. 

It  is  implicitly  assumed  throughout  this  work 
that  an  impact  approximation  is  valid.  AH  relevant 
frequencies  (e.g.,  collision  rates,  atom-field  detun¬ 
ings,  Rabi  frequencies)  are  assumed  to  be  small  in 
comparison  with  the  inverse  duration  time  of  a 
collision.  The  validity  of  the  impact  approxima¬ 
tion  implies  that  only  binary  collisions  need  be 
considered  and  that  these  collisions  produce  a  time 
rate  of  change  for  ptf  which  is  independent  of  oth¬ 
er  contributions  to  3py/dr. 


II.  QUALITATIVE  PICTURB  OF  SCATTERING 

Before  dieettseing  the  effects  of  collisions  on  pi2 
and  the  oorrespondaag  coherence  kernd  Wn{  4' 
~*V),  it  is  instructive  to  review  tome  aspects  of 
elsstic  scattering  theory.  Thus,  we  shall  first  con¬ 
sider  the  elastic  scattering  of  an  active  atom  in 
state  /.  To  simplify  the  discussion  we  take  the  per¬ 
turber  as  stationary  (ratio  of  perturber  to  active- 
atom  mass  much  greater  than  unity),  but  the  re¬ 
sults  of  this  section  are  perfectly  general  if  all  van- 
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able*  are  taken  at  thoae  in  the  ccnter-of-mass  sys¬ 
tem.  Moreover,  we  neglect  such  effects  as  orbiting, 
rainbow,  and  glory  scattering  which,  although  im¬ 
portant  in  certain  cases,12  are  not  particularly 
rdevent  to  the  subject  matter  at  hand. 


A.  Population  kernel 

The  regions  of  validity  of  a  classical  picture  of 
scattering  can  be  established  by  using  the  uncer¬ 
tainty  principle.  Consider  a  collision  characterized 
by  an  impact  parameter  b  leading  to  scattering  at 
an  angle  0.  For  a  classical  picture  to  be  valid,  one 
must  have 

Ah <b,  A0<0,  (1) 

where  A b  and  AO  are  the  uncertainties  in  b  and  0, 
respectively.  On  the  other  hand,  it  follows  from 
the  uncertainty  principle  that  Ap,Ab  >  A  where 
A p,  is  the  uncertainty  in  the  transverse  component 
of  the  active  atom’s  momentum.  Since  A p, 

An,  3=muA0= At  A0  [m  is  the  active-atom 
mass,  fcsmu/A  and  v  is  the  active-atom  speed], 
the  uncertainty  principle  requires  that 

&AbA0>  1  .  (2) 

Setting  A b  =6  and  A 0=0,  one  sees  that  conditions 
(1)  and  (2)  can  both  be  satisfied  provided 

0»  l/(kb) .  (3) 

Let  b,  represent  some  characteristic  range  for 
scattering  by  the  perturber  of  active  atoms  in  the 
state  i.  For  typical  interaction  potentials,  it  fal¬ 
lows  that  a  classical  description  of  the  scattering  is 
valid  if 

9»0fsW(kb,).  (4) 

In  fact,  it  is  well  known12  that  the  quantum- 
mechanical  expression  for  the  differential  scatter¬ 
ing  cross  section  reduces  to  the  corresponding  clas¬ 
sical  one  if  condition  (4)  is  satisfied  (neglecting  any 
effects  of  rainbow  scattering).  Gearly,  Eq.  (4)  is 
meaningful  only  if  kb,  >  1. 

On  th-  _ther  hand,  for  9<0f  one  can  no  longer 
expect  the  classical  picture  of  scattering  to  remain 
appropriate  In  an  atomic  vapor,  k  is  typically  of 
order  10*  cm-1  wad  b,  is  of  order  10  A  so  that 
0f«>0.01 « 1.  In  effect,  the  angle  0f  separates  the 
scattering  into  two  distinct  regions.  For  0»0f 
(corresponding  to  collisions  having  b  <bt),  the 
scattering  may  be  described  classically.  For 
9«0f  (corresponding  to  cofiiaions  having  b>b,) 


the  scattering  may  be  considered  diffractive  in  na¬ 
ture  and  must  be  described  quantum  mechanically. 
[For  other  than  purely  repulsive  potentials,  the 
9  <  region  also  has  (relatively  weak)  contribu¬ 
tions  from  some  collisions  having  6  <6,  (“glory 
scattering”).12  As  noted  earlier,  effects  such  as  or¬ 
biting  or  rainbow  and  glory  scattering  are  neglect¬ 
ed  in  this  work.] 

The  above  results  imply  that  the  collision  kernel 
for  elastic  scattering  in  state  <  can  be  written  as  the 
sum  of  two  terms  corresponding  to  classical  large- 
angle  scattering  and  quantum-mechanical  diffrac¬ 
tive  scattering,  respectively.15  There  is  recent  ex¬ 
perimental  evidence  that  supports  this  conclusion.14 

B.  Coherence  kernel 

We  are  now  in  a  position  to  discuss  the  effects 
of  a  collision  on  pn.  The  interaction  potential  is 
assumed  to  be  state  dependent  and  it  is  further  as¬ 
sumed  that  there  are  two  characteristic  lengths  bt 
and  b2  associated  with  the  scattering  for  states  1 
and  2,  respectively.  For  the  sake  of  definiteness, 
wetakeb2>bf.  The  question  to  be  answered  is 
the  following:  For  what  scattering  angles,  if  any, 
may  a  classical  picture  be  used  to  describe  the  ef¬ 
fects  of  the  scattering  on  pl2l 

The  question  must  fust  be  clarified  since  the  cri¬ 
terion  we  shall  use  to  judge  the  validity  of  a  classi¬ 
cal  picture  is  different  than  that  used  in  the  case  of 
single-state  elastic  scattering.  Scattering  for  pi2 
will  be  classified  as  “classical”  if  the  trajectories 
associated  with  the  elastic  scattering  from  states  1 
and  2  are  distinct  and  nonoverlapping  (see  Fig.  1). 
A  consequence  erf  this  classification  is  that  pn  is 
zero  following  any  classically  described  collision, 
since  the  spatial  overlap  of  states  1  and  2  vanishes 
as  a  result  of  the  collision. 

An  uncertainty  principle  argument  can  once 
again  be  used  to  obtain  the  classical  region.  Let  0, 
and  02  be  the  scattering  angles  associated  with 
states  1  and  2  fra  a  collision  having  impact  param¬ 
eter  b.  The  criterion  for  a  classical  collision  is 
then 

Ah  <b;  A 9<  |02-0,|  ,  (5) 

where  A0  is  the  uncertainty  in  0  fra  a  collision 
with  impact  parameter  b.  The  restriction  imposed 
by  the  uncertainty  principle  is  still  given  by  Eq. 

(2),  which  may  be  combined  with  Eq.  (5)  to  give 

|02-0i!  >l/(kb) 
as  the  distinct  trajectory  condition. 


(6) 
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Equation  (6)  can  be  given  a  very  interesting  in¬ 
terpretation  in  terms  of  a  parameter  appearing  in 
conventional  theories  of  pressure  broadening.  An 
active  atom  in  state  i  sees  a  potential  K(r)  pro¬ 
duced  by  a  perturber,  where  r  is  the  active- 
atom— perturber  separation.  The  scattering  angle 
Ot,  calculated  assuming  small-angle  scattering,  is 


e^v,A 


a  v,(r) 
a  b 


dt. 


(7) 


where  the  integral  is  along  the  time  parameterized 
collision  trajectory  r(b,v,t).  Setting  3 V, /db 
=  —  Kb~lV,  (k  is  the  constant  of  order  unity)  and 
substituting  Eq.  (7)  into  (6),  one  obtains  the  dis¬ 
tinct  trajectory  condition15 


^|/ [V1(b,t)—Vi(b,t)]dt\>K~x~\  .  (8) 


The  value  of  b,  denoted  by  bw,  for  which  the  left- 
hand  side  of  Eq.  (8)  equals  unity  is  the  Weisskopf 
radius  of  pressure-broadening  theory.7  Equation 
(8)  implies  that  the  maximum  impact  parameter 
for  which  the  distinct  trajectory  condition  holds  is 
b~bw;  consequently,  Eq.  (6)  is  valid  only  for 

b  <bw  (9) 

(distinct  trajectory  condition).  The  consistency  of 
the  entire  approach  requires  that 

kbw»  1.  (10) 

One  is  led  to  the  following  result.  For  scattering 
angles  corresponding  to  collisions  having  an  im¬ 
pact  parameter  b  <bw,  a  classical  picture  is  possi¬ 
ble  provided  that  Eq.  (10)  is  valid.  These  classical 
collisions  result  in  a  complete  destruction  of  pn 
owing  to  the  separation  of  trajectories  for  states  1 
and  2.  For  diffractive  scattering,  corresponding  to 
collisions  having  impact  parameters  b  >  bw,  a 
quantum-mechanical  calculation  is  needed.  In  this 
case,  pi2  does  not  vanish  following  the  collision 
(see  Fig.  2).  [Notice  that  the  impact  parameter 
separating  the  classical  and  quantum  scattering 
domains  differs  somewhat  for  the  populations  and 
the  coherences.  The  b,  associated  with  the  popula¬ 
tions  may  be  calculated  using  Eqs.  (3),  (4),  and  (7).] 

If  kbw  <  1,  a  quantum-mechanical  approach  is 
needed  for  all  scattering  angles.  In  this  limit  the 
scattering  is  almost  identical  for  states  1  and  2 
(bw=  0  for  state-independent  scattering)  and  there 
is  non-negligible  spatial  overlap  of  the  state  1  and 
2  trajectories.  In  this  work,  we  assume  that  the  in¬ 
teraction  potentials  for  the  two  levels  differ  suffi¬ 
ciently  to  insure  that  Eq.  (10)  holds  for  most  atoms 


(•) 


p 


Ik) 

FIG.  2.  Effects  of  collisions  on  p)2  can  be  roughly 
visualized  as  shown  in  this  figure  when  kbw—bw/k 
»  1.  For  collisions  having  impact  parameter  b  <bw 
(a),  the  trajectories  for  states  1  and  2  are  distinct  and 
nonoverlapping  following  the  collision,  leading  to  a  des¬ 
truction  of  pi2-  For  collisions  with  b  >  bw  (b),  scattering 
is  diffractive  in  nature.  The  overlap  of  the  diffractive 
scattering  cones  for  states  1  and  2  leads  to  nondestruc¬ 
tive  velocity-changing  collisions  associated  with  pn. 


in  the  vapor.  Typically  bw  «  5— 10  A  for  electron¬ 
ic  transitions  so  that  kbwsa\00»  1. 

The  qualitative  structure  of  the  coherence  kernel 
*V\  is  now  evident.  In  contrast  to  the  po¬ 
pulation  kernels,  the  coherence  kernel  vanishes  in 
the  large-angle  scattering  region  owing  to  the 
separation  of  trajectory  effects.  For  diffractive 
scattering,  a  quantum-mechanical  calculation  of 
Wi2{V'-*V)  is  needed.  Thus,  the  coherence  kernel 
is  effectively  nonzero  for  diffractive  scattering 
only.  The  consequences  of  this  conclusion  are  dis¬ 
cussed  in  Sec.  IV. 

In  this  section,  a  qualitative  picture  of  the 
scattering  process  was  given.  In  Sec.  Ill,  a  coher¬ 
ence  kernel  is  explicitly  calculated  assuming  a  sim¬ 
ple  form  for  the  interaction  potential.  The  calcula¬ 
tion  serves  to  illustrate  the  various  features  dis¬ 
cussed  in  this  section.  The  reader  not  interested  in 
the  details  of  the  model-potential  calculation  can 
proceed  to  Sec.  IV  without  lews  of  continuity. 


HI.  MODEL- POTENTIAL  CALCULATION 

The  qualitative  properties  of  the  collision  kernels 
discussed  in  Sec.  II  are  relatively  insensitive  to  the 
form  of  the  interaction  potential.  Therefore,  for 
the  sake  of  simplicity,  we  assume  that  the  state  i 
scattering  potential  can  be  represented  as  an  im¬ 
penetrable  sphere  of  radius  bt  (with  b2  >  b\ ).  It 
should  be  noted,  however,  that  the  calculations 
presented  below  may  easily  be  generalized  to  spher¬ 
ically  symmetric  potentials  of  an  arbitrary  nature. 
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To  further  simplify  the  calculations,  we  assume 
that  the  perturber  is  stationary,  although  a  general¬ 
ization  of  the  results  of  this  section  to  allow  for  an 
arbitrary  active-atom-to-perturber-mass  ratio  is 
given  in  Appendix  A.  This  section  is  organized  as 
follows:  A.  The  scattering  amplitude  for  hard- 
sphere  scattering  is  given  and  an  exponential  ap¬ 
proximation  to  it,  valid  for  diffractive  scattering,  is 
obtained.  B.  The  collision  kernel  WU(V'-*V)  and 
the  rate  rt(V)  for  this  scattering  of  populations  are 
calculated.  C.  The  coherence  kernel  ►?) 

and  the  rate  r”(?)  are  evaluated.  D.  The  coher¬ 
ence  kernel  and  the  rate  are  averaged  over  a  trans¬ 
verse  velocity  distribution  to  obtain  a  one¬ 
dimensional  kernel  and  rate 

that  appear  in  theories  of  laser  spectroscopy. 


A.  Scattering  amplitude 


The  scattering  amplitude  for  elastic  scattering  of 
an  active  atom  in  state  j  by  the  perturber  is 


/}(»).-!- Ju  +  jX^-nfMcotf),  (11) 

ik  i-o 

where  the  are  the  elastic  scattering  phase  shifts. 
For  hard-sphere  scattering,  the  if/  are  equal  to 

tan ~l[jiikbj)/Hi[kbj)] , 


where  ji  and  nt  are  spherical  Bessel  and  Neumann 
functions,  respectively. 

If  0»(1  /kbj)in  (classical  region),  a  standard 
calculation  using  the  method  of  stationary  phase 
gives12-14 

/}<«)= -(by/ 2>e*'<*,1  0»(kbj)-in 


where 


(12a) 


4j(0)—  —2kbjnn—  .  (12b) 

The  differential  cross  section  |/y(0)  1 2 =by /4  is 
just  the  classical  result  for  hard-sphere  scattering. 
Thus,  for  0>>  {kbj)~in,  one  regains  the  classical 
result,  in  agreement  with  the  qualitative  discussion 
of  Sec.  n. 

For  small-angle  scattering  0  « 1,  one  can  re¬ 
place  Ff(coaB)  by  the  zero-order  Bessel  function 
JoUZ  +  T#)-1’  With  this  substitution,  Eq.  (11)  be¬ 
comes 


/y(«>«- ~  f,  (/  +  7X«”,f-l)/o((/  +  7»)  •  (13) 

IK  lm0 


Using  some  simple  properties  of  the  spherical 
Bessel  functions,  one  can  show  that  ijj  is  large  and 
varies  linearly  with  /  for  l<Lj  skbj  and  that 
i^-»0  very  rapidly  for  l>Lj.  Thus,  for  /  <Lj  the 

tom  containing  e2^  varies  rapidly  and  averages  to 
zero  (there  is  no  point  of  stationary  phase1*)  while, 
for  t>Lj,  1)«0.  Equation  (13)  may  then 

be  approximated  by19 

fj(0)mU/k)£u- (-j)/o«Z+7>0).  (14) 

i-o 

By  transforming  the  sum  (14)  into  an  integral,  one 
finally  obtains1* 

ftlO)s*ib,Jl(kbi0)/0,  0«(kb/)~,/i.  (35) 

The  differential  cross  section 

|/y(«)|  ^bftJtikbjO)]1/# 

contains  a  central  peak  and  smaller  tide  lobes  typi¬ 
cal  of  the  diffraction  pattern  produced  by  an 
opaque  object  Most  of  the  scattering  is  contained 
in  a  cone  of  half  angle  0«4/fcby. 

Equation  (15)  is  valid  not  only  in  the  diffractive 
cone  0<(kbj)~l,  but  also  in  a  range  (kby)-1  <0 
<(kby)-1/3.  Inside  the  diffractive  cone,  Eq.  (15) 
can  be  approximated  by 

fj{0)ssjikbjtx.j>(  —  \k1bjO1)  kbj0<l  .  (16) 

Although  Eq.  (16)  is  valid  for  diffractive  scatter¬ 
ing,  if  Eq.  (16)  rather  than  Eq.  (15)  is  used  in  cal¬ 
culating  collision  rates  and  one-dimensional  colli¬ 
sion  kernels,  the  results  may  differ  by  as  much  as 
20%  from  the  true  hard-spheres  values.  [The  re¬ 
sults  differ  because  the  calculations  require  integra¬ 
tions  in  a  range  where  Eq.  (16)  is  not  strictly 
valid.]  Despite  this  discrepancy,  we  shall  use  Eq. 
(16)  in  subsequent  calculations,  owing  to  its  simple 
analytical  form.  Given  the  spirit  of  this  illustra¬ 
tive  example,  the  slight  errors  which  are  intro¬ 
duced  are  not  overly  significant.  For  completeness, 
however,  results  using  the  correct  amplitude  (15) 
are  given  in  Appendix  B. 


B.  Population  kernels 

The  population  (tensity  in  velocity  space  p«(  V,t) 
satisfies  a  transport-type  equation  in  which  the  col¬ 
lision  terms  are  of  the  form* 
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dpu(V,t) 

a  / 


=— r,(v)pu(v,t) 


+  f  WU(V'-+ V)pu(V',t)dV' 


The  firat  term  on  the  right-hand  side  is  the  loss  at 
rate  r,(u)  of  population  density  p«(7,t),  while  the 
second  term  gives  the  increase  of  pu(?,f)  resulting 
from  collisions  which  change  the  velocity  from  V' 
to  v.  The  collision  kernel  WU{V-+V)  gives  the 
probability  density  per  unit  time  that  a  collision 
changes  the  active-atom  velocity  from  V  to  V  and 
is  related  to  the  differential  scattering  cross  section 
by3 

Wu{V’-> V)=Nv  \f,(v,0)  |  -o') ,  (18) 


where  N  is  the  perturber  density  and  0  is  the  angle 
between  V  and  v*.  The  delta  function  ensures  con¬ 
servation  of  energy.  The  collision  rate  T/(u)  is  de¬ 
fined  as 

I»=  /  Wu(v^v')d1' ,  (19] 

which,  together  with  Eq.  (18)  yields 

r,(u)=yVuo,(i>) ,  (20a 


tr,(u)=  f  \f,(o, 6)  1 2dttv  (20 

is  the  total  elastic  state  i  scattering  cross  section. 
Equation  (20)  is  in  the  standard  form  for  a  colli¬ 
sion  rate. 

For  hard-sphere  scattering,  the  collision  kernel, 
obtained  from  Eqs.  (12),  (16),  and  (18)  is 


W„{V'-*7)=Nv-'6(v-v') 

bj/A,  e»(kb,rxn 

*  (*V/4)exp(-7/cV«2).  e<(kbtrx .  (2I) 

It  contains  a  part  corresponding  to  classical  scattering  for  0» ( kb,)~xn  and  the  quantum-mechanical  con¬ 
tribution  of  diffractive  scattering  for  $<(kb,)~x.  The  collision  cross  section,  obtained  from  Eqs.  (19)— (21) 
is 

ot  =  lirbf  ,  (22) 

a  well-known  result  for  hard-sphere  scattering  in  the  high-energy  limit.  The  classical  and  diffractive  scatter¬ 
ing  each  contribute  vbj  to  the  total  cross  section.20 
It  is  instructive  to  use  the  optical  theorem  and  Eq.  (18)  to  rewrite  Eq.  (17)  in  the  form 

— 1-°  =_i[r<<e)+n<«)JP#('^>+M’"1  f  fliv,9)/?lv,e)Mv-v')pll(V',t)dV' ,  (23a) 

Ot  ooD 


T j(o)^No(Air/ik)fj{u,0)  (23 

and  /(u,0)  is  a  forward-scattering  amplitude.  In 
general  r,(v)  is  complex,  but,  for  hard-sphere 
scattering 


r((tr)=Ww(2rr6,2) 


is  real. 


- |[rl(n)+n(»)lpu(V,r) 

Ot  coll 

+  /  , 


Wn(V'-> V)»iVp/,(e,0)/l(e,0)o-I«B  -o') . 


C.  Coherence  kernel 

The  colli  si  onal  time  rate  of  change  of  the  coher¬ 
ence  density  is  given  by2,5 


It  may  be  noticed  that  Eq.  (25)  may  be  obtained 
from  Eq.  (23)  by  the  substitution  f\ (v,0) 
-»/j(p,0)-  The  "rate”  r^(r)  associated  with  the 


i 
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coherence  kernel  it  defined  by 

rn<«)=  /  ITnlV-rW?  (27a) 

=Nv<r\ 2<u) ,  (27b) 

where 

<jTi(v)=  / /,(i>,0)/1(D,0Wn,  .  (28) 

For  hard-sphere  scattering  in  the  classical  region 
0»(kbj)~'n,  the  collision  kernel  obtained  from 
Eqs.  (26)  and  (12),  is 

>rl2<?'— V)=M-'(Mj/4)8<»  -pV**1  , 


As  predicted  in  Sec.  II,  the  coherence  kernel  is 
nonvanishing  only  in  the  diffractive  scattering 
domain. 

Using  Eqs.  (27)  and  (30),  one  can  derive  a 
velocity-changing  coherence  cross  section  and  rate 


<Ti2=2ir6|&!/(£i +6f)  f 

(31a) 

rgM-MwH  . 

(31b) 

For  future  reference,  we  also  define  a  “total”  cross 
section  oij  and  rate  r^u)  by 

°rt2=T(<ri+ff2>=ir<*i+*2)  >  (32a) 


d<0)=2*(62-6,)sin<0/2).  (29b) 

If  Ac (b2— bi)»  1,  as  assumed,21  WU(V— ►?) 
varies  very  rapidly  with  V  and  the  integral  term  in 
Eq.  (25)  averages  to  zero.  Thus,  effectively, 
Wn(V-*V)  is  zero  in  the  classical  scattering  re¬ 
gion,  a  conclusion  reached  in  Sec.  II  using  the  dis¬ 
tinct  trajectory  argument.  On  the  other  hand,  for 
diffractive  scattering  0<(kbi)~i,  the  collision  ker¬ 
nel  obtained  using  Eqs.  (26)  and  (16),  is 

W, jlV—V)**  jM’-'Mv  -v’M'bfr | 

Xexpl-yk^+bi)*2].  (30) 


r,l2(i>)=Aru<r,12 ,  (32b) 

and  a  phase-interrupting  cross  section  and  rate 
Tff(i>)  by 

erfj  =rr{2— <7^=ir(6t +h2)/(hf +h2 ) ,  (33a) 

rft(v)=Nvo$ .  (33b) 

[The  corresponding  values  of  W,2(?’-*?),  oJI, 

(f\i,  and  obtained  using  the  scattering  ampli¬ 
tude  (15)  instead  of  (16)  are  given  in  Appendix  B. 
They  differ  at  most  by  =20%  from  these  values.] 


D.  One-dimensional  coherence  kernel 

A  situation  of  practical  importance  in  laser  spectroscopy  involves  the  interaction  of  atoms  with  one  or 
more  single-mode  laser  fields.  Assuming  the  fields  to  propagate  in  the  ±z  direction,  one  is  led  to  the  con¬ 
clusion  that,  in  the  absence  of  collisions,  the  density-matrix  element  pt2(?,r)  may  be  factored  as 

Pl2(^.»)=Pl2(^)|Pl2(o*.»)  .  (34) 

where  V,  is  a  velocity  transverse  to  the  z  axis.  The  transverse  component  of  the  density-matrix  element  may 
be  taken  as  constant  in  time  since  it  is  unaffected  by  the  atom-field  interaction.  While  this  is  no  longer 
rigorously  true  when  collisions  occur,22  one  might  still  assume  Eq.  (34)  to  hold  to  a  first  approximation.  In 
that  case  one  can  insert  Eq.  (34)  into  Eq.  (25),  and  integrate  over  V,  to  obtain 

~-r'i2<i>1]|pi2(u„f)+  f"  WM  -+v,)pM  ,t)do't  ,  (35) 

ood  * 

where  the  one-dimensional  kernel  Wl2(u,'  — -v,)  is  defined  as 

wnw  -*)«  /  wl2{ )d?,dvt ,  (3« 

and  the  cne-dimensional  total  collision  rate  is  =T[rt(u,)  +  rj(i>,)],  where 

TM)- f  rfrMi.vf, .  (37) 

In  addition,  a  ow.  dimensional  velocity-changing  coherence  rate  r[j(i/, )  can  be  defined  by 

riKa,)-  /  raww^w**-  /  wniv,-+v;  K  ■ 


jjgu(M> 

dr 


1 


(38) 
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In  order  to  carry  out  the  calculations  implicit  in  Eqs.  (30)  — (38),  we  assume  p12(  v, )  is  described  by  a  ther¬ 
mal  distribution 

Pi2(v,)  =  (iru2)_lexp(— u,2/u2) ,  (39) 

where  u  is  the  most  probable  active-atom  speed.  Substituting  Eqs.  (30)  and  (39)  into  Eq.  (36)  and  recalling 
that  k  =mv/ti,  one  may  obtain  the  coherence  kernel 

Wu(vj -*v,)=jS{vu*)~\b]bl/^1)  J  »M.v  —  u')exp(  —  u202/u20o)exp(—  v'2/u2)dV',dV,  ,  (40) 

where 


K=*/u  ,  (41) 

0g=8*2/(6?+6|)«l  ,  (42) 


u2=u,2+t?/;  e'2=u;2+i>;2 , 


and 


(43) 


COS0=  v-v'/u2 . 


(44) 


The  integrals  in  Eq.  (40)  are  not  overly  difficult  to  evaluate.  Writing  dv,=vtdv,d<t>,  and  dv =i>/ dv',  dfi, , 
one  can  integrate  Eq.  (40)  over  u,'  to  arrive  at 

Wi2(uj  —*v1)~jN(iru*)~'(b]bl/k1)  dtp,  JQ  dtp1,  fQ  u,dv,v2exp(  - u2@2/u2^)exp(  —  u2/u2) ,  (45) 

where  9  is  9  evaluated  at  v',2  =v2+v2— vj2  and  terms  of  order  (v2—vj2)/u2  are  neglected  owing  to  the  dif¬ 
fractive  nature  of  the  scattering  (9  <  0O  « 1).  For  9  « 1,  one  can  use  Eq.  (44)  to  obtain 


(v.—vi)2  V?  - 

y—  -2  - 


(46) 


After  Eq.  (46)  is  substituted  into  Eq.  (45),  the  remaining  integrals  can  easily  be  evaluated  to  yield  the  coher¬ 
ence  kernel 


W12(uj  -*v,)~Na\ 20o  'exp[— (u,  —  uj  )2/Ofru2]cxp 


where  is  given  by  Eq.  (31).  In  terms  of  dimen¬ 
sionless  variables 

x  =(u,-uj  )/0ou  ,  (48a) 

y=vi/ussvt/u  ,  (48b) 

Eq.  (47)  may  be  written 

Wulx^N&Sfioie-,,1e-1^Hj+y2+  \xy\) . 

(49) 

The  coherence  kernel  (47)  [or  (49)],  is  centered  at 
x  “(»,— o,'  )/0o u  «=0  and  has  a  width  |  u,  —  uj  | 
»h6|b««  if  \y  |  <  1.  (If  \y  |  »  1,  the  width  is 
at  order  u9^/\y  | .)  For  \y  |  =  |  u,'  |  /u  » 1,  the 
knd  becomes  exponential.  The  one-dimensional 
oofcanaoe  kernel  is  displayed  in  Fig.  3  for  several 
nrfme  at y.  It  is  this  type  of  kerne)  that  one  ex¬ 
ports  to  SMOMster  in  laser  spectroscopy  ex  peri- 


-2|(i>,-iv)v;  | 

l«i<«b-OI 

00“ 2 

,  +  2  * 

2  u' 

00“  2 

147) 

l - - 

meats. 

[It  is  interesting  to  note  that  the  kernel  width 
remains  of  order  9&i  independent  of  the  active- 
atom-to-perturber  mass  ratio  (see  discussion  in  Ap¬ 
pendix  A).  As  the  perturber  to  active-atom  mass 
ratio  decreases,  there  is  a  decrease  in  the  scattering 
angle  as  measured  in  the  laboratory  frame  relative 
to  that  measured  in  the  center-of-mass  frame;  how¬ 
ever,  this  effect  is  exactly  compensated  try  an  in¬ 
crease  in  the  diffractive  scattering  cone  in  the 
center-of-mass  system  [the  scattering  angle  varies 
as  (reduced  masa)-l/2].  Thus,  the  kernel  width  is 
always  of  order  0qu  <x[m(o,12)l/2]-1.  A  low-mass 
active  atom  must  be  used  to  maximize  the  coher¬ 
ence  kernel  width.  The  fact  that  the  kernel  width 
increases  with  decreasing  o'|2  is  reasonable;  smaller 
obstacles  produce  larger  diffraction  cooes.] 

The  various  one-dimensional  rates  can  also  be 
calculated.  From  Eqs.  (38),  (49),  and  (31)  one  finds 
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FIG.  3.  One-dimensional  coherence  collision  kernel 
Wn(  vj  -»v,)  as  a  function  of  *  =(u,  —  uj  )/0o“  for 
several  values  of  y  =  u,'  /u.  The  kernel  is  in  units  of 
A'*?!*)-  V  y  +/2?  so  that  JFu  1  at  x  =0.  Only  positive 
x  and  y  are  shown  since  R,i2(x,y)=  IPi2(  —  x,y) 

=  *F12U,  -y). 

2nb\b\ 

rno>>=.v«,(yWS=Mi,o>>  TT-TT  -  <50) 

*>i  -f  Oj 

where  u,(y)  is  the  value  of  v  averaged  over  the 
transverse  velocity  distribution,  i.e., 

u,(y)=(ini2)_l  f  dV,(v,2+y2u2)l/2e~’,/'' 

—  Ip  I  +(ir,/I/2)e,'J[l  — ♦(  |p  |  >1 ,  (51) 

where  ♦  is  the  error  function.  From  Eqs.  (37), 

(39),  (24),  (51),  (32),  and  (33),  one  obtains 

r,(y)=Nut(y)ol=Nu,(y)(2irb?) ,  (52) 

r,12(y)  =  7[ri<3'>+r2(3’>]=Ar“.<3'^2 

-NMP>t»(6?+b!)]  .  (53) 

and 


ri2(p)=r'l2(y)-nc2(p)=^ut(p)o^ 

,  .(tHbt+bJ)  ] 

=Nu,(y)  I  ,  . 


IV.  COLLISION  KERNELS 
IN  LASER  SPECTROSCOPY 

It  remains  to  determine  the  manner  in  which  the 
collision  kernels  and  rates  modify  the  observables 
which  are  measured  in  various  experiments.  The 
reason  for  the  success  of  traditional  pressure- 
broadening  theories  in  explaining  many  types  of 
spectral  line  shapes  will  emerge  naturally  from  this 
discussion. 

In  order  to  observe  the  effects  of  population  ker¬ 
nels,  the  first  step  is  to  selectively  excite  (or  de¬ 
plete)  a  velocity  subset  of  active  atoms  in  state  i. 
This  selectivity  can  generally  be  achieved  by  using 
a  narrow-band  laser  of  frequency  ft  to  excite  a 
transition  having  frequency  to.  Onlyjthose  atoms 
with  velocity  os=(H —to)/K,  where  K=X£ is  the 
laser  propagation  vector,  will  see  a  Doppler-shifted 
frequency  that  is  resonant  with  the  transition  fre¬ 
quency.  In  this  manner,  one  can  excite  a  longitu¬ 
dinal  velocity  subset  of  atoms  with  velocities  v, 
centered  at  (ft— to)/K  having  a  width  in  velocity 
space  of  order  u0=y/K,  where  y  is  some  effective 
width  (natural  plus  collision)  associated  with  the 
transition. 

Collisions  will  now  modify  the  population  densi¬ 
ty  only  if  the  collision-induced  velocity  changes 
produced  within  the  velocity-selected  state’s  life¬ 
time  is  greater  than  or  of  the  order  of  u0 ■  That  is, 
for  collisions  to  produce  noticeable  effects,  they 
must  significantly  alter  the  velocity  distribution 
created  in  the  excitation  process.  Typically, 
u0/u~0.01,  so  that  both  large-angle  and  diffrac¬ 
tive  scattering  can  modify  the  population  density. 
The  population  density  of  the  velocity-selected 
state  may  be  monitored  by  measuring  the  absorp¬ 
tion  of  a  second  laser  on  the  same  or  another  tran¬ 
sition  containing  the  level  in  question.2,3  Such  ef¬ 
fects  have  been  observed  using  both  steady-state23 
and  coherent  transient14,24  techniques.  It  might  be 
noted  that  collision-induced  changes  in  population 
densities  can  also  be  measured  using  a  standing- 
wave  photon-echo  technique.23 

Coherence  kernel 

It  is  much  more  difficult  to  detect  the  velocity 
changes  associated  with  the  coherence  kernel 
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WI2(V—*V)  than  with  the  population  kernel 
Wu(  v'— >v)  owing  to  two  factors.  First,  the  coher¬ 
ence  kernel  is  limited  to  diffractive  scattering, 
whereas  the  population  kernel  contains  a  large- 
angle  scattering  component  that  is  more  easily 
detectable.  Second,  the  effective  lifetime  for  coher¬ 
ences  is  generally  significantly  smaller  than  that 
for  populations  (see  discussion  below);  consequent¬ 
ly,  there  may  occur  too  few  collisions  within  the 
coherence  lifetime  to  produce  a  measurable  effect. 
Therefore,  it  requires  some  analysis  to  determine 
the  feasibility  of  measuring  velocity  changes  asso¬ 
ciated  with  the  coherence  kernel. 

In  the  rest  frame  of  the  active  atom,  the  effect 


of  a  laser  field  E=/£0cosfi'/  is  to  produce  a 
“coherence”  which  essentially  follows  the 

field  dependence,  i.e.,  pi2(  v,f)=p|2(?,f)«+'n’,.2t 
The  frequency  Q'  seen  in  the  atomic  rest  frame  is 
equal  to  (l—Kvz  for  a  laser  field  of  frequency  fl 
and  propagation  vector  K  =K£.  Thus,  pi2(  V,r ) 
varies  as 

p12(V,^)=p12(5r,f)e<0'e•■|JC•*^  (55) 

where  pj2( V,f)  is  generally  a  slowly  varying  func¬ 
tion  of  V  and  t.  Assuming  that  p12(V,r)  can  be 
factored  as  in  Eq.  (34),  one  can  substitute  Eq.  (53) 
into  Eq.  (25)  and  average  over  V,  to  obtain 


dpi2(uj«f) 

a  t 


=  -r,l2(uI)p12(u1.t)+  /  WaM-+ v,)e  mv'  9'),pn(vz,t)dvz  , 

coll 


(56) 


which  is  the  analog  of  Eq.  (35). 

We  wish  to  examine  Eq.  (56)  as  it  applies  to 
linear  spectroscopy,  saturation  spectroscopy,  and 
photon-echo  experiments.  To  do  so,  it  is  useful  to 
draw  some  general  conclusions  concerning  Eq.  (56). 
First,  there  is  always  some  effective  coherence  life¬ 
time  r  associated  with  p12  which  is  determined  by 
the  natural  and  collisional  widths  of  the  levels,  as 
well  as  the  width  of  the  velocity  distribution  rep¬ 
resented  by  pi2(u,,l)  (r_l  is  approximately  equal  to 
the  lincwidth  observed  in  linear  spectroscopy). 
Second,  the  coherence  kernel  limits  |  vz  —  v,  |  to 
values  [see  Eq.  (47)] 


lu»— I  <u60=s&u  «u  , 


_  (8tr)l/2* 
m(o'2),/2 


(57a) 

(57b) 


Consequently,  if  Kbur«  1  and  if  p\iiv,,t)  is 
slowly  varying  compared  with  fF,2(i>j  -*v,),  the 
integral  term  in  Eq.  (56)  may  be  approximated  by 
n^tpiafuj.f)  if  use  is  made  of  Eq.  (38).27  Thus, 
using  Eq.  (54),  one  finds 

=  -r$(D,>p,2(D„») ,  (58a) 

ooO 


dpta( 
3 1 

provided 


K&ur«  1  ; 


1  dpn 

i  dw12(«;—  vt) 

Pit  dvt 

« 

Wn(vi-rVt)  dvz 

I 

Equation  (58a)  is  precisely  the  equation  used  in 
traditional  pressure-broadening  theories!7’2'3 

We  are  let  to  conclude  that  traditional  pressure- 
broadening  theories  give  accurate  results  provided 
that  Eq.  (58b)  is  satisfied.  Although  the  theory 
presented  in  this  work  and  traditional  pressure¬ 
broadening  theories  lead  to  the  same  formal  result 
when  Eq.  (58b)  is  satisfied,  the  interpretation  of 
the  result  is  very  different  in  the  two  theories.  In 
our  case,  it  is  the  separation  of  trajectories  that 
leads  to  a  destruction  rate  r^{v)^Nvbw  is  (recall 
bw  the  Weisskopf  radius),  while,  in  traditional 
theories,  it  is  large  phase  shifts  for  collisions  hav¬ 
ing  b  <  bw  which  destroy  pl2.  Thus,  despite  the 
fact  that  the  neglect  of  trajectory  effects  cannot  be 
justified,  one  is  still  at  liberty  to  use  the  results  of 
conventional  pressure-broadening  theories,7  provid¬ 
ed  that  Eq.  (58b)  is  valid.21  We  now  analyze  some 
typical  experimental  situations  to  determine  wheth¬ 
er  or  not  Eq.  (58)  can  be  used  and  to  determine 
under  what  conditions  the  velocity  changes  associ¬ 
ated  with  the  coherence  kernel  may  be  detected. 

Linear  spectroscopy.  In  linear  spectroscopy, 
there  is  no  velocity  selectivity  and  pJ2(ur,t)  is  a 
thermal  distribution  having  width  u.  The  effective 
coherence  time  owing  to  this  distribution  is 
t=(Au)-1  at  low  pressure  (leading  to  a  width 
~t“  ~ Doppler  width)  and  decreases  with  in¬ 

creasing  pressure.  Under  these  conditions,  Eq. 
(58b)  is  always  satisfied,  implying  that  linear  spec¬ 
troscopy  may  be  described  using  conventional 
pressure-broadening  theories.  The  net  effect  of 
collisions  is  a  broadening  of  the  spectral  profiles.” 


i 


(58b) 
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Saturation  spectroscopy.  In  saturation  spectro¬ 
scopy,  one  selectively  excites  a  velocity  distribution 
of  width  where  y12  is  the  natur¬ 

al  width  associated  with  the  1—2  transition.  The 
effective  coherence  time,  determined  by  the  natural 
and  collision*!  decay  of  pn,  is  of  order  r=(y12 
+  rftr’.  Thus,  the  width  of  Pn(t>„t)  compared 
with  that  of  fPalvj  — »vf)  is  roughly  equal  to 
(yu  +  r^l/KSu,  which  may  be  of  order  unity  at 
low  pressures  (T^  <y12)  but  grows  with  increasing 
pressure  The  quantity  KSur  is  roughly  equal  to 
KSu/lyij  +  r^),  which  decreases  with  increasing 
pressure.  Consequently,  Eq.  (58b)  may  be  margi¬ 
nally  violated  at  low  pressures  but  should  be  valid 
at  pressures  where  r$»y,2.  At  low  pressures, 
the  velocity-changing  effects  could  introduce  dis¬ 
tortions  into  the  saturation  spectroscopy  line 
shapes.30  In  order  to  observe  deviations  from  Eq. 
(58a),  systems  having  large  K,u  small  yl2,  and  an 
active  atom  with  low  mass  should  be  sought.  An 
attempt  to  observe  velocity-changing  effects  on 
optical  coherences  was  recently  carried  out  with  Xe 
as  the  active  atom.12  Although  the  method  used 
produces  line  shapes  that  are  sensitive  to  velocity 
changes  associated  with  optical  coherences,  the 
value  of  K  (infrared  transitions)  and  the  large  mass 
of  the  Xe  active  atoms  were  not  ideal  for  observing 
the  effect.  No  direct  evidence  of  the  effects  of 
velocity-changing  collisions  associated  with  the 
coherence  kernel  was  found.32 

Photon  echoes.  The  photon-echo  experiment  is 
described  in  more  detail  in  Sec.  V.  It  turns  out 
that  the  second  inequality  in  Eq.  (58b)  is  always 
satisfied.  However,  as  described  below,  it  is  possi¬ 
ble  to  arrange  the  experimental  conditions  such 
that  K6ur>  1.  In  this  limit,  Eq.  (S8a)  is  no  longer 
valid  and  the  photon-echo  signal  reflects  the  effects 
of  velocity  changes  associated  with  the  coherence 
kernel  Wn( vj  —*o,).  Recently,  the  first  experimen¬ 
tal  evidence  of  this  effect  on  an  electronic  transi¬ 
tion  was  reported. 10,11 

V.  PHOTON  ECHO 
A.  General  features 

A  photon-echo  experiment  offers  an  excellent 
method  for  monitoring  the  coherence  p12.  In  the 


absence  of  collisions  and  spontaneous  decay,  the 
photon  echo  signal  is  formed  as  follows2,9,33: 

(1)  At  /  =0,  a  short  pulse  of  radiation  (propaga¬ 
tion  vector  K  =Kf)  creates  a  coherence 

pi2{z,»„0)=CW{v,)e-,K* , 

where  C  is  a  constant. 

(2)  Between  t  = 0  and  t  =  T,  the  coherence 
evolves  freely  as 

where  to  is  the  transition  frequency.  As  seen  in  the 
laboratory  frame,  this  frequency  is  Doppler  shifted 
by  Kv,.  The  Doppler  shifts  cause  the  dipoles  to 
dephase  relative  to  each  other. 

(3)  A  second  short  pulse  at  t  =  T,  also  having 
K=Kz,  is  chosen  to  produce  a  net  effect34  of 
changing  the  sign  of  the  (w+Ku,)  phase  fac¬ 
tor.2,9,33  Thus,  at  time  t  =  T,  following  the  second 
pulse, 

pi2iz,v„T)=*CW(vl)e-UCle~lim+K’‘)T , 

where  C'  is  a  constant.  For  t  >  T,  the  coherence 
once  again  evolves  freely  as 

Pi1(z,vtA)=C’W(»t)e-^e~"“*K',)Ten“+*'*'~T' 

-Circle (59) 

The  dipoles,  which  dephased  in  the  period 
0<t<T,  begin  to  rephase  for  t>T.  Atr=2T, 
they  are  all  in  phase  an  an  “echo”  signal  is  emit¬ 
ted.  Any  interference  of  this  dephasing-rephasing 
process  or  loss  of  pl2  owing  to  spontaneous  decay 
results  in  a  decrease  in  echo  amplitude.  Thus  the 
photon  echo  serves  as  a  sensitive  probe  of  the 
coherence  p12. 

Spontaneous  decay  results  in  a  decrease  of  pI2  by 
a  factor  exp(  —  y)2r)  and  a  corresponding  decrease 
in  the  echo  amplitude  (y)2  is  the  natural  width  as¬ 
sociated  with  the  transition).  The  collisions)  time 
rate  of  change  of  pl2  given  in  Eq.  (35)  also  modi¬ 
fies  the  echo  amplitude.  When  the  effects  of  both 
spontaneous  decay  and  collisions  are  incorporated 
into  the  calculation,  the  resulting  expression  for  the 
echo  amplitude  produced  at  t  =27"  is9,35 

A (71=  W(v,U(»,'Ddv, ,  (60a) 

where 


A(t>„r)~Aoexp  [-2y12r-2r*I2(«)f)r+2  f*dt  f"mdvi  WM-*v,)oc»[K{v,-v', )/] 


(60b) 
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is  the  contribution  to  the  echo  amplitude  from 
atoms  having  velocity  vt. 

Before  specifically  evaluating  Eq.  (60b)  using  the 
kernel  (47),  we  can  note  several  general  features  of 
the  result  (60b).  The  width  of  the  coherence  kernel 
ff'M  -*»,)  is  roughly  bu  =u0o«u.  If 
KbuT  « 1,  the  velocity  changes  associated  with 
the  diffractive  scattering  region  produce  effects  too 
small  to  be  detected.  In  this  limit,  Eq.  (60b) 
reduces  to 

Mo„T)^Ao**v\-HYn+rfH».)]T} , 

KbuT  « 1  (61) 

where  Eqs.  (38)  and  (54)  have  been  used.  For 
times  T  such  that  diffractive  scattering  effects  are 
negligible,  the  loss  of  echo  amplitude  arises  from 
spontaneous  decay  (yl2  term)  and  the  destruction 
of  p\2  produced  by  the  separation  of  trajectory  ef¬ 
fect  [T^(ur)  term]. 

On  the  other  hand,  if  kbuT  >  1,  the  velocity 
changes  associated  with  the  diffractive  scattering 
region  lead  to  phase  changes  in  pn  that  are  large 
enough  to  further  reduce  the  echo  amplitude  from 
the  value  (61)  produced  by  spontaneous  decay  and 
separation  of  trajectory  effects.  In  the  limit  that 
KbuT »  1,  the  integral  term  in  Eq.  (60b)  averages 
to  zero36  and  the  echo  amplitude  becomes 

A(o„r)=^0«pl  -2[ri2+r'12(«,)]r| , 

KbuT  »  1  .  (62) 

The  reduction  of  echo  amplitude  is  now  caused  by 
spontaneous  decay,  separation  of  trajectory  effects, 


and  diffractive  coherent  scattering.  The  rate  of 
echo  decay,  r'|2(u, ),  in  the  long-time  domain  is 
larger  than  the  rate  rftlv, )  in  the  short-time 
domain. 

As  the  pulse  separation  T  is  increased,  the  ef¬ 
fects  of  diffractive  coherence  scattering  on  the 
echo  amplitude  become  more  pronounced.  For 
KbuT  »  1,  every  scattering  event,  on  avenge, 
contributes  to  the  colli sional  exponential  loss  term 
appearing  in  Eq.  (62). 

One  may  ask  why  the  photon-echo  method  is 
distinctly  superior  to  saturation  spectroscopy  in  re¬ 
vealing  these  effects  since  the  effective  coherence 
lifetime  T^Iy^-t-r^u,)]-1  is  the  same  in  both 
cases.  The  answer  to  this  question  lies  in  the  way 
in  which  the  diffractive  scattering  affects  the 
respective  line  shapes.  In  saturation  spectroscopy, 
diffractive  scattering  produces  corrections  to 
linewidths  of  order  Kbur,  since  Kbur  is  generally 
less  than  unity  the  distortion  of  the  line  shape  is 
usually  difficult  to  observe.  In  photon-echo  experi¬ 
ments,  however,  diffractive  scattering  produces 
corrections  of  order  kbuT  which  may  be  arbitrarily 
large.  Of  course,  the  effective  coherence  lifetime  is 
playing  a  role  by  reducing  the  signal  strength  by  a 
factor  exp(—2T/r),  which  is  much  less  than  unity 
when  KbuT  »  1.  However,  since  echo  signals  are 
intrinsically  large,  measurements  in  the  region 
where  T  /r  <  5  are  readily  performed;  such  mea¬ 
surements1011  have  led  to  a  clear  demonstration  of 
the  effects  of  diffractive  scattering  on  coherences. 
The  spectral  resolution  of  echo  signals  obtained 
with  pulse  separations  T  >  1  /yl2  is  less  than  the 
natural  width  associated  with  the  1—2  transition. 


B.  Specific  evaluation  of  echo  amplitude 


The  integral  appearing  in  Eq.  (60b)  is 

sin[K(u,—  vj  )T\ 


/=  /  dv’tWn{v’t-^vt): 

*  —  m 


K(v,-v;) 


(63) 


If  the  dimensionless  variables  x  =(u,—uj  )/bu  and  y  =vt/ucx v't  /u  given  in  Eq.  (48)  are  reintroduced  and 
the  coherence  kernel  (49)  substituted  into  Eq.  (63),  one  obtains 

/(y,O)=2iV<r^|«7,0~,  fJdxe~x2~2x{,Hj+y2+x  | y  |  )sin(9x)/x  ,  (64) 

where 

Q=KbuT  =B^KuT) ,  (65) 

and  Bo  is  defined  by  Eq.  (42).  The  integrals  are  tabulated17  and  one  may  write  Eq.  (64)  as 

Hy,Q)=NuouTY(y,0) ,  (66) 


where 
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Y(*0)=2  2 
«-o 


©i 

2 


'  e'2/2 

2«  +1 


{2-l/2D_(Ia+l)(y/2\y\)+  \y\D_u[Vl\y  | )] , 


and  D,  is  a  parabolic  cylinder  function.17  Combining  Eqs.  (60b)  and  (63)— (67),  we  obtain 
A0*,n=doexp| ~2[Yli+T,ii(yu)]T +2Suo^TY(y,B)\  . 


(67) 

(68) 


Equation  (68)  must  now  be  averaged  over  a  Maxwellian  distribution  in  yu  to  arrive  at  the  echo  amplitude 
(60a).  The  integration  must  be  done  numerically.  For  illustrative  purposes,  we  present  two  approximate 
methods  for  performing  this  average. 

Method  1.  If  only  a  narrow  range  of  velocities  is  excited  by  the  laser  pulse37  such  that  \y  (  « 1,  one  can 
set  y  —0  in  Eq.  (68)  and  use  Eqs.  (68),  (60a),  (51),  and  (53)  to  obtain  the  echo  amplitude 


A(T7=Aoexp(-2{yi2+iVttf(O)[o,12-o-n0~lv/ff4K0/2)J)r) , 


(69) 


where  <J>  is  the  error  function  and  u,(0)=uVrir/2  is  the  average  value  of  v  for  oI=0.3*  We  note  that 
-^r.i+^lOKtrfi+anO2/^)]^  0«1 
-2tru+^.(OK<r'12-anv^/0)]r,  0»1 


InMOVvfol- 


(70) 


and  recall  that  B—KbuT. 

Method  2.  If  Wivj)  is  a  Maxwellian  distribution  having  width  u,  the  assumption  \y  |  « 1  no  longer 
holds.  As  a  rough  approximation,  however,  we  can  average  the  exponent  in  Eq.  (68)  over  y  rather  than  the 
exponential.  In  this  manner,  one  finds39 


/t(77=/t0exp 


r,2+MT 


«e 

2 


i 

<2n+l)(2n+l)H 


(71) 


where  u=2u /vr  is  the  average  speed  and  the  sum  is  a  representation  of  the  generalized  hypergeometric 
function  2^V7>1)7i7!— ®2/4).  For  ®maH  and  large  0,  Eq.  (71)  may  be  written 


ln[d(71  /A0] 


-2[Y\2+moft+o?1B1/lS )]T,  0«1 

-l{Yii+mJn-°vi^n/'2&'>Yr,  0»  1  . 


(72) 


The  results  expressed  by  Eqs.  (70)  and  (72)  are  of  a  quite  general  nature.8  For  0  «  1 

\n[A{D/A0]~-2YnT-2NSo,&T-2cNu&\\K\bujlTi,  KbuT«l  (73) 

where  c  is  a  constant  and  u  some  effective  average  speed.  The  T3  dependence  is  a  signature  of  velocity¬ 
changing  effects.  For  0>>  1, 

\n[A(T)/A0)~-2YnT-2Nu(r,nT-2c'Nuo\\/Kbu,  KhuT»\,  (74) 

where  c'  is  a  constant. 

To  isolate  the  effects  of  collisions,  we  define  a  quantity 
E(0)=-|ln[d(n//lo]-)-2y12r)/(2Ariro?5n ,  (75) 


B(B)~ 


df  =  : 


which  will  have  asymptotic  limits 

l+cfon/o^)©3,  0«I 
0»1- 

The  ratio  of  11(0)  in  the  high-  and  low-0  limits  is 

J(0K0»  1)  gu  _  U>]+b\)2 

5(0K0«  1)  =  ofj  *i+*t  ’ 


(76) 


(77) 
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where  Eqs.  (53)  and  (54)  have  been  used. 

As  a  specific  example,  we  calculate  5(0)  using  the  approximation  (71)  (for  which  u  =£H  and  find 

1 

(2n  +1K2«  +1)1!  * 


5(0)=  1  + 


2b]b\ 
b  f +b* 


i-2 

*-0 


©i 

2 


(78) 


In  Pig.  4, 5(0)  is  graphed  for  several  values  of 
(b\/bi).  For  ©»  1, 5(0)  asymptotically  ap¬ 
proaches  the  ratio  &  given  by  Eq.  (77).  The  ratio 
#=<7|j/o?2  vaies  from  1  to  2  as  (h|/h2)  varies 
from  0  to  1.  It  should  be  noted  that  the  general 
conclusions  reached  in  this  section  arc  model  in¬ 
dependent.  In  particular,  the  echo  amplitude 
varies  as  exp(  — 2I'[271  for  short  times  (KbuT 
« 1 )  and  as  exp<  — 2r,|277  for  long  times 
(KbuT»\). 

The  curves  shown  in  Fig.  4  are  in  qualitative 
agreement  with  recent  experimental  results  on  pho¬ 
ton  echoes  in  Li  perturbed  by  rare  gases." 
Velocity-changing  effects  were  also  observed  with 
Na  as  the  active  atom;  the  Na  mass  is  small 
enough  to  give  rise  to  a  bu  large  enough  [Eq. 

(57b)]  to  produce  KbuT  >  1  for  the  pulse  separa¬ 
tions  in  that  experiment.10  In  a  coherent  transient 
experiment  on  an  electronic  transition  of  l2,m  only 
the  exponential  decay  of  the  echo  amplitude  typical 
of  the  short-time  domain  was  observed.  The  large 
iodine  mass  leads  to  a  small  bu  [Eq.  (57b)];  conse¬ 
quently;  KbuT  may  remain  small  for  the  time 
scales  used  in  that  experiment. 


VI.  SUMMARY 

When  atoms  that  have  been  created  in  a  super¬ 
position  state  by  a  radiation  field  undergo  elastic 
collisions  in  an  atomic  vapor,  two  distinct  types  of 
effects  occur.  There  is  a  modification  of  both  the 


FIO.  4.  Graph  of  5(6)  which  characterizes  the 
photon-echo  signal  [Eq.  (78)]  as  a  function  of  Q=KbuT 
for  h|/hj=0, 0.5, 0.75.  The  small  horizontal  lines  on 
the  right  side  of  the  graph  indicate  the  asymptotic  value 
of  5(6)  as  9— »»■ 


I 

population-velocity  distributions  p*(V,t)  and  the 
coherenoe  density  py(V,r)  U^j)  produced  by  the 
scattering  events.  The  processes  can  be  character¬ 
ized  by  collision  kernels  Wa(T-*V)  and 
Ify (?'—►?),  respectively.  In  this  work,  we  have 
discussed  the  population  kernels  *V),  but 

have  concentrated  our  efforts  in  obtaining  a  physi¬ 
cal  picture  of  the  coherence  kernel  *V). 

To  do  so,  we  have  considered  a  system  of  two-level 
active  atoms  interacting  with  a  radiation  field  and 
undergoing  collisions  with  perturber  atoms.  The 
collision  interaction  experienced  by  the  atom  in 
each  state  was  assumed  to  differ  appreciably,  as  is 
usually  the  case  for  electronic  transitions. 

Using  arguments  based  on  the  uncertainty  prin¬ 
ciple,  we  showed  that  collisions  can  be  roughly  di¬ 
vided  into  two  regions.  Collisions  having  an  im¬ 
pact  parameter  less  than  some  characteristic  radius 
may  be  described  classically,  while  large-impact 
parameter  collisions,  giving  rise  to  diffractive 
scattering,  must  be  treated  using  a  quantum- 
mechanical  approach.  As  a  consequence  of  this  re¬ 
sult,  the  population  kernel  may  be  written  as  the 
sum  of  a  large-scale  (classical)  scattering  term  plus 
a  term  containing  the  effects  of  diffractive  scattering. 

The  collision-induced  modifications  of  the  atom¬ 
ic  coherences  produced  by  these  two  types  of  colli¬ 
sions  are  somewhat  more  interesting.  For  small- 
impact  parameter  collisions,  there  are  distinct 
nonoverlapping  trajectories  associated  with  the 
scattering  for  each  atomic  state.  Since  there  is  no 
spatial  overlap  of  states  1  and  2  following  such 
collisions,  these  collisions  destroy  pn  and  lead  sim¬ 
ply  to  ■  decay  rate  for  pu-  Quantum  mechanical¬ 
ly,  the  classical  separation  of  trajectories  is 
represented  by  a  rapid  variation  with  angle  of  the 
phase  of  the  product  of  the  amplitudes  f\f\- 
Large-impact  parameter  collisions,  on  the  other 
band,  lead  to  overlapping  diffractive  scattering  for 
the  two  states.  Consequently,  the  coherence  kernel 
)F,2(V'-»V)  possesses  a  diffractive  component  only 
arising  from  these  large-impact  parameter  colli¬ 
sions.  The  width  of  the  coherence  kernel  is  effec¬ 
tively  independent  of  the  perturber  to  active-atom 
mast  ratio. 

Trajectory  effects  are  seen  to  play  an  important 
role  in  determining  the  oolhsson-induoed  changee 


4 


I 


23 


COLLISION  KERNELS  AND  LASER  SPECTROSCOPY 


2563 


in  the  coherence  pn.  The  coherence  pn  is  related 
to  the  atomic  polarization,  which,  in  turn,  is 
directly  linked  to  the  spectral  properties  of  the 
medium.  It  seems  somewhat  paradoxical,  there¬ 
fore,  that  traditional  pressure-broadening  theories, 
in  which  separation  of  trajectory  effects  are 
neglected  and  in  which  collisions  are  assumed  to 
affect  only  the  phases  of  the  optical  dipoles,  are  so 
successful  in  describing  spectroscopic  line  shapes. 
This  apparent  paradox  was  resolved  in  Sec.  IV, 
where  it  was  shown  that  traditional  pressure- 
broadening  may  be  used  provided  the  velocity- 
changes  associated  with  the  coherence  kernel  are 
too  small  to  be  detectable  in  a  given  experiment. 
Thus,  although  the  interpretations  are  different  in 
the  two  approaches,  the  results  can  be  identical.  In 
linear  spectroscopy,  traditional  pressure-broadening 
theory  is  always  valid,  if,  as  assumed,  the  collision - 
al  interaction  differs  appreciably  for  the  two  states 
between  which  the  optical  transition  occurs.  Trad¬ 
itional  pressure-broadening  theory  is  no  longer  ap¬ 
plicable  if  the  velocity  changes  associated  with  the 
diffractive  coherence  kernel  WU(V—*V)  can  be 
experimentally  measured.  Such  effects  should  be 
marginally  observable  in  saturation  spectroscopy 
and  have  been  observed  for  the  first  time  in 
photon-echo  experiments.10,11 

To  illustrate  various  features  of  the  problem,  we 
adopted  a  simple  model  of  hard-sphere  scattering 
to  describe  the  collisions.  The  results,  however,  are 
quite  general  and  can  be  easily  extended  to  arbi¬ 
trary  potentials.  The  hard-sphere  model  enabled  us 
to  obtain  closed-form  expressions  for  the  various 
collision  kernels  and  rates.  In  addition,  we  used 
the  model  to  calculate  an  expression  for  the 
photon-echo  amplitude,  which  clearly  indicates  the 


importance  of  velocity -changing  collisions  associat¬ 
ed  with  fF|2(V'-»V).  If  one  uses  a  more  realistic 
interaction  potential,  the  resulting  expressions  must 
be  evaluated  numerically. 

It  should  be  noted  that  the  semiclassical  ap¬ 
proach  used  in  this  work  is  valid  only  if  the  de 
Broglie  wavelength  of  the  atoms  (in  the  center-of- 
mass  reference  frame)  is  much  smaller  that  the 
characteristic  Wdsakopf  collision  radius  bw. 
Moreover,  any  effects  of  orbiting  or  of  rainbow  or 
glory  scattering  have  been  neglected.  A  rigorous 
discussion  of  the  validity  of  the  semiclassical  ap¬ 
proach  has  been  given  by  Avrillier,  Borde,  Picart, 
and  Tran  Minh.4  A  calculation  is  in  progress 
which  is  designed  to  determine  the  conditions 
under  which  our  general  approach  to  calculating 
the  coherence  kerne]  retains  its  validity. 
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APPENDIX  A 

In  Appendix  A,  the  results  of  Sec.  Ill  are  generalized  to  allow  for  an  arbitrary  perturber  to  active-atom 
mass  ratio.  The  collision  kernel  is  given  by2,3 

u 

m  , 


/  drT  f  dvrwf{v-vr)& 


'"-1 


o~l6<u,-v;  )Ftj(o'r,  i  i ) . 


(Al) 


The  quantities  appeasing  in  Eq.  (A  1)  are  the  product  of  scattering  amplitudes  in  the  center -of -mass  system 

F„(v;t\%~rr  | )-/,(»;, \vr \  i  > ,  ia2> 

the  perturber  velocity  distribution 

W,(V,)=(»u3)-3/Jexp<-B,2/«i/) ,  (A3) 
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where  ttr  is  the  most  probable  perturber  speed,  and  the  reduced  mass  ft.  Equation  (Al)  represents  the  colli¬ 
sion  kernel  in  the  center-of-mass  frame  averaged  over  the  perturber  velocity  distribution  consistent  with  con¬ 
servation  of  momentum  and  energy. 

Integrating  Eq.  (Al)  over  V‘r  and  setting 

rt=(m/ft)(V-V) ,  (A4) 

one  finds 

*„(?'-?)=) S(m/ft9  f  dV,W,W-Vr+ifmr- |  V,- 9  I  ■  (A5) 

The  angular  integrals  can  be  carried  without  too  much  difficulty1' 13,41  and  one  may  obtain 
Wtj(V'-*V)^N(m/ft)Hlv)if-xWr(  jif+V)  f*qdq  exp(-q1/u})I0{lqo,/u})Fu({q1+^rjl)'in,ri)) , 

(A6) 


where 

и, =(iw'/|7-V'|  )sinfl,  (A7) 

0  is  the  angle  between  V'  and  V,  and  /0  is  a  modified  Bessel  function. 

When  the  exponential  approximation  to  the  scattering  amplitude  (16)  is  used,  one  has 

F(](»r,V)=7k*b?bjCxp{ - \k}(b} +bj)9lr\ ,  (AS) 

where 

к , =/*?,/*  (A9) 

and 

®r=2sin-‘(ij/2ur)  (A10) 


are  the  k  vector  and  scattering  angle,  respectively,  in  the  center-of-mass  frame.  Substituting  Eqs.  (A8)— 
(A10)  into  (A6)  and  assuming  9, « 1  (diffractive  scattering  region),  we  find 


WU(V-+ ?)= 


where 


N 


'  b^bfexpl-^Ae^Ur)1] 

- “P 


2L+^ 

2 

l2  ? 

•rV+iV+n,2- cv'-^/i,)1] , 


(All) 


K~*/f**r  .  (A12) 

u2««J+u,2 ,  (A13) 


.  (A  14) 

The  various  collision  rates  defined  by  Eqs.  (19),  (27),  (32),  and  (33)  are  easily  calculated  starting  from  Eq. 
(Al).  One  finds 


r,(o)-lV«f(t>H2»h,1) , 
r'12(p)-Hfir(o){ir(h?+hI)] , 
2*b<bi 

rn<p)«;V*f(p) 1  in'Dl 


bi+b! 


(AlSa) 
(A  15b) 

(A15c) 
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«{b\+b\) 


(A15d) 


bi+bl 

where  ur(v)  is  the  active-atom  perturber  relative  speed  averaged  over  the  perturber  velocity  distribution,  i.e., 
uriu^)=  f  W,{V,)\V-V,\dV, 

=ir~,/2ufe~,1[l+2irl/2z~i(l+2z2k,1Q(z)] ,  (A16a) 

with 


z=v/up  .  (A16b) 

[Note  that  as  »0  and  p,—*m,  one  regains  the  results  of  Sec.  III.  If  u  — >0,  and  fi-*mp  (perturber  mass), 
W|2( ?'-*?)«- nf(»)8(  v  —  ?'),  and  ur(upz)—u,(0)=2ir~i/1up.] 

To  obtain  the  one-dimensional  kernel,  one  multiplies  Eq.  (Al)  by  W{v', )  and  integrates  over  v,  and  v', . 

The  resulting  integrals  can  be  reduced  to  a  triple  integral5,13,41  of  the  form 

»//(»'*—  v,)=Arr~ln0K  f~ds,  f”dq  J^dpe~likf-f)1exp[-K-'(q1+ql)]FnUql+pi+q1)'/2,  tj)  , 


where 

0=u/up=lmp/m)in , 

*=(1+0W, 
t  =(?-?<)/«  =Tr-M,£\ 
9o=*.~J(t «2+/w,)2  , 


and 


(A  17) 

(A  18) 
(A  19) 
(A20) 

(A21) 


y  -»i  /«  ■  (A22) 

With  the  kernel  given  by  the  exponential  approximation  (A8),  Eq.  (A17)  may  be  integrated  to  give 
Wn(v-  —1),)=  jNa'ft0ro)-le-*xl 

X\[j+0-1+y1+xn\-0-1)-x2]e-2*[\+<My-x)] 

+  l'Y+0~2+y1—xy{  1  —0~1)—x1]e2*f[l—Q{y+x)]+2ir~i/2xe~fle~xl\  ,  (A23) 


where 


x  =  |u,-u;  \/{0utfo),  (A24) 

y  =«.’  /« , 

y=0y=v',/ur  ,  (A25) 

fl5=( (0O  •  (A26) 

The  kernel  (A23)  reduces  to  Eq.  (49)  in  the  limit  0-*  oo  and  has  a  width  of  order  d<ju  for  \y  |  <1.  For 
0«  1  and  |y  |  <1,  the  effective  width  of  the  kernel  is  of  order  0&oU  =k06oU  =(\+0*),/2Oo u  a>0o u.  Thus, 
regardless  of  the  ratio  of  perturber  to  active-atom  mass  ratio,  the  kernel  width  (for  \y\  <  1)  is  of  order 

u00~2vlkuAbl+bl)'/2 

=2(2ir),/2*/m(<7;2),/2 .  (A27) 

This  somewhat  surprising  result  arises  from  the  cancellation  of  two  effects.  As  mp/m  (or  0)  decreases, 
there  is  an  increase  in  the  size  of  the  diffraction  cone  in  the  center-of-mass  system  [recall  that  6r  <x  lfiur)~] 
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=(  1  +0~2 ),/20o].  This  effect  is  compensated  by  a  decrease  in  the  scattering  angle  as  measured  in  the  labo¬ 
ratory  frame.  Thus,  the  collision  width  depends  primarily  on  the  active-atom  mass  and  total  collision  cross 
section. 

In  Fig.  3,  the  kernel 

Wl2(O^Pu6rox)=NaW8ro)-le-til*1{(±+0-2-x2)ll-*(x)]+ir-'/1xe-x'}  (A28) 

is  plotted  as  a  function  of 

( 1  +0*)l/2x  =yl/u0o=u1/&j  (A29) 

for  several  values  of  0.  The  0=0. 1  and  0=  10  curves  correspond  to  asymptotic  limits  of  the  kernel  for  the 
rases  0 « 1  and  0»  1  respectively;  thus  the  kernel  width  is  seen  to  vary  only  slightly  with  0.  In  practice, 
o’  normally  increases  with  increasing  0,  implying  a  corresponding  decrease  in  the  kernel  width.  Smaller  col¬ 
lision  cross  sections  produce  a  larger  diffractive-scattering  cone. 

The  various  one-dimensional  rates  are  still  given  by  Eqs.  (A1S)  if  one  replaces  u  by  o,  and  ur(o)  by  u,(v,)t 
where  11,(0,)  is  the  relative  speed  averaged  over  the  perturber  and  transverse  active-atom  velocity  distribu¬ 
tions,  i.e., 

«,( o,)=  $  Wtft)W,(Vr)\V-Vf\dVrdV,  ,  (A30) 

where 

Explicitly,41  one  finds 

uMiuy)—uf  |0y4X0v)+#-,/1e-^1  |l+ir,/1  dx  e^'^coahUyx /*/*)[!—  tyx/Kp)  |  J  .  (A31) 


APPENDIX  B 


In  Appendix  B,  we  derive  expressions  for  the  various  collision  kernels  and  rates  using  the  amplitude  (13) 
for  hard -sphere  scattering  instead  of  its  exponential  approximation  (16).  Moreover,  the  cross  sections  are 
also  calculated  directly  using  Eq.  (11)  to  illustrate  the  origin  of  the  distinct  trajectory  approximation 

*<62-h,)»l. 

Using  Eqs.  (A2)  and  (13),  we  find 

F(/(o„if ) -Myd,"  V,  (*,M,  W i  <M>A ) ,  (Bl) 


where  0,  is  given  by  Eq.  (A10).  If  Eq.  (Bl)  is  substituted  into  Eq.  (A6)  and  the  assumption  0,  « 1  is  used, 
one  may  obtain  [cf.  Eqs.  (All)— (A14)] 


?>= 


N 

y^r 


m 

6,17 

J. 

bj7f_ 

%  i 

«r*r 

I 

r 

x  |  exp{  —  ( 7 ^ /ij  )J/u,J ] ) J[o'J  +  IV + a,1 — ( V’  if/y  )2J ,  (B2) 

r - 

where  if=(m//i)(V— 7).  Equation  (B2)  reduces  where  vr(t>)  is  given  by  Eq.  (A16).  Ifk,(6j— 6,) 

to  Eq.  (All)  if  bri/Urkr « 1.  » 1,  the  0r  integral  can  be  replaced  by  an  integral 

The  rate  obtained  from  Eqs.  (27),  (Al),  and  (Bl)  from  0  to  oo.  In  that  case,  far  bt  >bit  one  finds’7 

is 

r"(o)=Afur(wKirb })  bt^bj  .  (B4) 

Thus,  the  various  cross  sections  and  rates  defined 
in  Eqs.  (19)  and  (31)— (33)  are  given  by  (h2>6|) 


rj(o)=Nu,(«)  /  dar6,6^0rV|(kr6,0r) 

X/,<MA> ,  (B3) 
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FIG.  3.  Graphs  of  the  one-dim  enrioneJ  kernel 
tFulO— ►!>,)  as  »  function  of  (1  +0*)l/1x  =u,/u0o  for 
several  values  of  0=u/uf=(m,/m)in.  Notice  that  the 
width  of  the  kernel  is  essentially  independent  of  0,  al¬ 
though  its  shape  changes  somewhat.  The  kernel  is  in 
units  of  JVoi2<0o)~'  and  is  normalized  such  that 
IPtJ(0— 0)=1. 


o,  =  lirbf  , 

(B3a) 

o\\~irb\  , 

(B5b) 

tr\2=iiib2  +b2) , 

(B5c) 

oft=irb\  , 

(BSd) 

and  r(v)=Aur(v)o.  The  cross  section  o\\  can 
differ  by  as  much  as  17%  from  that  calculated  us¬ 
ing  the  exponential  approximation  to  the  scattering 
amplitude  [see  Eq.  (31)]. 

Integral  expressions  for  the  one-dimensional  ker¬ 
nels  and  rates  can  be  easily  obtained  using  Eqs. 

(36),  (39),  (Al).  (Bl),  and  (27).  Without  explicitly 
writing  expressions  for  these  quantities,  we  note 
that  for  large  enough  1 V  |  or  |  V,  — Vx  | ,  it  is 
possible  for  the  population  kernel  to  have  side 
lobes  and  for  the  coherence  kernel  to  go  negative 
(the  exponential  approximation  always  gives  a  posi¬ 
tive  kernel).  This  feature  is  already  seen  in  Eq. 
(B2).  Near  the  “center”  of  the  kernel,  |  v,— u,'  | 
<u0o,  the  exponential  approximation  (16)  pro¬ 
duces  a  collision  kernel  that  has  the  same  form  as 
the  one  calculated  using  the  correct  amplitude  (13). 

To  finish  this  appendix  (and  article),  we  calcu¬ 
late  012  directly  from  Eq.  (1 1)  without  using  the 
assumption  that  fc(h2— 6()»  1.  Using  the  defini¬ 
tion 

<r,7=Re  f  f,(9)fi(B)dCl  (B6) 

along  with  Eq.  (11)  for/((0),  one  easily  derives 


Oy  =4irfc_2  2  ( /  +  7 )[  2 sin2^}1  ’sin2!)/21 

ImO 


+  y  sin(21//1,)gin(21f)2,)]  , 

(B7) 

where 

tft^Un-'UtUcb^/niUcb,))  (B8) 

is  the  state-i  hard-sphere  scattering  phase  shift. 
Using  the  properties  of  the  spherical  Bessel  func¬ 
tions,17  one  can  show  that  exponentially  for 

1<L,  so  that  the  cos(2^/ )  terms  average  to  zero. 
One  is  left  with 

Li=kbl  (B9) 

(assuming  bi  <bj).  Equation  (B7)  may  be  rewritten 
as 

t- i 

o'S^lirk-2  j  /[  l-cos(2Tf}")-co8(2Tj/)) 

/«  0 


+cos(l;'y,-l»}',)]  .  (BIO) 

Again,  using  the  properties  of  the  Bessel  func¬ 
tions,17  one  can  show  that  the  ij}  are  large  for 
l  <L,  so  that  the  cos(2tj})  terms  average  to  zero. 
One  is  left  with 

^ f 

ay  =4irk-2  2  fsin2[(i»}y,-n}',>/2] .  (Bll) 

i-o 

For  i  =j,  Eqs.  (B9)  and  (Bll)  yield  Ot—hrb} ,  the 
quantum-mechanical  result  for  high-energy  hard- 
sphere  scattering.  For  i^j,  one  can  approximate17 

Vi2>- Vi,,*!(^i-f|)-/(tau(fe-tanfl)  > 

(B12) 


where 

*,=cob-'(//L,)  . 

Since  l/Lt «  1  for  most  /  in  the  sum, 

.  ,  ir  /  f-i 

*,-tan*(=sy-  —  r  , 


such  that 


Vi 


;21— i)/"*  —k(b2—b\)+ 


lilhzhl 

2  kb,b2 


(B13) 


Combining  Eqs.  (B13)  and  (Bll)  and  changing  the 
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sum  to  an  integral,  one  finally  obtains 
cri2=  *6|  + 

Xcos  j 


4tr6(62  kbiibi—bi) 
kibi-bO^  4 b! 
k(bi  —b\ K462— 6t ) 

4*2 


(B14) 


If  62=I>i,  0^=2061,  but  for  <t(62— 6,)»  1, 
o'l— vb  1,  in  agreement  with  the  result  (BSb)  de¬ 
rived  from  diffractive  scattering  only.  Thus,  if 
klb2  —  6|)»  1,  diffractive  scattering  only  contri¬ 
butes  to  the  coherence  kernel. 
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Collisional  processes  occurring  within  an  atomic  vapor  can  be 
conveniently  described  in  terms  of  collision  kernels.  One  can 
speak  about  both  the  population  kernels  W^(v’-*v)  and  coherence 
kernels  W^fv'—v)  [/*/]  associated  with  the  vapor.  The  popu¬ 
lation  kernel  represents  the  probability  density  per  unit  time  that 
an  atom  in  state  i  undergoes  a  collision  taking  it  from  velocity  v'  to 
v;  in  essence,  it  determines  the  manner  in  which  collisions  affect 
the  population  density  t).  Analogously,  the  coherence  kernel 
can  be  used  to  describe  the  effects  of  collisions  on  olT-diagonal 
density  matrix  elements  p,vfv,  t);  however,  since  W';(v  -*v)  is 
associated  with  atomic  state  coherences,  it  is  not  positive  definite 
and  has  no  simple  classical  analogue.  The  collision  kernels  are 
directly  related  to  scattering  amplitudes  and,  as  such,  can  provide 
important  information  on  collisional  processes  occurring  within 
an  atomic  vapor.  Moreover,  new  methods  involving  laser  spec¬ 
troscopy  enable  one  to  experimentally  measure  these  kernels. 

A  theoretical  analysis  of  the  general  properties  of  the  collision 
kernels  has  been  carried  out.  In  addition,  the  manner  in  which 
these  kernels  are  reflected  in  line  shapes  associated  with  linear  and 
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nonlinear  spectroscopy  has  been  examined.  It  is  shown  that 
collisions  can  be  roughly  divided  into  two  categories.  Collisions 
having  impact  parameters  less  than  some  characteristics  radius  f> 
can  be  described  classically,  while  those  collisions  having  impact 
parameter  greater  than  h0  must  be  treated  quantum-mechanicalU 
The  large  impact  parameter  collisions  are  associated  with  diffrac¬ 
tive  scattering.  As  a  result  of  this  division,  the  population  kernel 
contains  components  representing  both  large-angle  and  diffrao 
tive  scattering.  However,  assuming  that  the  collisional  interaction 
for  states  i  and  j  differ  appreciably,  the  coherence  kernel 
is  found  to  have  a  diffractive  scattering  component  only.  The 
absence  of  a  large-angle  scattering  component  in  the  coherence 
kernel  can  be  linked  to  a  collisionally-induced  spatial  separation 
of  the  i  and  j  state  collision  trajectories. 

Laser  spectroscopy  provides  an  effective  means  for  measuring  the 
kernels.  It  is  shown  that  steady-state  nonlinear  laser  spectroscopy 
provides  a  convenient  method  for  determining  the  large-angle 
scattering  component  of  the  population  kernel,  while  coherent 
transient  techniques  (e.g.  delayed  saturated  absorption,  photon 
echoes,  stimulated  echoes)  can  be  used  to  monitor  both  the 
coherence  kernel  and  the  diffractive  scattering  component  of  the 
population  kernel.  A  discussion  of  the  type  of  inforr  lion  one  can 
hope  to  obtain  from  these  studies  will  be  given.  Moreover,  the 
connection  with  traditional  pressure  broadening  theories  will  be 
noted. 


Collision  Studies  of  Highly  Excited  Atomic  States 
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Mixing  Spectroscopy  Technique 

J.  F.  Lam,  D.  G.  Steel,  and  R.  A.  McFarlane 
Hughes  Research  Laboratories,  Malibu,  C A  90265,  USA 

PACS:  07.65 

This  paper  describes  measurements  of  buffer  gas  collision  rates 
with  high  lying  atomic  states  on  sodium  using  a  new  Doppler  free 
spectroscopy  technique.  The  approach  uses  two  narrow  band 
stabilized  tunable  dye  lasers  at  frequencies  li,  and  Q,  in  a  two 
photon  four-wave  mixing  experiment.  With  two  separate  wave¬ 
lengths  we  are  able  to  eliminate  the  usually  large  intermediate 
state  detuning  that  results  when  two  photon  resonant  degenerate 
four-wave  mixing  is  used  to  study  a  three  level  system.  By 
^appropriate  geometry,  the  signal  in  ourapproach  is  generated  by 
a  pure  two-quantum  excitation  with  no  stepwise  contribution.  We 
are  thus  able  to  examine  collision  physics  affecting  the  final  state 
without  being  obscured  by  intermediate  state  effects.  We  anti¬ 
cipate  that  this  technique  will  be  extremely  powerful  in  investigat¬ 
ing  collisional  effects  on  the  Rydberg  series.  The  ability  for  this 
technique  to  produce  large  signals  even  for  collision  studies  of 
highly  excited  states  overcomes  sensitivity  problems  due  to  large 
intermediate  state  detuning  using  degenerate  two-photon  absorp¬ 
tion  [I].  It  also  provides  an  important  laser  spectroscopy 
measurement  of  collisional  effects  giving  rise  to  broadening  and 
level  shifts  in  the  frequency  domain  m  contrast  to  earlier  measure¬ 


ments  of  broadening  in  the  time  domain  using  pulsed  lasers 
[2,3]. 

The  analysis  begins  by  assuming  a  cascade  up  three  level  system. 
The  geometry  involves  a  backward  pump,  Eb,  at  frequency  Q. 
(resonant  with  the  first  transition  at  frequency  co2l)  and  a  forward 
pump,  Ef,  and  probe,  E,,  at  frequency  02  (resonant  with  the 
second  transition  out  of  level  2  at  frequency  co32).  We  assume  that 
the  forward  and  backward  pumps  are  arranged  to  be  counlerprop- 
agating  and  the  probe  beam  is  nearly  collinear  with  the  forward 
pump.  We  further  assume  that  the  level  energies  in  the  cascade-up 
three-level  system  are  given  by  E}>  £2  >  £,.  In  this  geometry  the 
physical  oirigin  of  the  signal  (which  is  nearly  countcrpropagatin!; 
to  the  probe  wave)  arises  f-om  a  four-wave  mixing  interaction 
generated  by  a  two-photon  coherence  between  levels  I  and  3 
induced  by  the  simultaneous  interaction  of  E,  and  Eb.  In  collinear 
geometry  the  resonance  condition  that  must  be  satisfied  in  order 
for  all  four  waves  to  interact  with  the  same  velocity  group  is  given 
by  — u>J2=  —  (Jfcj/fc,)  (£J,-a>21).  Using  the  density  matrix 
approach  and  calculating  the  polarization  using  perturbation 
theory  to  third  order  in  the  fields  [4]  we  find  in  the  Doppler  limit 
the  frequency  response  is  a  Loremzian  whose  linewidth  is  given  by 
the  two-photon  linewidth  yl3  plus  a  normally  small  correction 
factor,  (Jc2/fc,-  lh'ij.  which  under  certain  conditions  gives  rise  to 
subnatural  lincwidlhs  [5]. 

Effects  of  dephasing  collisions  are  included  phenomenologically 
to  the  density  matrix  by  adding  a  pressure  dependent  complex 
parameter  y£  to  y,p  #  j).  Hcncc  the  presence  of  buffer  gas  (in  the 
form  of  ground  state  noble  gas  perturbers)  will  broaden  and  shift 
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I.  IKTRODUCr'OW 

The  speaker  ilS)  la  on  record  as  believing  that  occasionally, 
for  all  Its  obvious  disadvantages,  talks  should  be  given  by  those 
who  had  not  been  deeply  Involved,  If  at  all.  In  the  subject  to  be 
covered.  Possible  advantages  Include  great  freedom  in  the  choice  of 
topics,  the  lack  of  a  compulsion  to  cover  every  detail  of  the  topics 
chosen,  and  an  objectivity  (if  some  Ignorance)  in  accreditation. 
Neither  of  us  had  been  knowledgeable  in  two  of  the  three  topics  we 
have  chosen.  To  avoid  pitfalls  in  our  treatment  of  the  third,  asym¬ 
metric  charge  transfer,  we  have  given  a  completely  qualitative  dla- 
cuseion  of  developments  in  chat  area. 

Ve  have  obviously  chosen  areas  we  believe  to  be  of  particular 
significance,  but  having  plckad  threa  areas,  we  cannot  begin  to  give 
the  details  necessary  for  a  thorough  understanding.  Our  primary  pur¬ 
pose  is  to  latsrsst  those  who  have  not  read  the  original  papers  In 
doing  so. 


It.  NUCLEAR  RESONANCES  AND  THE  PROBABILITY  OP  K-SHELL  IONIZATION 
If  atomic  physics  has  been  enjoying  e  renaissance  because  of 
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new  developnents  within  the  field,  1c  is  also  true  that  there  are 
areas  of  atonic  physics  which  are  so  well  understood  chat  aftreement 
between  theory  and  experiment  exceeds  that  In  any  other  field  of 
physics.  It  Is  for  the  latter  reason  that  an  area  of  Interplay  be¬ 
tween  atomic  physics  and  another  branch  of  physics  can  be  extremely 
uaetul  in  etudylng  that  other  branch.  Thus,  for  example,  relatively 
long  nuclear  half-lives,  longer  than  perhaps  picoseconds,  can  be  mea¬ 
sured  directly,  while  relatively  short  nuclear  half-lives,  shorter 
than  perhaps  10-21  seconds,  can  be  determined  by  measuring  the  assoc¬ 
iated  half-width,  but  Intermediate  half-lives  can  be  difficult  to 
measure  by  either  approach.  Now  the  orbital  period  of  a  K-shell  elec¬ 
tron  in  a  nucleus  of  atomic  number  Z  is  of  order  ( 2«au/Z) / (Z«*  'll)  or 
roughly  i0_*VZ2  seconds.  One  can  then  hope  to  determine  intermed¬ 
iate  nuclear  half-lives  If  one  can  find  a  measurable  effect  of  the 
nuclear  half-life  on  a  K-shell  electron.  Consider,  for  example,  the 
scattering  through  an  angle  6  in  the  center  of  suss  frame  of  a  nuc¬ 
lear  projectile  P  and  a  target  nucleus  T,  with  atomic  numbers  Zp  and 
Lr,  respectively.  The  Incident  relative  kinetic  energy  Eji  •  VfvJ, 
with  M  the  reduced  nuclear  mass,  is  assumed  to  be  in  the  neighborhood 
of  a  resonance  with  a  half-life  it.  (We  will  talk  of  Ionization.  but 
the  argument  would  be  the  same  for  excitation.)  We  1st  P(ton)  - 
Pfj(Ej.d)  be  the  ratio  of  the  probability  of  the  Ionization  of  the 
X-aheil  electron  !>•  the  course  of  the  nuclear  scattering  process  to 
the  probability  that  there  Is  no  Ionization  during  (he  nuclear  scat¬ 
tering.  Ionization  is  from  the  Initial  Os)  state  1,  with  normalized 
wave  function  *j(r),  to  the  Hnal  continuum  state  with  normalized 
wave  function  djCr).  We  wilt  find  that  P(lnn)  will  depend  upon  At. 

W«  expect  a  significant  effect  it  the  nuclear  width  f  •  F./it  la  at 
moat  of  the  order  of  the  binding  energy  Lg  of  the  K-shell  electron, 
or,  equivalently.  If  the  half-life  or  tire-delay  la  at  least  of  the 
order  of  the  orbital  period  of  the  K-shell  electron. 

In  section  II  we  use  capital  letters  for  nuclear  energies,  mo¬ 
menta,  coordinates  (but  not  velocities),  wave  functions,  and  scatter¬ 
ing  amplitudes,  and  small  letters  fjr  the  corresponding  electronic 
properties.  We  have  K^f.  •  Nv,  and  K^h  for  the  Incident  and  e-ergent 
relative  momenta  of  the  nuclei,  and  If  for  the  associated  ener¬ 
gies,  A  for  the  P-T  separation  and  V  for  the  P-T  Interaction,  for 
the  initial  K-shell  energy  of  the  electron  (e")  and  cj  for  the  e“ 
energy  In  its  final  Ionized  state,  and  r  for  the  T-e"  separation. 

Wc  Introduce  w  via  ■  ho  •  tj-tj,  We  will  study  the  problem 

both  In  the  semi-class ical  approximation  (SCA)  and,  in  the  context 
of  quantum  theory.  In  the  distorted  wave  Born  approximation  fXBA). 

We  now  list  a  number  of  approxlmat Ions  which  we  will  puke  in  both  the 
SCA  and  the  DV8A.  We  will  later  list  additional  approximations  to  be 
made  separately  In  the  SCA  and  DWBA  approximations.  The  approxima¬ 
tions  which  are  made  more  for  convenience  of  discussion  chan  owe  of 
dire  necessity  are  Indicated  by  a  star.  With  the  approxlmat Iona  we 
mill  make,  the  mathematics  te  trivial;  in  the  discussion  below  the 
most  difficult  step  la  the  Integration  of  an  exponential.  The  hard 


port  la  of  course  the  Justification  of  th«  approximations 


(2.2) 
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I)  The  recoil  of  T  can  be  neglected. 

II)  The  P-e"  interaction  can  be  treated  as  a  perturbation;  a 
necessary  condition  for  the  validity  of  (11)  la  that  «  Zj. 

'  111)  The  e"-e~  Interact  Iona  In  the  neutral  target  atom  can  be 
neglected. 

Ve  note  that  the  ejected  K-shell  electrons  have  a  continuous 
energy  spec  t rum  and  therefore  provide  a  poor  signature  for  loniza- 
tlon;  a  good  signature  is  provided  by  the  X-ray  radiation  or  by  one 
of  the  Auger  electron  lines  which  follow  the  ionization.  (Since  the 
X-ray  Is  emitted  by  an  electron  whose  initial  state  la  any  of  a  num¬ 
ber  of  p-atates  -  primarily  the  2p  state  —  with  equally  populatad 

projections  of  the  angular  momentum,  and  whose  final  state  la  an  s- 
state,  the  X-ray  radiation  will  be  spherically  sywetrlc.) 


The  depandance  of  a^*  on  6  and  tj  (through  Che  presence  of  K(t)) 
Is  often  suppressed.  With  Che  changes  of  variables  t  *  C  t  **At,  we 
cam  rewrite  Eq.  (2.1)  as 


♦  +  ICO.-;*,)]  .  (2.3) 

where 

B  ,  . 

l(o,g;K)  t  /  exp(lmt)Rf&(Kv1t)dt  .  (2.4) 


A.  The  Sewl-ClasMcal  Approximetlon 


iv ' )  The  electron  will  be  treated  quantum  mechanically,  but  we 
assume  that  the  motions  of  both  P  and  T  can  be  described  classically. 
Indeed,  In  the  lab  frame.  It  follows  from  assumption  (1)  that  T  la 
always  at  rest. 


v*)  We  assume  further  that  P  has  an  Impact  parameter  of  tero 
•1th  respect  to  T  and  movgs  wlthconstant  momentum  Kjh  from  time 
t  ■  —  to  t  ■  -Sat,  with  R(t)  •  Kj,V|(t  ♦  Sit)  in  this  Interval,  that 
P  then  collides  with  T.  the  two  forming  a  eomposity  system  (with 
R(t)  -  0)  for  a  tism  Interval  At,  chat^ls,  untll+t  -  ♦  Sdc,  and  that 
t  then  departs  with  constant  momentum  Kfft,  with  R(t)  -  Kjv^t-SAt). 
(for  inelastic  nuclear  scattering,  one  would  simply  replace  by  Vf, 
the  outgoing  relative  velocity.  In  thla  last  expression.)  The  angla 
I  between  Kf  and  Kj  Is  fixed  by  the  location  of  the  detector. 


The  electron  la  subject  to  a  perturbation  H*  which  for  the 
moment  we  write  simply  as  H’(?,jt(t)).  The  asq>lltude  afl  that  the 
eiectron  will  be  in  a  final  state  f  at  t  ■  ♦  •  If  it  was  in  an  Ini¬ 
tial  state  1  it  t  •  it  then  given.  In  flret  order  time-dependent 
perturbation  theory,  by 


(2.1) 


Ve  then  have 

PCloo)  I  !•,,(«,.*>  -  6)|*  .  (2.3} 

To  proceed  further,  we  would  use 

n'[  r ,R(t ))  -  -Z  .  (2.6} 

P 

Since  P(ion)  depends  upon  which  In  turn  depends  upon  &t  (through 
the  interference  of  the  two  terms  In  Eq.  (2,3)  for  afl),  a  comparison 
of  a  theoretical  estimate  and  experimental  determination  of  F(lon) 
gives  an  estimate  of  At. 


B.  A  Quantum  Approach.  In  the  IA1BA 


In  addition  to  assuming  the  validity  of  the  W1A,  we  make  the 
following  assuiupt Iona. 

Iv")  *The  nuclear  scattering  process  la  an  elastic  one. 


v")  #The  question  of  the  P-T  interaction  V  did  not  explicitly 
arise  In  the  SCA.  In  the  DWBA  we  need  not  specify  V  but  we  will 
•mat  that  It  la  spin-independent  and  spharlcally  symmetric,  that 
is,  that  V  •  V(l).  The  effects  of  V(R)  art  contained  In  the  exact 
elastic  nuclear  scattering  amplitudes  which  will  appear;  these  will 
te  denoted  in  general  by  F(R  *  1)*  with  R  denoting  an  arbitrary 


«Mtg«nc  direction,  and  by  F(Rf  *  R  )  5  F  .(1,8)  lot  the  scattering  5 

process  of  Interest.  *  ** 

▼l")  6,  the  angle  of  scattering  of  P,  la  not  Mall. 

ell”)  The  dimension  over  which  the  effects  of  V  are  significant 
la  very  email  compared  to  the  dimension  a0/l«  of  the  R-shell.  This 
la  eminently  reasonable  with  regard  to  the  nuclear  component  of  V, 
and  It  Is  not  unreasonable  even  with  regard  to  the  Coulomb  component 
of  V,  since  large-angle  nuclear  acattering  la  determined  largely  by 
»<■)  at  small  R. 


value  for  the  direct lon( a)  Kj  and/or  Kf  at  which  the  exponenj  a|aos| 
vanishes.  We  therefore  drop  the  term  proportional  to  tup  K^i-Rf^R 
alnca  the  exponent  Is  nsgllglble  only  for  9  very  small,  a  region  we 
have  excluded,  and  we  drop  the  term  proportional  to  R“*exp  t(Rj-HCf  )R, 
In  the  coefficients  of  the  terms  with  axp^llCft  +  KfR)  and 
exp  l(-Kf*R  4-  K|R),  we  approximate  R  by  and  by  if,  respectively. 
Further,  we  use 

r,-r{  -  ct*-ic|)/(tt  ♦  «f>  t  ok/r'xwur,)  •  ,/»  . 


will")  We  often  neglect  the  difference  between  R.  end  R  (but 
when  either  appears  In  an  exponent).  2 


Note  that,  aa  opposed  to  the  SCA,  the  DVBA  preserves  conserve- 
tioo  of  linear  and  angular  momentum  and  of  energy. 

We  now  Invoke  the  DVBA,  sa  discussed  in  Taylor  (1972),  for 
example,  to  write  for  the  Ionisation  amplitude  f(ioo)  I 


f (ion)  -  -(N/2«h?)<fi->(R)jH’  (R)|ti‘f)(R)>  ,  (2.7) 

*  1  *1 

,  in  our  present  time- Independent  formalism,  differs  from 

Hj4I  RCt )I  of  Eq.  (2.2)  only  In  the  replacement  ot  H'(r,R(t)l  hy 
time -independent  form  H'(r.R).  As  R  *  •,  the  exact  nuclear  scet- 
ng  wave  function  behaves  ss 


where 
the  Rj 
the 
caring 


F|  (R)  e  1  ♦F(i*t)(»  1  /R)  . 

1  1 

Similarly,  since  F*  *  •  we  have 

(-)e  . 

▼i  (R)  *  •  1  ♦  F(R  -  -R 


F(R  *  -K.Ke  /R> 


(2.8) 


(2.9) 


Tn  line  with  approximation  vil”),  only  the  asymptotic  forms  of  tha 
nuclear  wavs  functions  are  relevant.  (Hots  that  theae  forme  contain 
the  exact  elastic  scattsrlng  amplitudes.)  The  insertion  of  (2.8) 
and  (2.9)  Into  Eq.  (2.7)  gives  four  terms.  We  now  make  a  peaking 
approximation; 

Wo  drop  all  contributions  involving  exponentials  which 
contain  or  end  Rj  or  if  unless  the  exponent  can  almost  vanish, 
m4  we  approximate  any  factor  gC^.Ky)  of  such  aa  exponential  by  its 


Finally,  since  the  angle  of  scattering  ls^the  same,  we  use  rotational 
invariance  to  give  F(-R^  *■  -Rf)  •  f(R^  *■  Ry)  •  Fci(Ey,9).  tha  last 
step  following  by  definition,  we  drop  terms  in  exp(±  |)(K4  ♦  Rj)r 
after  having  performed  the  angular  integration  over  dR,  and  w  approx¬ 
imate  t/Kf  by  1/Rj  to  arrive  at 

1*8/ v. 


nifCloo)  -  Hjjtit,!).  '  (Dl/Vj 

-  *  .  -!»*/» 

«  "fjC-tj*).  1  dR/Vj  . 


Stccing  c  -  -R/vt  in  tha  second  integral  and  t  -  R/vj  in  tha  first, 
and  introducing 


O'  . 

we  have 

r(ion)  •  |f(ioi.)/rtl(c1.»)l’  - 

♦  QK— ,0;it>|  «* 


(J.IO) 


(2.11) 


where  the  I's,  defined  by  Eq.  (2.4),  are  precisely  those  which 
appeared  in  the  SCA. 

We  will  be  concerned  with  the  case  fiw  «  Ej,  for  the  probabil¬ 
ity  of  the  electron  picking  up  an  energy  comparable  to  Ej  is  negli¬ 
gible.  If  we  ate  off  resonance,  it  follow*  that  we  can  approximate 
Ry  by  Kj  and  therafora  Q  by  I,  so  that  P(ion)  is  independent  of 
F#j(Et,9),  as  Is  to  be  expected;  with  H*  treated  In  first  order  per¬ 
turbation  theory,  tor  a  non-re sonant  nuclear  reaction,  the  back  reac¬ 
tion  of  tha  electron  on  F  can  be  neglected,  f(loo)  la  proportional 


I 


to  F^|,  end  P(lon)  la  Independent  of  Ftfj .  For  a  resonant  nuclear  7 

teactlon,  on  th*  ocher  hand,  tha  alight  change  from  Ej  to  E{  can  he 
eery  Important.  In  other  word*,  in  the  else  Independent  DWBA.  with 
the  further  approximation  of  using  the  asymptotic  forma  of  the  nuc¬ 
lear  scattering  wave  functions,  che  dependence  of  P(lon)  on  the  half- 
life  of  the  compound  nucleus  originates  In  the  strong  E  dependence 
Of  F(E,0)  near  a  resonance.  More  precisely,  on  physical  grounds  we 
•lglit  expect  the  energy  fiu  given  up  to  the  K  electron  to  be  of  order 
11^.  (Formally,  this  follows  from  the  quantum  matrix  element  Hf if S 1 
for  Che  electron  defined  by  Eq.  (2.2)  with  H’[r,R(t)]  replaced  by 
*'O.R]>  Thus,  with  a  factor  expC-tyr/a^  from  0^  and  In  tha 
approximation  In  which  4f  is  proportional  to  exp(lkf-r),  we  expect 
BfjlR)  to  fall  off  rapidly  for  kf  larger  than  Z^/*0.)  If  F(E,0)  U 
to  vary  significantly  aa  E  varies  by  an  Mount  Ur ,  one  must  have 

r;v 


C.  Comparison  of  the  SCA  and  the  OWBA 

Even  though  energy,  momentum  and  angular  momentum  are  conserved 
In  the  OWBA  but  not  in  the  SCA,  there  la  a  close  relation  between  tha 
two  approaches,  and  Indeed  we  have  already  seen  that  they  involve  tha 
Identical  t  Integrals.  The  analogy  can  be  pursued  further  If 
mAt  «  1,  and  If  we  can  approximate  F(E.,0)  -  F(El-1W*,9)  by  F(E,0)  - 
Vw)F(E,0 )/JE,  evaluated  at  £  •  Ej,  so  chat,  using  the  quantum  mechan¬ 
ical  time  delay  t  defined  by 

t  -  t(E,«)  -  -lfi*tnF(E,0  )/3E  , 

we  can  write  Q  -  l-lwr.  In  the  SCA,  we  then  have  from  Eqa.  (2.5) 
end  (2.3),  writing  the  latter  with  an  over-all  factor  exp(SiwAt)  and 
then  using  exp(-lwAt)  X  1-iwAt, 

•n'Fdoo)  -  |<i-i«at)K— .Oii,)  ♦  ♦  *tB*4<0)l* .  <2.u) 

To  obtain  P(ion)  in  the  DWBA  from  Eq.  (2.12)  for  P(lon)  in  the 
SCA,  we  must  drop  the  last  term  and  replace  At  by  t  In  the  first 
term.  The  SCA  and  DVBA  estimates  of  P(lon)  may  not  be  quite  as  close 
as  they  seem  to  be.  Firstly,  At  Js  real  while  At  can  be  cosq>lex. 
Secondly,  the  OWBA  P(lon)  has  no  Hjt(0)  term,  indeed,  in  the  SCA, 
the  Hjj(O)  term  originates  in  the  P-e”  interaction  during  the  time 
P  is  at  R  -0,  while  in  the  DWBA  we  used  the  asymptotic  forms  of 

and  TJ  \  which  are  surely  Incorrect  for  small  R  and  In  partic¬ 
ular  at  *  •  0.  To  obtain  the  OWBA  analog  of  the  Hfj(0)  term,  one 
wet  expand  the  nuclear  wave  functions  (not  their  asymptotic  forme) 
in  partial  waves,  and  study  the  monopole  component  of  H't  originating 
in  tha  region  R  <  r.  The  point  ia  that  che  poaalbillty  of  f  pene¬ 
trating  tha  elastically  forbidden  ragloo  la  rathar  larger  for  tha 


resonant  than  for  che  non-resonene  caee.  Nevertheless,  when  all  la 
said  and  done,  the  contribution  from  the  region  R  <  r  will  normally 
ha  quits  small;  the  monopole  contribution  can  be  significant,  but 
lta  inclusion  does  not  change  tha  form  of  Eq.  (2.12),  though  a  slight 
radeflnltlon  is  necassary. 

We  close  this  section  with  a  few  comments  on  tha  literature. 

Similar  processes  had  been  considered  ear  Iter,  but  che  present 
process  was  first  considered,  in  che  SCA,  by  Clochettt  and  Mol  Inert 
(1965).  Blair  et  al.  (1978)  recorded,  without  proof,  the  tv#*  theo¬ 
retical  result.  The  analysis  presented  above  follows  very  closely 
that  of  Feagln  and  Kocbach  ( 1  1  > .  A  proof  of  the  OWBA  result, 

somewhat  of  a  tour  de  force,  has  been  given  by  Blair  and  Anhols 
(1982).  (The  Appendix  of  this  paper  contains  a  study  of  Various  SCA 
analyses.)  See  also  KcVoy  and  Weldenmuller  (1962).  The  first  experi¬ 
ment  showing  the  effect  of  the  nuclear  half-life  on  che  Ionization 
probability  was  described  In  tha  paper  bv  Blair  et  a’ .  referral  to 
Just  above.  In  that  experiment  on  'BNl  and  in  a  second  on  **Sr  by 
Chemln  at  al.  (1961),  protons  war#  elastically  scattered  across  a 
resonance  for  which  T  was  comparable  In  magnitude  to  I’g,  and  the 
affect  was  both  expected  and  seen.  In  an  experiment  bv  Pu inker 
at  al.  (1980)  on  the  scattering  of  protons  by  i:C  acres*  a  resonance, 
the  effect  wee  seen  even  though  it  Is  not  expected,  since  here  T 
is  much  larger  than  Ug;  this  problem  has  not  yet  been  resolved.  A 
short  but  very  nice  review  of  a  number  of  experiments  which  deeply 
Involve  the  interplay  of  atomic  and  nuclear  physics,  not  just  tha 
affect  of  a  nuclear  resonance  on  K -shell  ionisation  considered  here, 
has  been  given  by  Merzbacher  (  1982).  See  alao  **Tvo  Kotea  oo  Sac. 

II*  Just  befora  the  list  of  rafareacea. 

III.  EFFECT  OF  COLLISIONS  ON  THE  EMISSION  OF  RADIATION 

A.  Introduction 

Consider  s  medium  containing  N  two-level  one-electron  atoms. 

Thm  n-th  atom  haa  che  normalized  wave  function 

Yn(r  .»  ,t>  •  *"(I  .d,.(r  )  ♦  *\»  )  ,  CJ.l) 

n  o  loin  join* 

where  locates  the  center  of  mass  of  the  atom  and  where  rn  is  the 
electron  coordinate  relative  to  the  etoa's  center  of  mass,  pie  pol¬ 
arisation  (dipole  moment  density)  of  the  medium  at  position  X  and 
time  t  la 

P(X,t)  •  WoTjjP^tt.O  ♦  c.c.  ,  0.2) 
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$  where  1  Is  the  atom-pert urber  separation  and  V(T,l)  Is  their  Inter¬ 

action.  An  atom  entering  a  collision  with  momentum  fcS  in  state  1 
will  scatter  through  an  angle  8  ^  given  approximately  by 


and  where,  assuming  no  correlations  between  acorns,  o..  Is  an  off- 
diagonal  element  of  the  ensemble  average  density  matrix: 


•t’-h Ltt 


a.t) 


t)  •;  !  a?(x.c>a"<x.c>* 

0-1  J 


(3.4) 


The  polarisation  of  the  medium  or,  equivalently,  the  "coherence” 
P^CX.t),  governs  the  response  of  the  medium  to  both  an  applied  field 
end  (as  In  spontaneous  emission)  to  the  vacuus  field. 

The  population  densities  of  stjcee  l  end  2  jn  a  sacroscoplcally 
nail  region  centered  at  X  are  e  (X.t)  and  P,7(X.t).  respectively. 
The  tjtel  fractions  of  a  tons  In  states  1  and  2  are  /on(X,t)dX  and 
;Pjj(X,t)dX.  The  populations  change  due  to  pumping  end  spontaneous 
emission  (natural  decay).  Change*  in  populations  due  to  collision 
Induced  transition,  are  neglected  here.  Changes  in  the  coherence 
pu  occur  because  of  pumping,  natural  decay,  dipole  dephasing  between 
stow  of  different  velocities  (Doppler  broadening),  and  collisional 
decay  (pressure  broadening).  We  consider  two-level  atoms  which  do 
not  Interact  with  one  another,  and  which  can  emit  and  absorb  radia¬ 
tion  and  scatter  from  stationary  (infinitely  massive  structureless) 
perturbers.  Recently,  new  insight  has  been  gained  into  the  under¬ 
standing  of  collisional  effects  on  th«  coherence.  We  describe  here 
the  modern  view  of  collisional  effects  on  p,,,  following  closely  the 
work  of  Berman  ( 1975)  and  Berman  ct  al.  (198$). 


B.  Qualitative  Discussion 

Traditionally,  the  destruction  of  o  by  Collisions  Is  attrib¬ 
uted  to  s  loss  of  coherence  of  the  phase}  for  different  values  of  n 
(phase  Interruption)  of  the  products  AjfR,,  ,c )An(Rn,t  )*.  (The  trad¬ 
itional  theory  is  described  by,  among  others,  7Sobel’nan  (1972).) 
However,  en  alternative  explanation,  applicable  in  the  classical 
r*®i"**  $ol llslons  destroy  p.  by  reducing  the  overlap  of 

Aj(*n»0  Rod  A?(Rn,t)  .  To  see  this,  we  assume  for  simplicity  that 
the  collision  is  impulsive  and  that  the  scattering  angle  is  small 
compared  to  unity.  Tha  affective  potential  between  an  active  atom 
U  state  1  and  a  perturber  is,  Co  a  first  appro»«~M-m 

“  /♦4<r)N(r,A)f1(r)dr  ,  <3. 3) 


where  in  the  integrand  we  may  write  I  -  b  +  vt .  with  b  end  v  the 
Impact  parameter  and  velocity  of  the  incident  atom.  Aasuming  the 
diffraction  angle  l/(kb)  to  be  email,  the  scattering  la  classical 

if 


Bt  »  l/(kb)  .  (3.7) 

tf  this  condition  Is  satisfied,  the  population  pjj(R.t)  follows  a 
classical  trajectory.  The  trajectories  for  the  two  populations  are 
classically  distinguishable  if 

|a2-e1 1  »  i/(kb>  .  o.g) 

in  which  case  the  overlap  of  A*(Rn,t)  and  AT(Rn,t)  is  effectively 
*ero  after  ihe  collision.  Therefore,  assuming  that  the  above  in¬ 
equalities  hold,  if  an  atoa  enters  a  collision  in  «  superposition 
state,  so  that  Initially  i  0,  the  separation  of  population  tra¬ 
jectories  results  in  p^,  vanishing  after  the  collision.  While  this 
view  differs  from  the  traditional  (phase  Interruption)  view,  the  dif¬ 
ference  is  jot  so  great  when  one  considers  the  manner  in  which  the 
overlap  A”(Rn,c )A£(Rni c )*  vanishes  in  the  classical  limit;  the  quan- 
tum-mjchanicsl  overlap  acquires  a  large  phase  which  varies  rapi.«‘; 
with  Rp  ajd  the  overlap  vanishes  when  averaged  over  slight  varia¬ 
tions  of  Rn.  It  Is  Interesting  to  combine  Eqs.  (3.6)  and  (3.8); 
approximating  9V^/3b  by  V^/b,  Eq.  (3.8)  becomes 

h"'|/|Vj(»)  -  V|(,))<lt|  »  l  .  <).,) 

The  vslus  of  b  for  which  the  left-hand-side  equals  unity  is  denoted 
as  by,  the  "Welsskopf  radius".  For  b  <  by  collisions  are  classical 
end  destroy  p.2  through  trajectory  oeparaciom  (or  phase  interruption 
In  the  traditional  view).  Tor  b  >  by  the  ecetcerlng  ia  nonclssslcal 
end  does  not  destroy  p|2.  Thus  pl2  survives  collisions  only  in  the 
dlttrsctlv  rone,  thee  is,  for  b  >  end  therefore  In  s  narrow  for¬ 
ward  scattering  cone. 


f 


C.  (fra.UUat  lv#  Discussion:  Transport  Equations 

A  »«r*  quantitative  discussion  requ Iras  the  use  of  transport 
equation:  for  the  density  matrix.  To  begin,  we  consider  s  be**  of 
one- levs',  at  cm*,  each  of  mass  m  «nd  incident  velocity  v,  scattering 
Tros  a  collection  of  perturbers  with  volume  density  N,  The  transport 
equation.  In  the  for*  of  Eq.  (3.14b)  below,  could  be  written  dc  m 
wttho*:C  derivation  simply  on  the  basis  of  physical  principles.  How- 
eve'.,  we  sketch  a  derivation  here  since  it  facilitates  the  derivation 
of  the  somewhat  wore  complicated  transport  equations  for  two-level 
atoms.  The  atoms  in  the  incident  beam  are  assumed  to  have  wave- 
packets  of  similar  form  but  random  impact  paraMters.  Thus  the  nor¬ 
malised  incoming  wsvepecket  of  a  typical  atom  1* 

♦  j0<k)  -  eap(-lb-kHo<k) 

where  ♦0(k>  Is  independent  of  the  Impact  parameter  b  end  la  aharply 
peaked  when  k  equals  mv/A.  After  a  collision,  an  atom  is  represented 
by  the  outgoing  wevepseket  d^„r(k).  where  (Taylor.  1972) 


where  (Taylor,  1972) 


♦^(k)  -  ♦  (lrt)/dI'«(k*Hi,,)f(I'  -  kMln(k*>;  (3.10) 

*  ■* 

f (k*  k)  Is  the  scattering  amplitude.  The  ensemble  average  proba¬ 

bility  densities  before  and  after  the  collialon  are  <>£n(t)  and 
°owt(*^»  respectively,  where  the  domain  of  Integration  is  the  croes 
sect ic.-.c !  area  A  of  the  incident  beam, 

»„(!>  •  (i/*)/.,bi«ii<k)|!  ,  u  ,ln(I) .  |»#<l)|,i  .  o.ii) 

with  a  in  or  out .  Now  on  average  the  beam  encounters  one  perturber 
ia  the  time  Interval  t  •  l/(YvA).  The  collision  rate  of  change  of 
the  probability  density  pjj(£,t)  =  p(k,t)  la  tl.,wsfore 


-  *./A  !l»„t(k)|1  -  • 


Xf  Eg.  0.10)  ta  uaed  to  aubatituta  for  9ouc(b)  in  Eq.  (3.12),  tha 
integration  over  b  may  b«  djne  by  assuming  A  to  be  sufficiently 
large  that  we  caa  use,  for  k  i  {* 

J<?wJ11<t,Mta<M  •  <l*>V<k -  k|M*<VM,<k>  , 


where  k  notes  the  component  of  k  perpendicular  to  v.  An  Integra- 
Mon  over  the  variable  k'  may  then  be  done  using  the  fact  that 

♦«,(£’)  la  highly  localised  -  see^the  analogous  dtscuasion  of  Taylor 

(1972),  pages  49-51.  Setting  plD(k)  •  p(fc,t),  the  following  trans¬ 
port  aquation  la  obtained: 

I  •  -r(t),(k.t)  +  Jdk'tld'  -  k)o(l\t)  .  (3.1*4) 

ic  [coil 

where,  with  o(t)  denoting  the  total  cross  sect  loo, 

fc'(k*  +  k>  •  «v|f(k*  ♦  k)lS  k“*«(k-k*)  ,  0.15) 

T(k)  -  4s(M!S/m)lmf(k  ♦  V)  -  *vo(k)  -  Jdk'V(k  -  k*)  .  0.16) 

Not*  that  k  -  k*  in  Eq.  (3.^4s)  since  the  perturbers  do  not  recoil. 
Further,  k  •  mv/A  since  40(k)  Is  highly  localized.  However,  sine* 

Eq.  (3.Ua)  la  linear.  It  applies  when  j>in(k)  Is  «  superposition  of 
densities  localised  in  different  regions  of  k-space;  hence  o(k,t) 
may  represent  a  broad  distribution  In  t-space.  From  Eq*.  (3.15)  and 
(3.16),  Eq.  (3.14a)  can  be  written  In  the  more  transparent  fora 

. -*»j(l)(,(I,t>*Xv/dk'U(t,*i)|,»(t'.<*-  (3. i*b) 

| coll 

The  transport  equations  for  the  density  matrix  Oij(k,t),  with 
01j(£,t)  the  momentum  space  analog  of  Pjj(R,t)  of  Eq.  (3.4),  of  two- 
level  atom*  can  be  derived  similarly  if  collision  induced  transi¬ 
tions  between  the  two  levels  are  neglected.  Wa  have  (Berman,  1975) 

TT  ,,  "  "r”(k>oJI(k.c)  ♦  /dk,B1i(k,»k)«ii1(k',t). 


*o„(i.t)| 


-<rf\i)  ♦  r”(k))c,  ci.t) 
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♦  ♦!>,1J(£\t)  .  o 

where,  if  f  (k  ♦  k* )  ia  the  scattering  amplitude  for  an  atom  la 
•Cate  1, 

VtJ(k'  »  k>  •  tWjti’  *  t)lj(k'  *  t>k"1«(k-k,>  , 


0.13) 


(3.11) 
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r’j(I)  -  /dJ'HjjCl  -  I-)  .  <3.i9) 

fjJ(t)  -  -2.0/(»/.)((  (S  -  £)-**<£  •»  k)]-r'J(k)  .  (3.20) 
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The  superscript  vc  denote*  velocity  changing.  I f  velocity  changing 
collisions  «re  neglected,  chat  is.  If  Wij(£-*k')  •  W^(k)4  (k'-fc)  so 
that  rT^(k)  -  Wj.(£),  the  integral  term  and  the  tens  in  r|J  cancel 
In  Eqs.  (3.17),  and  these  equations  reduce  to  the  such  stapler  aqua- 
clous  of  the  traditional  pressure  broadening  theory: 


functions  for  different  arguments  x,  and  where  tj  la  the  component 
of  k  perpendicular  to  the  s-*xla.  This  factorisation  is  assumed  to 
hold,  to  a  first  approx last  Ion,  in  the  presence  of  collisions.  Sub* 
Stlcutlng  into  Eq.  (3^1 7b),  integrating  over  kT,  and  defining  Che 

normalization  of  ».,(£.)  -  it  is  not  defined  by  Eq.  (3.22)  -  to 

bo  /p12(fcr)d2kT  *  1,  we  find 


Tr<k*'t>| 


*  -<r”<k.>  ♦  r»(k-)’°"(k-,,) 
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r'k(k)o  (k.t) 
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(3.21b) 


With  velocity  changing  collisions  neglected,  f?2  is,  in  the  tradi¬ 
tional  view,  the  collision  decay  rate  due  to  £hase  Interruption  of 
the  atomic  dipole.  If  velocity  changing  collisions  are  allowed  but 
if  the  scattering  amplitudes  f.  and  f,  are  equal,  it  follows  from 
Eqa.  (3. 18)— (3.20)  and  the  optical  theorem  that  rP"(k )  -  0;  thus 
there  is  no  phase  interruption  of  the  atomic  dipole  during  the  col¬ 
lision  If  the  atom  scatters  as  a  structure lesi  entity. 


The  qualitative  analysis  of  che  previous  subsection  tndlcsC** 
that,  in  general,  W^2(J  -*  «*)  vanishes  in  the  classlcsl  scattering 
regime  due  to  trajectory  separation.  (More  accurately,  WJ2  oscil¬ 
lates  rapidly  and  the  integral  over  the  classical  region  vanishes.) 
W12  *lv*s  1  nonvanishing  contribution  only  ln  the  diffractl  *e  scat¬ 
tering  region.  Thus  any  departure  frt*  a  transport  equation  for 
of  the  form  of  Eq.  (3.21b)  arises  from  diffractive  scattering.  Such 
a  departure  may  be  observed  by  cresting  a  photon  echo,  as  we  now 
briefly  discuss. 


♦  Jjv, ,<k;  *  ■  »•»> 

vk;*v -/‘VA^d".*),..^)  .  0.20 

r!,<k.)  •  /-‘V?2<I,’.2<V  -  t5-I5> 

where  0  is  vc  or  ph. 

The  field  frequency  seen  ln  the  rest  frasw  of  an  atom  is  3  - 
0_-  Kv,  (Dot>gler  shift)  where  K  ■  0/ c  and  vt  •  tikz/m.  If 
|q  -  »|  «  |i)  +■  w|,  where  w  is  the  transition  frequency  for  the  two 
atomic  levels,  p.j(k _,t)  will  oscillate  ln  time  with  the  field  as 
p.2(k  t)  •  ol2(kt,t)exp(ii)t)  where  0,}(kz,t)  varies  slowly  with 
time  (rotating  wave  approximation).  Korn  Eq.  (3.23).  we  then  have 
(Berman  ct  el.,  1982) 


*u'V'> 
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*  /  dk'V  2(k’  -  kx)expfiE(vi-v*)ti;ij(k’.t)  .  (3.26) 


D.  Laser  Spectroscopy 

Suppose  that  a  si.igle-mode  laser  of  frequency  0  Interacts  with 
the  atoms.  Assume  the  laser  field  E  propagates  in  the  x  direction, 
I. a.,  E  -  t0 cos(Kx-flt).  In  the  absence  of  collisions  and  under 
appropriate  initial  conditions  p^u.t)  factors  loto 

»„(t.«)  -  *lt<ty»u(k,.*>  022 

where,  foliating  convent loo,  we  use  P12<x)  to  denote  different 


(Note  that  since  ve  are  concerned  here  with  colllsional  effects,  we 
have  not  included  a  term  originating  in  O/Jt )exp(irit ). )  This  equa¬ 
tion  governs  the  collision  rate  of  change  of  cJ2  ln  the  presence  of 
a  single-mode  laser.  To  obtain  the  full  rate  ot  change  of  c1?  with 
Aims,  the  impact  approximation  is  assumed.  In  this  approximation  a 
collision  is  regarded  as  instantaneous  compared  to  all  ocher  relevant 
elms  scales.  Then  ^ij/itlcoll  c*n  bs  simply  added  to  the  time  der¬ 
ivative  )p,2/)t|red  due  to  coupling  with  the  radiation  field  to  give 
the  full  time  derivative. 

Only  the  diffractive  scattering  contributes  to  ths  Integral  of 


V 


Bq.  (3.26).  Now  diffractive  scattering  occurs  In  a  vary  narrow  for*  IS 

ward  con*  (assuming  the  stows  are  not  aovlng  too  slowly)  and  so  the 
accompanying  velocity  changes  are  small.  Let  5v  be  the  character¬ 
istic  value  of  the  velocity  change  v*  -  vx  in  the  diffractive  region. 

A  coherence  o,2(kx,0)  which  Is  prepared  at  tlae  t  ■  0  will  subse¬ 
quently  decay;  let  rc  be  the  coherence  lifetime.  If  Wvrc  «  1  the 
exponential  In  the  Integrand  of  Eq.  (3.26)  may  be  set  equal  to  unity, 
further,  o,.(kj,t)  la  expected  to  vary  slowly  over  the  diffractive 
region  so  that  It  aay  be  taken  'jut  of  the  Integral  of  Eq.  (3.26)  at 
the  value  pj,(hI,t).  In  thlr.  case,  the  tera  In  cancels  the  Inte¬ 
gral  term  and  Eq.  (3.26)  raduces  to  tha  traditional  equation 


To  appreclata  this  step.  It  vi"  be  useful  to  consider  earlier  devel¬ 
opments  In  asymmetric  and  ayar  rlc  charge  transfer.  There  have  been 
a  number  of  relatively  recent  .evlevs  In  these  areas  (Besu  et  al., 
1978;  Belklc  et  al..  1979;  Shakeshaft  and  Spruch.  1979;  Shakeahaft. 
1982),  and  wa  limit  ourselves  to  soma  brief  coanents. 


We  wish  to  consider  electron  capture  by  a  projectile  F  (a  bare 
nucleus  of  charge  Zpe)  incident  with  a  high  velocity  v  on  a  neutral 
atom.  Tha  target  nucleus  T  has  a  charge  Z  e,  and  the  process  Is 
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leading  to  Che  predlcd'wi  that  p|  ?  he*  Che  decay  rate  *erRj  (kt  ,  , 
where  Is  the  natural  decay  rate,  (if  the  experimental  situation 
Involves  e  distribution  of  ks,  we  must  svcrsge  over  kx  end  include 
Che  free  Induction  decay  rate  due  to  a  relative  dephaslng  of  atomic 
dipoles  with  different  velocities.)  However,  suppose  Insteed  CheC 
Mvt  >>  1.  For  t»l/(K6v)  the  exponential  oscillates  rapidly  over 
Che  diffractive  region  and  the  Integral  la  Eq.  (3.26)  vanishes  ao 
we  obtain  (Berman  at  al.,  1982) 


'lr»<k«>  4  r»(k*)i5»(k«-t) 


(3.28) 


leading  to  the  prediction  of  the  larger  decey  rate  Re(r*j(k  )  ♦ 

)1  ♦  y.j.  Now  t c ,  the  effective  coherence  lifetime  of  o-l2, 
depends  on  tne  experimental  situation.  Without  going  Into  the* 

details  of  a  photon  echo  -  a  lucid  discussion  Is  given  in  Sargent 

et  al..  1974  -  suffice  It  to  say  that  In  a  photon  echo  experiment 

tc  can  be  made  large;  the  condition  K6vtc  >>  1  can  therefor#  be 
attained  and  the  larger  decay  rate  confirmed.  This  was  done  recently 
(Nossberg  et  el.,  I960),  establishing  for  che  first  tlsm  the  influ 
eoce  of  dlffrsctlve  scattering  on  the  emission  of  radiation. 


If.  ASTWETMC  CHARGE  TRANSFER 

A  measure  of  the  great  practical  lmportanca  of  the  charge  trans¬ 
fer  process  Is  the  very  considerable  experiment- si  and  theoratlcal 
effort  devoted  to  that  process.  The  areas  in  which  significant  pro¬ 
gress  has  very  recently  been  recorded  Include  atom  capture  as  well 
aa  electron  capture,  the  elkonal  approximation,  and  versions  of  the 
Glauber  approximation.  Unfortunately,  space  permits  only  one  topic, 
an  Important  atop  in  our  understanding  of  asymmetric  charge  transfer. 


One  must  and  can  do  better  (Briggs  and  Taulbjerg,  1979)  but  we 
assusw  that  all  electron -electron  Interactions  are  negligible.  In  a 
Born  expansion  In  s  non-relat ivist 1c  context,  the  n-ch  Cera  repre¬ 
sents  tha  contribution  associated  with  n  scatterings.  We  make  one 
remark  on  potential  scattering  (scatrering  by  a  target  with  no  inter¬ 
nal  degrees  of  freedom)  before  considering  charge  transfer.  The  Born 
expsnslon,  for  sufficiently  large  incident  energy  E_and  f  -  many 
potentials,  is  a  convergent  expansion  In  powers  of  V/E,  where  V  la  a 
characteristic  value  of  V.  The  first  Born  term  therefore  dominates 
for  sufficiently  large  E  for  potential  scattering. 

We  begin  our  consideration  of  charge  transfer  by  studying  the 
symmrtrlc  case,  for  which  Zp  -  ZT  Z.  In  the  first  Born  tern,  the 
main  contribution  originates  In  cor.ponenta  of  the  target  ant*  final 
bound  state  wave  functions  lor  which  the  velocity  of  the  electron  Is 
comparable  with  v,  and  those  amplitudes  are  very  small  for  v  large 
-  more  precisely,  for  v  »>  Ze'/h,  s  characteristic  electron  vel¬ 
ocity  In  the  Initial  and  final  state  -  even  if,  as  we  do  for  sim¬ 

plicity,  we  consider  capture  from  and  to  ground  states.  The  second 
Born  term  can  be  described  roughly  as  follows.  The  electron  can 
initially  have  a  small  speed,  for  it  is  given  a  speed  cL«  to  v  in 
a  close  collision  with  P.  The  electron  then  moves.  In  this  inter¬ 
mediate  state,  almost  as  s  free  particle.  (The  uncertainty  in  its 
energy  Is  6E.php/n.hv/a ,  with  s  an  atonic  dimension,  so  tnat  1E/E 
falls  off  as  1/v,  but  the  ol f-the-energy  shell  component  gives  s 
significant  contribution).  The  electron  is^then  scattered  elastic- 
ally  by  T,  emerging  with  velocity  close  to  v,  and  Is  captured.  Tha 
second  Born  term  dominates  over  the  first  even  though  It  involves 
an  additional  collision  (and  therefore  an  additional  factor,  propor¬ 
tional  to  tl,  which  often  suggests  that  the  term  Involved  tc  ef 
higher  order)  because  the  second  Born  term  does  not  require  high 
spaed  components  in  the  Initial  and  final  bound  states.  It  Is 
wldaly  believed,  though  it  has  not  been  proved,  that  higher  order 
Bora  terms  era  dominated  by  the  second,  for  they  suffer  from  having 
still  further  factors  of  a2,  and  they  have  no  compensating  advan¬ 
tages  sines  the  second  Born  term  already  allows  low  velocities  in 


Cfe«  initial  and  final  state*. 

For  many  applications  of  great  current  Interest,  one  he*  Zp 
null,  **y  unity,  but  ZT  2  5  and  Incident  energies  E  euch  the tv  i* 
rather  large  coopered  to  Zpe2/ft  but  not  compared  to  Z-r*2ffi.  It  ia 
then  inappropriate  to  ignore  multiple  o~-T  collisions;  rather,  all 
•  -T  collision*  Bust  be  included.  However,  we  can  continue  to  ignore 
Multiple  «‘~P  coll  it  Iona.  In  the  present  aaymetric  analog  of  the 
second  born  term  In  the  symmetric  case,  the  electron  in  the  inter¬ 
mediate  state  ia  described  by  a  Coulomb  wave  r arber  than  by  a  plane 
wav*,  a  natural  starting  point  is  to  assume  that  the  Coulomb  wave 
la  on  the  energy  shell.  This  amounts  to  the  impulse  approximation, 
developed  largely  in  this  context  by  Briggs  (1977)  and  also  by  Koc- 
bach  (I960)  and  Amundsen  and  Jakubassa  (1980).  While  this  approach 
gives  good  results  at  larger  incident  energies,  theory  and  experi¬ 
ment  begin  to  disagree  at  energies  rather  above  the  value  at  which 
the  disagreement  had  been  expected.  The  point  ts  that  the  off-the- 
eoergy-shell  component  of  the  intermediate  state  wave  function  — 

now  *  Coulomb  wave  -  must  be  retained.  The  analysis  ia  tricky, 

and  requires  further  approximations.  It  is  a  major  achievement  that 
the  final  result  is  obtained  in  tractable  form:  the  predicted  asym¬ 
metric  charge  transfer  cross  section  differs  from  the  Impulse  approx¬ 
imation  prediction  by  a  rather  simple  factor,  one  which  gives  con¬ 
siderably  better  agreement  with  the  data  at  lower  energies.  We  note 
incidentally  that  thia  work  not  only  provide*  a  theoretical  founda¬ 
tion  for  asyrvetrlc  charge  transfer  but  also  provides  much  deeper 
insight  Into  a  number  of  earlier  approaches,  placing  them  in  a  hier¬ 
archy  of  successive  approximations.  See  Macek  and  Taulbjerg  (1981), 
•rigg*.  Kacefc  and  Taulbjerg,  to  be  published,  and  Kacek  and  AJaron. 
to  ba  published. 


TVo  Notes  on  Sec.  II: 

1)  Kany  Intermediate  nuclear  half-llvea  can  be  determined  by 

means  Independent  of  the  measurement  of  P(ion)  -  most  generally  by 

matching  scattering  data  to  the  Breit-Wigner  formula,  but  also  by 
using  special  techniques.  Such  as  channeling.  One  time  Interval 
which  might  be  determined  most  easily  by  a  measurement  of  P(ion)  is 
the  time  interval  during  which  two  heavy  ions  remain  in  one  another's 
neighborhood  in  the  course  of  a  scattering  process. 

2)  The  argument  of  the  first  paragraph  of  Sec.  II  can  be 
reversed ;  one  can  use  a  detailed  knowledge  of  the  properties  of  a 
•ecinnr  resonance  to  determine  an  accede  proparty.  Thus,  let  us  re¬ 
write  the  equation  above  Eq.  (2.10)  as 


f(lon)  -  F#1(«4,I)A  ♦  F#1(lf,l)» 


where  A  and  B  depend  only  upon  atomic  properties.  This  fora  resales 
valid  even  If  one  Includes  contributions  from  small  values  of  R. 

Now  assume,  for  exaa^le,  that  the  nuclear  resonant  state  Is  an  s^ 
State,  and  choose  8  to  be  90°  so  that  the  only  relevant  interference 
term  arises  from  the  monopole  term,  with  both  P  and  e~  emerging  In 
spherically  synsetrlc  distributions.  One  can  then  show  that  E-A*. 

If  one  were  not  at  a  resonance,  one  would  have  F^fE^.o)  *  F<t(E{,6), 
and  therefore  f(ion)  »  2  Fel(E1,6)ReA.  At  resonance,  however,  one 
can  also,  at  lease  In  principle,  determine  the  imaginary  component 
of  A.  It  is  not  clear  bovaver  If  theory  and  experiment  ate  now  good 
enough  to  determine  I*A.  (See  Blair  et  •!.,  1978,  and  raferences 
therein.) 
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j  •  ■  1  : 

l  Abstract  The  physical  principles  underlying  the  com¬ 
bined  radiaticn  field  -  collisional  excitation  of  atoms 
are  revieved.  A  discussion  of  both  colli sionally- 
aided  radiative  excitation  ("optical  collisions")  and 
radiative ly-aided  inelastic  collisions  ("radiative 
j;  collisions")  is  presented.  1 


INTRODUCTION  | 

The  purpose  of  this  paper  is  to  present  a  simple  discussion 
of  atomic  transitions  induced  by  the  simultaneous  action  of 
a  laser  field  and  a  collision.. 

Consider  a  reaction  of  the  general  form 

Ai  +  B1  +  t8Uf  +  Bf,  (1) 


vhere  A.  ,  and  B  .  are  internal  states  of  tvo  atoms  A  and 
*»A  *1* 

'  B  undergoing  a  collision  and  (2  is  the  frequency  of  an 
applied  radiation  field.  If,  in  the  absence  of  the  colli¬ 
sion,  one  finds 

aa  ♦  Bfl  -*■  A± 

Bj  ♦  -►  Bi  i 

vhile,  in  the  absence  of  the  external  field,  one  has 


Ai  *  Bi  ^  Ai  +  Bi». 


I  r  >  .  ’  •  i  ‘ , 
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the  reaction  (l)  is  of  a  type  that  requires  the  simultan¬ 
eous  presence  of  both  a  collisional  interaction  and  exter¬ 
nal  radiation  field  if  either  or  both  final  atomic  states 
are  to  differ  from  the  initial  ones.  One  may  then  speak  of 
"laser-assisted  collisions"  or  "collisionally-assisted 
light  absorption".  These  are  processes  which  have  been  the 
focus  of  a  large  number  of  experimental1-1^  and  theoreti¬ 
cal^-1*^  investigations  in  the  last  decade.  In  this  work, 
we  discuss  the  physical  principles  underlying  such  reac¬ 
tions;  more  detailed  theoretical  treatments  may  be  found  in 
the  literature. 

Reactions  of  the  form  (l)  may  be  further  classified 
Into  two  categories.  The  first  of  these  we  refer  to  as 
Collisionally-Aided  Radiative  Excitation  (CARE)  and  has 
been  designated  by  others  as  "optical  collisions".1^  The 
CARE  reaction  is  easy  to  visualize  (see  Fig.  1).  An  atom  A 

*  ( %cn  t  1  •  j 


A 

Figure  1.  A  schematic  representation  of  the  CARE  re- 
.  action  Ax  +  B^+  -ftfi  -*•  Ag  +  i  ,  A  laser  field  of  fre¬ 
quency  ft  is  incident  on  atom  A  and  can  drive  the  1-2 
transition  when  atom  A  undergoes  a  collision  with  a 
ground  state  perturber  B. 

is  irradiated  by  a  laser  field  whose  frequency  (2  is  close 
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enough  to  that  of  an  atomic  transition  for  a  two-level 
approximation  to  be  valid.  The  field's  frequency  is  de¬ 
tuned  from  exact  resonance  by  an  amount  A  which  is  large 
compared  to  the  natural  and  Doppler  widths  of  the  transi¬ 
tion,  but  small  compared  to  the  thermal  energy  divided  bydl. 
With  such  a  large  detuning,  the  probability  for  the  field 
to  excite  atom  A  is  negligibly  small.  However,  if  A  under¬ 
goes  a  collision  with  atom  B  while  interacting  with  the 
field,  the  probability  for  excitation  can  be  greatly  en¬ 
hanced.  The  energy  mismatch  -ftA  between  the  photon  and 
atomic  transition  energies  is  compensated  for  by  a  corres¬ 
ponding  change  in  the  translational  energy  of  the  colliding 
atoms . 

The  second  class  of  reactions  of  the  type  (l)  we  refer 

to  as  Radiatively-Aided  Inelastic  Collisions^  (RAIC)  and 

27 

has  been  designated  by  others  as  "radiative  collisions” 
or  "LICET  -  Laser  Induced  Collisional  Excitation  Trans- 

Q 

fer".  Atoms  A  and  B  are  prepared  in  initial  states  A^  and 
and,'  as  a  consequency  of  the  combined  atom-atom  and  atom- 
field  interactions,  they  emerge  in  come  new  final  states 
Af  and  Bf.  The  process  is  depicted  schematically  in  Fig.  2. 

■The  transition  between  initial  and  final  states  is 
assumed  to  be  highly  improbable  or  energetically  forbidden 
in  the  absence  of  the  applied  field.  Thus,  one  can  view 
the  photon  as  providing  the  energy  to  assist  the  inelastic 
transition  A^  +  B^  A^,  +  B^.  In  genex-al  the  RAIC  cross- 
pection  will  be  largest  if  the  photon  frequency  is  chosen 
to  be  resonant  with  the  energy  difference  between  initial 
and  final  composite  atomic  states.  However,  as  in  CARE, 
significant  excitation  can  occur  under  off-resonance  condi¬ 
tions,  with  the  energy  mismatch  again  compensated  by  a 
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Figure  2.  Atoms  A  and  B  undergo  a  collision  in  the  pre¬ 
sence  of  radiation.  The  field  frequency  ft  is  approxi¬ 
mately  equal  to  a  transition  frequency  in  the  composite 
AB  system.  The  RAIC  reaction  is  of  the  form 

Ai  +  Bi  +  **■  Af  +  Bf*  ~  ! 

if 

i 

change  in  translational  energy. 

Before  examining  CARE  and  RAIC  in  greater  detail,  it  is 
useful  to  review  the  problem  of  the  interaction  of  a  radia¬ 
tion  pulse  with  a  two— level  atomic  system. 

ATOM  ♦  PULSE  1 

In  this  section,  we  examine  the  interaction  of  a  two-level 
atom  with  a  radiation  pulse  whose  electric  field  of  polari¬ 
sation  €  may  be  represented  by 
% 

E(t)  =  £E  (t)cos(ftt), 
o 

The  smooth  pulse  envelope  function  Eo(t)  is  assumed  to 
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▼a&ish  as  t  and  to  vary  slowly  in  comparison  with 

cos(ftt).  The  difference  |n  -  <u|,  where  u  is  the  atomic 
transition  frequency,  is  taken  to  be  much  less  than  (to  ft) , 
allowing  one  to  neglect  the  ’’anti-rotating"  components  of 
the  field.  For  an  atom  which  is  in  its  lower  state  1  at 
t  *  -  «»,  we  seek  the  probability  that  it  is  excited  to  j 
state  2  following  its  interaction  with  the  pulse.  Taking  ^ 
the  atom-field  interaction  to  be 

l 

,  V(t)  »  — JJ*E{  t)  , 

where  ju  is  the  atomic  dipole  moment  operator,  one  may  U3e 
Schrodinger's  equation  to  obtain  the  time  evolution  equa¬ 
tions  for  the  state  amplitudes.  In  the  interaction  re¬ 
presentation  and  with  the  neglect  of  the  anti-rotating 
components  of  the  field,  one  finds 

*1  “  «iAt  a2  -  :  <  &«:« 

kz  «  -ix(t)  e“1At  alt  ‘  (2b) 

-•  .  • 

where  A  =  is  the  detuning,  x('t)  *  pE  (t)/2ft  Is  the 
coupling  parameter,  and  jj  =  <1 1  JJ_* e  1 2>  =  y*.  The  frequency 
X(t)  Is  sometimes  referred  to  as  the  Rabi  frequency. 

The  problem  is  conveniently  described  in  terms  of  the 
following  parameters :  (l)  the  pulse  duration  T,  (2)  the 
frequency  f  *  j((t)/x(t)  which  determines  the  frequency  com¬ 
ponents  characterizing  the  pulse,  (3)  the  natural  lifetimes 
of  states  1  and  2  which  are  taken  to  be  much  longer  than  T, 
justifying  the  omission  of  decay  terms  in  Eqs.  (2),  (U)  the 
detuning  A,  and  (5)  the  Rabi  frequency  x(t)*  As  a  simpli¬ 
fication,  we  set  f  ®  T”1,  which  is  a  good  approximation  for 
smooth  pulses . 
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If  the  detuning  and  envelope  function  are  such  that 
|AlT  »  1,  the  pulse  contains  negligibly  small  Fourier 
components  at  the  frequency  needed  to  compensate  for  the 
detuning.  In  this  limit,  the  pulse  is  said  to  be  adiabatic 
Ihat  is,  the  excitation  probability  following  the  passage 
of  the  pulse  is  vanishingly  small,  i,.e_. ,  proportioned  to 
exp(-2|d|T)  for  typicaJL  envelope  functions.  It  is  inter¬ 
esting  to  note  that  the  excitation  probability  remains 
exponentially  small  regardless  of  field  strength  x(t),  re¬ 
flecting  the  fact  that  the  Fourier  components  needed  to 
effect  the  excitation  are  essentially  absent.  As  the  field 
strength  x(t)  increases,  the  excitation  probability,  which 
is  proportional  to  A2  =  |/°°,j((t?dt|2  for  A2  «  1,  exhibits 
some  type  of  saturation  behavior  for  A2  >  1.  Thus,  with¬ 
out  some  additional  interaction,  an  adiabatic  pulse  cannot 
appreciably  excite  the  atom.  The  "additional  interaction" 
can  be  provided  by  a  collision. 

I 

CARE  -  ’ 

Assume  that  the  atom  undergoes  a  collision  with  a  perturber 
during  its  interaction  with  the  adiabatic  radiation  pulse. 

Ifois  collision  occurs  on  a  time  scale  T  (typically 

—12  c 
10  sec  for  the  thermal  atoms  under  consideration  here) 

which  is  short  compared  to  T  (typically  10”^sec).  The 

perturber  can  be  considered  as  providing  an  effective  time- 

dependent  potential  which  modifies  the  energy  separation  of 

vtates  1  and  2  in  a  transient  manner.  If  -fiV^(t)  is  the 

collision-induced  modification  of  level  i’s  energy,  then 

the  instantaneous  transition  frequency  is 

W(t)  ■  U  ♦  Vj^t), 
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where  !  I  i! 

ii 

VLS(t)  "  V2tt}  ~  ‘ 

It  is  implicitly  assumed  that  V^(t)  4  V2(t),  as  is  gener¬ 
ally  the  case  if  levels  1  and  2  belong  to  different  elec¬ 
tronic  configurations.1^  The  collision  does  not  have  suffi¬ 
cient  energy  to  couple  levels  1  and  2  in  the  absence  of 
the  field  (see  Fig.  l).  1  !| 

The  effect  of  the  collision-induced  transient  vari¬ 
ation  of  the  transition  frequency  is  to  introduce  appre¬ 
ciable  Fourier  components  into  the  excitation  mechanism  at 
frequencies  up  to  «c  =  x”1  »  T-1.  These  added  Fourier 
components  lead  to  a  nev  contribution  to  the  excitation 
probability  which  is  much  larger  than  the  exp(-2|A jT)  term 
associated  with  the  atom-adiabatic  pulse  interaction.  This 
"coliisionally-assisted"  contribution  leads  to  a  CARE  re¬ 
action  of  the  form 

aa  +  +  -nn  -*•  a2  +  Bg.'  ! 

•4  • 

The  state  amplitudes  now  evolve  according  to 

**  *  -ix(t)exp[iAt-  )dt»  ]a2  (3a) 

*2  *  -ix(t)exp[-iAt+i/JvLS(t,)dt»]a1,  (3b) 

subject  to  the  initial  conditions 

*](-*•)  *  1,  a2{-»)  ■  0.  (3c) 

*  In  order  to  discuss  CARE,  it  is  useful  to  again  refer 
to  the  various  time  scales  in  the  problem.  The  collision 
duration,  Tc^»vr)  *  *>/vr»  vhere  b  is  the  impact  parameter 
and  vr  the  interatomic  speed  associated  with  a  collision,  is 
an  important  time  parameter.  Although  T  (b,v  )  varies 

C  T 
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from  collision  to  collision,  ve  can  define  a  representative 

time  T  s  t  (b  ,v  )  in  vhich  v  is  the  average  Interatomic 
c  c  o  r  r 

relative  speed  and  bQ  is  an  impact  parameter  chosen  to 
guarantee  that  tq  is  "representative" .  Generally  speaking, 
h0  will  be  that  impact  parameter  for  vhich  the  phase 

Vj-Cbjv  ,t)dt  takes  on  a  value  of  order  unity;  a  typi- 
cal  value  for  bQ  is  10  cm.  The  dimensionless  parameters 
vhich  enter  our  considerations  are  [A|T  vhich  turns  out  to 
be  unimportant,  | A | Tc  vhich  critically  categorizes  the  de¬ 
tuning,  x(t)T  vhich  represents  the  strength  of  the  atom- 
field  interaction  before  and  after  the  collision,  and  yT 
vhich  represents  the  strength  of  the  atom-field  interaction 
during  the  collision.  The  field  strength  y(t)  is  approxi¬ 
mately  constant  during  a  collision  and  x  represents  some 
characteristic  value  of  |x(t)j  for  the  pulse.  As  noted 
above,  Tc/T  «  1. 

Weak  Fields:  xT  «  1  '  , 

For  veak  fields,  the  excitation  probability  can  be  calcu¬ 
lated  from  Eqs.  (3)  using  first-order  perturbation  theory. 

The  results  depend  critically  on  the  value  of  Id  lx  . 

•  c 

If  |  A  |  T  «  1,  the  only  change  in  state  amplitude  a_ 

C  b 

during  the  collision  arises  from  the  level-shifting  term. 
The  collision  acts  to  provide  a  sudden  change  in  the  phase 
♦  of  a2,  given  by  4>(b,vr)  *  V^Cb.v^tJdt.  This  im¬ 
pulse  destroys  the  adiabatic  response  of  the  tvo-level 
system,  and  gives  a  final  state  amplitude 

,  ag  -  -i(/J;  x(t’)  e"iAt'dt*  +  e1*  /”  x(t')e“iAt'dt' ] 

c 

-  -  2ilx(tc)/A]e"iAtc  eU/2sin(^/2)  , 

where  tc  is  the  time  at  yhich  the  collision  occurs.  Set- 
ting  Jx(tc)|  =  x*  one  obtains  the  excitation  probability 
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J«2(b1vr,»)|2=  l*(x/A)2sin2[4>(b,vr)/2]  (*») 

I 

and  the  corresponding  CARE  cross  section  ,  j. 


n 


°c(V  “  2lI-Cla2(b’Vr 

‘  <3  Inrtf  .!  ■  •'  r>.  —••••  ■■  n  n 

*  2(x/A)Z(irbZ) 


(5a) 

(5b) 


The  result  (l*-5)  is  known  as  the  "impact  limit"  since  Tc  is 
smaller  than  any  other  time  scale  in  the  problem.  The  im¬ 
pact  cross-section  is  independent  of  the  sign  of  A  since 
the  Fourier  transform  of  the  collision  interaction  is  flat 
over  the  range  of  A  represented  by  |a|tc  «  1. 

The  impact  result  can  be  viewed  in  an  alternative 
manner.  If  we  were  to  suddenly  interrupt  the  atom-radi¬ 
ation  pulse  interaction  at  any  time  t  ,  we  would,  on 
average,  find  a  population  tx(tc)/A)2  in  the  upper  state. 

The  CARE  cross-section  is-  equal  to  the  product  of  this  ex¬ 
citation  probability  and  the  collision  cross  section 
(*  Tb2). 

If  |a|t  >  1,  the  phase  induced  In  a0  during  the  colli- 
si on  by  the  detuning  is  not  negligible,  and  the  impact  re¬ 
sult  is  not  valid.  As  we  have  seen,  one  consequence  of  the 
collision  is  to  shorten  the  relevant  time  from  T  to  T  ,  so 

that  appreciable  Fourier  components  up  to  x  are  intro- 

c 

duced.  If  this  were  all  that  occurred,  one  would  expect  a 
CARE  transition  probability  that  varied  as  exp[-2|A| 

T  (b,v  ) J .  However,  there  is  an  additional  effect,  whose 
origin  may  be  seen  in  Fig.  3,  which  modifies  this  result. 

In  drawing  the  energy  levels  in  Fig.  3,  we  have  chosen 
Vj^(t)  <  0;  the  case  for  arbitrary  V^gCt)  may  be  treated  by 
an  obvious  generalization  of  the  method  given  below. 
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Figure  3.  Energy  levels  of  atom  A  during  a  collision. 
"Instantaneous  resonances"  [(2  *  w(t)]  can  occur  for 
detunings  A  <  0  only;  for  A  >  0,  the  collision  detunes 
the  atomic  transition  further  from  resonance. 


The  CARE  cross  section  is  a  strongly  asymmetric 

function  of  A  when  | A | t  >1.  For  a  given  A  <  0,  colli- 

c 

sions  can  alvays  produce  u(t)  -  fl  for  short  times  during 
U8 

the  collision;  jUjs . ,  the  systems  become  instantaneously 

resonant  vith  the  field.  Such  times  are  labeled  t^  and 
tg  in  Fig.  3.  The  phase  of  ag  varies  rapidly  owing  to 
the  factor  exp(-iAt) ,  except  at  t^  and  tg,  where  the 
oscillation  is  suppressed  by  the  factor  exp  [i 
/ ^ ( t ' ) dt ’ J .  The  major  contributions  to  the  excitation 
amplitude  are  provided  by  these  times  of  stationary  phase. 
The  corresponding  CARE  cross-section  varies  as  an  inverse 
power  law  in  |a|,  instead  of  the  exponential  that  charac¬ 
terises  other  regimes.  The  fact  that  the  points  of 
stationary  phase  provide  the  major  contributions  to  agf®) 
is  linked  to  the  condition  J A | Tc  >  1.  That  is,  the  (pulse 
♦  collision)  does  not  contain  the  Fourier  components  at 
A  to  appreciably  excite  the  atom;  in  this  case  the  in¬ 
stantaneous  resonances  become  a  critical  feature.  In  the 
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impact  limit,  the  system  of  (pulse  +  collision)  does 
have  appreciable  Fourier  coefficients  at  A  so  that  the 
presence  or  absence  of  instantaneous  resonances  does  not 
affect  the  excitation  amplitude. 

In  contrast  to  the  A  <  0  case,  for  A  >  0  the  colli¬ 
sion  pushes  the  levels  further  avay  from  resonance  (see 
Fig.  3) .  The  net  result  of  this  level  displacement  is 
that  the  nonresonant  side  of  the  CARE  cross  section  falls 

off  exponentially  as  a  fractional  power  of  | A  | T 

19  46 

after  one  averages  over  impact  parameter.  *  * 

Thus,  the  CARE  cross-section  exhibits  a  marked  asymmetry, 
with  an  inverse  power  lav  dependence  on  |A]  on  one  side, 
and  an  exponential  decay  on  the  other.  A  typical  pro¬ 
file  is  shown  in  Fig.  U.  ; 


c,  even 
49,50 


Figure  4.  CARE  cross  section  as  a  function  of  I A  It 
in  the  weak  field  limit,  XT.  “  1.0*10  .  This  cross 

C 

section  is  drawn  for  a  level-shifting  term  which  varies 
as  R (R  is  the  interatomic  separation)  and  a  value 
t>0  “  l.l*10”^cm  (see  Ref.  37). 
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It  should  be  noted  that  CARE  cross-section  in  the 

veak-field  regime  can  also  be  obtained  using  traditional 
pressure  broadening  theories  of  linear  absorption  or 
emission.  ^"^2 

'  1  ! 

Strong  Fields:  yT  >  1 

As  long  as  x  <  |A  j >  the  previous  perturbative  treatment  is 

2 

valid  and  the  CARE  cross-section  is  proportional  to  x  • 

If  both  >  1  and  x  >  |A|,  the  perturbation  theory  fails , 
and  a  strong  field  theory  is  required.  Space  limitations 
preclude  a  detailed  description  of  such  a  theory,  which 
is  conveniently  developed  using  a  quantized- field  -  > 
dressed-atom  approach,  but  ve  cite  some  of  the  results. 

For  x  >  |A|  and  xTc  <  1  (which  implies  {a{tc  «  l), 
one  is  still  in  the  impact  domain  since  the  collision 
time  tc  is  the  shortest  time  scale  in  the  problem.  If 
the  atom  -  radiation  pulse  interaction  is  interrupted  at 
*ome  arbitrary  time,  one  would  find  an  upper  state  popu¬ 
lation  approximately  equal  to  1/2  since  the  field  is 
sufficiently-  strong  (xT  >1)  to  lead  to  equal  populations, 
on  average,  in  levels  1  and  2.  (This  factor  of  1/2  should 
be  compared  with  the  average  population  (x/A)  found  in 

the  weak  field  case).  Thus,  in  this  limit,  the  CARE 

2 

cross-section  is  approximately  equal  to  irb  /2,  indepen¬ 
dent  of  both  A  and  x* 

For  x  >  |A|  and  XTC  >  1»  an  impact  theoiy  can  no 
longer  be  used.  During  the  collision,  the  field  is  strong 
enough  to  lead  to  rapid  oscillations  (so-called  Rabi 
oa ci llations )  in  the  state  amplitudes.  Since  X  >  |A|, 
these  Rabi  oscillations  provide  the  dominant  phase  vari¬ 
ation  for  the  state  amplitudes;  the  effective  detuning  in 
the  problem  becomes  x  instead  of  |A|.  There  is  no  possi- 
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i 

bility  of  "instantaneous  resonances"  here;  consequently , 

the  excitation  probability  varies  as  exp[-2xx  (b,v  )]. 

c  r 

Just  as  in  the  veak-field  result  for  the  A  >  0  case,  the 
CARE  cross-section  obtained  after  averaging  over  impact 
parameter  falls  off  exponentially  as  a  fractional  power 
Of  XT- 19 

n  '  : ..  \  i  -  c 


I 


RAIC 


A  typical  RAIC  reaction  of  the  form 
A.  +  B,  +  -fifl  -*■  A,  +  B, 


Fli;'.'  i  hoi. if  i  ?• 


is  illustrated  in  Fig.  2.  In  going  from  the  initial  to 
final  state  in  the  composite  AB  system,  a  number  of  inter¬ 
mediate  states  may  play  a  role.  However,  by  summing  over 
these  states  and  neglecting  the  effect  of  small  variations 
in  nonresonant  energy  denominators,  one  may  reduce  the 
problem  to  that  for  a  two-level  system  coupled  by  an 
effective  operator  U(t)  which  is  proportional  to  the 
product  of  the  radiation  field  amplitude  and  the  colli- 
sional  interaction.  Explicitly  we  write  i 

U(t)  *  ii(x/w)  V(t),  1 

v  • 

where  u  is  some  representative  frequency  denominator 
(w  »  x)  end  Vc(t)  is  the  collisional  interaction.  Since 
U(t)  «  0  in  the  absence  of  a  collision,  the  RAIC  inter¬ 
action  occurs  during  the  collision  only.  Thus  the  pulse 
time  T  plays  no  role  at  all  in  RAIC  -  the  relevant  time 
scale  in  the  problem  is  the  collision  duration  tq. 

The  initial  and  final  state  amplitudes  for  the  com¬ 
bined  AB  system  (see  Fig.  2}  obey  the  equations 
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»  -i(x/S)Vc(t)exp[iAt  -  i/XjjUOdt’]  af  (6a) 

-  -i(x/«)Vc(t)exp[-iAt  ♦  ait  (6b) 

'  i  i 

*  i- 

where  i  I  j 

A  *=  -fift  -  (E,  -  E.)  j  !; 

■  .  s 

and  VLS(t)  is  the  same  collisional  energy  level  shift  en¬ 
countered  in  CARE.  An  additional  contribution  to  level 
shifts  resulting  from  the  AC  Stark  effect  will  not  be  dis¬ 
cussed  here,  but  can  be  included  by  redefining  the  energy 
levels  at  their  Stark-shifted  values.  ,! 

j  !! 

Weak  Fields  1  ■ 

A  perturbative  treatment  is  valid  provided  |a^(t)J  «  1, 
in  vhich  case  i  i 

|af(«0|  *  l(x/w)/3»  \(t)exp[-iAt  +  i/^Y^t' )dt' ]dt| . 

if  Mt  «  1,  the  amplitude  for  excitation  is  independent 
#  c 

of  A.  For  |a|t  >  1,  one  again  finds  an  asymmetric  line ow- 
c 

ing  to  the  effects  of  instantaneous ‘resonances  which  occur 

53 

for  one  sign  of  A  but  not  the  other. 

The  functional  forms  of  V  (t)  and  VT_(t)  determine 

c  uo 

where  the  maximum  RAIC  cross  section  occurs  as  a  function 
of  A.  In  a  typical  situation,  the  time-dependence  of 
V  (t)  and  VT_(t)  is  roughly  similar  and  the  maximum  RAIC 
cross  section  occurs  for  A  “  0.  However,  the  RAIC  maximum 
*magr  occur  for  A  y  0  if  the  duration  associated  with  V  (t) 
is  much  smaller  than  that  associated  with  V._(t),  as 
might  be  the  case  in  RAIC  charge  transfer  ,  where,  for 
an  interatomic  separation  R(t),  Yc(t)  «  exp[-CR(t)l, 
while  V^t)  *  (R(t))”n,  Under  these  conditions,  the 
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collisional  coupling  is  significant  only  vhen  V^g(t)  is 
producing  a  relatively  large  variation  in  the  atoms' 
energy  levels.  Since  the  effective  level  separation  of 
the  composite  AB  system  is  no  longer  E^  -  during  the 
time  that  the  collisional  coupling  occurs,  it  is  not  sur¬ 
prising  that  the  maximum  RAIC  cross  section  can  be  dis¬ 
placed  from  A  -  0.  i  | 

Strong  Fields 

To  get  some  idea  of  strong  field  effects,  consider  Eqs. 
(6)  in  the  limit  that  A  *»  0  and  with  the  level-shifting 
term  set  equal  to  zero.  In  that  case,  the  upper  state 
probability  varies  as  j 

|a2(b,vr,«)  |2  *  sin2[<j>R(b,vr)],  i 

vhere 

'  ;  Cellar  .ine  | 

♦R(l»,vr)  =  Vc(b,vr,t)dt. 

2 

The  RAIC  cross-section  is  equal  to  nbR  vhere  bR  is  an  im¬ 
pact  parameter  for  which  4v>  is  of  order  unity.  For  a 
power  law  potential  Vc(t)  “  [R(t)]”n,  n  >  3,<fR  «  x/tn_Avr 

and  b^  varies  as  (x/v  )2ct  with  a  =  (n  -  l)”1.  The  RAIC 
«r  2 

cross-section,  which  is  proportional  to  x  for  weak 

fields,  varies  as  ^/(n-1)  $3  ^he  square  root  of  the 

intensity  for  n=3)  in  the  strong  field  limit.  For  strong 
fields,  owing  to  the  fact  that  bR  «  x°>  large  impact 
parameter  collisions  only  are  import  an';  and  VLS  plays  a 
minor  role  for  such  collisions.  The  line  width  is  de¬ 
termined  by  the  inverse  collision  time  Tc^  ■  v^/bR  ■« 
vj>a+^X~°i  the  RAIC  profile  narrows  with  Increasing  field 
strength. 
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The  ratio  bn/b  can  be  used  as  a  measure  of  the  field 

n  O 

strength.  If  b_  >  b  ,  one  is  in  the  strong  field  region 
since  the  upper  state  amplitude  saturates  at  radii  where 
the  level-shifting  effect  is  unimportant.  On  the  other 
hand,  for  b  «  b  ,  the  collisional  coupling  can  not 
overcome  the  effects  of  level-shifting  and  a  perturbative 

It 

treatment  is  valid.  Typically  ,  the  transition  from  weak 
to  strong  field  occurs  for  field  strengths  of  order 
10^W/cm^.  T^e  strong  field  effects  in  RAIC  and  CARE  are 
fundamentally  different.  In  RAIC,  the  upper  state  proba¬ 
bility  is  truly  saturated  by  the  field-collisional  inter¬ 
action.  In  CARE,  on  the  other  hand,  the  upper  state 
probability  amplitude  is  always  small  if  xTc  >>  1*  lb  i3 
the  rapid  Rabi  oscillations  that  lead  to  a  decreasing 
CARE  cross  section  with  increasing  X  when  XT_  >>  1  and 

v 

CiiVuf  tin«  -  i 

CONCLUSION 

We  have  presented  explanations  of  the  physical  processes 
underlying  combined  radiation  field-collisional  exci¬ 
tation  of  atomic  systems.  Alternative  approaches  could 
involve  a  "dressed-atom"  description  or  a  molecular-state 
basis  calculation.  For  a  meaningful  theoretical  des¬ 
cription  of  CARE  and  RAIC,  one  must  use  accurate  inter¬ 
atomic  potentials  and  average  all  results  over  the  spatial 
and  temporal  extent  of  the  laser  pulse.  It  may  be  noted, 
however,  that  experimental  investigations  of  CARE  and 
RAIC  have  revealed  many  of  the  qualitative  features  dis¬ 
cussed  above. 
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COMMENTS 


Comment  on  '‘Observation  of  Snbnatural 
Linewidth  in  Na  D2  Lines” 

In  a  recent  article, 1  Shimizu,  Umezu,  and 
Takuma  proposed  and  demonstrated  a  novel  new 
method  for  obtaining  subnatural  linewidths.  Their 
approach  can  be  summarized  as  follows:  (1)  A 
laser  field  is  perpendicularly  incident  on  an 
atomic  beam;  the  atoms  are  in  their  ground  state 
and  the  laser  frequency  is  nearly  resonant  with 
a  ground-state-excited-state  transition.  i2)  The 
phase  of  the  field  is  suddenly  switched  (at  t  -  0, 
for  example).  (3)  The  excitation  probability  is 
monitored  as  a  function  of  atom-field  detuning 
A  for  various  delay  times  T  following  the  phase 
switch.  For  fixed  T,  the  resulting  excitation 
probability  amplitude  contains  contributions  from 
atoms  excited  before  and  after  the  phase  switch; 
the  corresponding  excitation  probability  contains 
interference  fringes  as  a  function  of  A  having  a 
width  of  order  1/T.  If  1/T  is  less  than  the  nat¬ 
ural  linewidth  associated  with  the  transition, 
this  method  enables  one  to  achieve  subnatural 
spectroscopic  linewidths.  Experimental  verifica¬ 
tion  of  this  phenomenon  was  reported.1 

In  deriving  an  expression  for  the  excitation  I 


probability,  it  appears  that  Shimizu,  Umezu, 
and  Takuma1  did  not  properly  account  for  the 
spontaneous  decay  in  the  problem.  Consequently, 
as  a  function  of  T,  their  maximum  excitation 
probability  decays  at  twice  the  rate  one  should 
expect.  In  this  Comment,  a  derivation  of  the 
excitation  probability  is  given. 

The  problem  is  effectively  solved  by  using  a 
density  matrix  approach.  The  atoms  are  approxi¬ 
mated  by  two-level  systems  which  enter  the  inter¬ 
action  volume  in  state  1.  Using  a  field  interaction 
representation  and  neglecting  the  “antirotating” 
components  of  the  field,  one  obtains  equations  of 
motion 

Pn  =  A  —  XiPn  +  *[  x(f  )Pai  “  X*(f  )Pu]» 

Paa  =  -XaPaa  -  *1  X(t  >Pai  ~  X*U  )p«] . 

Pia  =  Pai*  =  * (xia  +*A)pia  +l'x(i )(Paa  "Pah 

where  x(f)  <p(t)-0ioT  t< 0  and  yKf )  =  <y 

for  t  >0,  x  is  an  atom -field  coupling  parameter, 

A  is  an  incoherent  pump  rate,  yt  is  the  decay 
rate  for  state  i,  and  yu  =  (y,  +  ya)/2.  Using  per¬ 
turbation  theory,  one  can  easily  obtain  the  upper - 
state  amplitude  at  time  T  following  the  phase 
switch  to  be 


Paa(T,  A)  =  2Axayu/l  tWxu* 


+  A2)]-2Re 


Ax*(l  -g-^HexpMr.t+iAlrj-exrt-^r)} 

Vi(yu +*"a)1  i(ya  -  /i)  *a] 


(1) 


To  compare  this  result  with  that  of  Shimizu,  Umezu,  and  Takuma,1  one  evaluates  pa(®,  A)  -p»,(r.  A), 
sets  <p-v,  and  takes  y2»y,  Biace  state  1  is  the  ground  state.  The  signal  I(T, A)  is 


I(T  A)  *Vexp(-r27'/2Hcos(Ar)  -exp(-yaT/2)] 
HT,  A)-  -  - 


which  is  to  be  compared  with  the  line -shape  formula 
f  ,(T,  A)  -  Bin(AT)  +cos(Ar)  - 1) 


(3) 


given  in  Ref.  1.  Equations  (2)  and  (3)  qualitatively 
predict  the  same  type  of  subnatural  linewidth 
phenomenon.  However,  there  are  important  dif¬ 
ferences  between  the  two  results.  First,  Eq.  (2) 
leads  to  a  central  fringe  that  is  narrower  and 
deeper  than  that  of  Eq.  (3).  Second,  Eq.  (3)  pre¬ 
dicts  a  peak  intensity  (at  4=0)  which  varies  as 
expt-rjT)  while  Eq.  (2)  predicts  one  which  varies 
as  exp(-y2T  /2).  For  2/y,  =32  ns  appropriate  to 
the  Na  3 P  levels,  the  observed  peak  intensity  de¬ 
cay  time  of  40  ns  (Ref.  1)  is  in  reasonable  agree¬ 
ment  with  Eq.  (2).  Since  the  line  shape  repre¬ 
sents  an  interference  effect,  one  expects  the  de¬ 
cay  rate  to  be  that  associated  with  the  coherence 


pu  (i.e.,  y12)  rather  than  that  associated  with  the 
population  ^  (i.e.,  y3). 
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Two-levd  transition  probabilities  for  asymmetric  coupling  pulses 
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Ia  a  meat  paper.  Bambini  and  Berman  [A.  Bambini  aad  P.  R.  Berman,  Phys.  Rev-  A 
23-  2496  (1961)]  presented  analytic  eohstiam  to  a  certain  (amity  of  cohercnt-couplin* 
pubes  for  a  two-levd  tyttem.  They  show,  for  nonwaonant  temporally  asymmetric 
members  of  the  dam,  that  there  ate  no  solutions  corresponding  to  vanishing  transition 
probabilities.  In  this  Comment,  are  examine  die  problem  in  greater  generality  and  demon¬ 
strate  that  this  property  is  (he  norm  for  asymmetric  pulses,  and  that  a  vanishing  transi¬ 
tion  probability  is  possible  only  if  severely  overdetemioed  conditions  are  satisfied. 


The  problem  of  a  two-levd  system  coupled  by  an 
external  field  has  a  long  history  in  physics,  dating 
back  to  the  1930's.1,2  Originally  motivated  by  in¬ 
vestigations  on  atoms  in  magnetic  fields,  theories  of 
such  systems  have  more  recently  been  applied  to 
laser- related  problems.1 

Let  a  j  ,n  2  be  the  amplitudes  of  the  two  states. 

We  assume  that  the  coupling  potential  connecting 
the  two  states  is  of  variable  amplitude  and  central 
frequency  fl,  so  that,  in  the  rotating  wave  approxi¬ 
mation,  the  time-dependent  Schrodinger  equation 
becomes  a  pair  of  coupled  equations  for  a  |^2= 

(la) 

iaj^VUk-'-a,  .  (lb) 

Here  A  is  the  detuning  of  fl  from  the  atomic  fre¬ 
quency.  We  work  in  a  system  of  units  where  h=  1. 

For  the  case  where  V  is  a  constant  in  time,  the 
solution  for  initial  conditions  a  t  =0,  a2  =  l  st  r=0 

is 


-iV 

(A2/4-f  V2)in 


eIM/l 


sin[(  A2/4+  K2),/2r] . 


This  is  the  Rabi  problem.  For  this  to  be 
relevant,  the  approximation  that  the  rise  time  of 
the  fidd  is  much  shorter  than  other  characteristic 
times  should  be  a  good  one.  In  their  paper,  Rosen 
and  Zener2  considered  a  case  where  this  sudden  ap¬ 
proximation  was  not  valid.  They  were  motivated 
by  a  serious  discrepancy  between  results  of  the 


sudden-approximation  theory  and  experiment 
They  analyzed  the  effect  of  a  smoothly  varying 
pulse,  choosing  a  hyperbolic  secant  because  of  the 
exactly  solvable  nature  of  the  equations  that  result 
from  such  a  time  dependence.  For  the  hyperbolic 
secant  pulse,  one  may  make  a  change  of  variable 
that  transforms  the  equation  of  motion  into  the  hy¬ 
pergeometric  equation.  Robiscoe4  has  shown  how 
to  generalize  this  to  the  case  of  decaying  states. 

Recently,  Bambini  and  Berman5  have  gone 
beyond  the  Roaen-Zener  problem.  They  show  that 
there  is  an  entire  class  of  envelope  functions  that 
may  be  mapped  into  the  hypergeometric  equation, 
of  which  the  hyperbolic  secant  poise  is  Manly  one 
member.  All  VU)  in  the  family,  other  than  the 
hyperbolic  secant,  are  asymmetric  in  time,  ix., 
V(t)^=V(  —t).  Bambini  and  Berman  show  that  for 
these  asymmetric  pulses,  there  is  no  case,  apart 
from  exact  resonance,  where  there  is  a  nonvanish¬ 
ing  transition  probability,  a  striking  and  surprising 
result. 

In  the  case  of  the  Rabi  problem,  on  the  other 
hand,  for  any  given  detuning,  there  are  always 
values  of  the  pulse  area  for  which  the  amplitude  a, 
returns  to  zero.  In  the  Rosen-Zener  case,  the  am¬ 
plitude  a,'  i-co)  goes  like  (sinA  )/A,  where  A  is  the 
pulse  area,  so  that  here  too,  once  the  hyperbolic 
secant  envelope  function  is  specified,  one  can  find 
values  of  the  area  of  the  pulse  for  which  a  |(  +  » ) 
vanishes.  Similar  remarks  hold  for  other  sym¬ 
metric  potentials,  where  solutions  have  been  ob- 
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tained  with  computers.6,7  It  is  a  most  remarkable 
feature  of  the  Bambini-Berman  problem  that  it  ad¬ 
mits  no  asymmetric  envelopes  for  A^O  with  a 
nonvanishing  transition  probability.  That  is,  it  as¬ 
serts  that  for  asymmetric  pulses  of  the  form 
studied,  if  the  amplitudes  a2  =  1  and  a(  =0  at 
t  =  —  ao ,  then  at  time  <=  +  «>,  the  probability  for 
finding  the  system  in  state  1  is  nonvanishing,  i.e., 
there  will  always  be  some  population  in  state  1  for 
this  class  of  off-resonant  asymmetric  pulse.  No 
previous  prediction  of  this  kind  of  behavior  seems 
extant  in  the  literature.  It  should  be  understood 
that  only  envelopes  of  a  single  algebraic  sign  are 
being  considered,  so  that,  for  example,  pulses  that 
are  completely  antisymmetric  in  time  are  excluded 
from  this  discussion. 

Bambini  and  Berman9  reach  their  conclusion  by 
obtaining  a  complete  analytic  solution  to  their 
problem.  Since  most  pulse  shapes  do  not  admit  of 
closed  form  solutions,  it  is  of  interest  to  inquire 
whether  the  nonvanishing  of  transtion  probabilities 
holds  for  other  smooth,  asymmetric  pulses  and 
whether  this  property  can  be  demonstrated  in  a 
general  way,  i.e.,  through  the  structure  of  the  equa¬ 
tions  of  motion.  It  is  to  this  question  that  we  ad¬ 
dress  the  present  work. 

Equations  (1)  may  be  put  in  the  form  of  uncou¬ 
pled  second-order  equations 

a|-(F/F+/A)d|  +  KJ«,=:0,  (2a) 

«2—  (F/F- iA»o2  +  K2fl2=0.  (2b) 

Defining z  =  J_^/(t'kft'  —  7,  with  A  =  Vdt 
and  /  =  V  /A,  Eqs.  (2)  become,  in  the  z  plane) 


a'{-ija\+Alax=0,  (3a) 

a'i+iya'i+A^i—O .  (3b) 

We  assume,  with  Bambini  and  Berman,5  that  fit) 
does  not  change  sign,  so  that  the  transformation, 
which  differs  from  theirs,  is  single  valued.  If  one 
transforms  Eq.  (3a)  via  the  substitution 

6*a,exp  l<-HX/2)  f0dz'/fU’)]=a,*-IA,/I , 

into  an  equation  with  the  first  derivative  missing, 
we  have 


or 


b"  + 


jL+i±L+A* 


6=0, 


—  A1  /AT 
4 f1  ~  if1 


(3a’) 

(3b’) 


Equation  (3b')  resembles  a  one-dimensional, 
time-independent  Schrodinger  equation  for  a  parti¬ 
cle  of  mass  y  moving  in  the  complex  “potential” 


F  =  — 


A2  *A£  ± 

4  2  f1  ’ 


where  6  has  been  set  =  1. 

This  equation  is  to  be  solved  subject  to  the  ini¬ 
tial  conditions  that  b  =0  at  z  =  —  7.  If  the 
dynamics  of  the  problem  permit  a  transition  proba¬ 
bility  of  zero  for  certain  pulse  areas,  this  means 
6  (z  =  +  7 )  also  vanishes  for  those  values  of  A.  In 
short,  we  must  solve  an  eigenvalue  problem  and 
find  those  values  of  A2  for  which  the  solutions  of 
Eq.  (3b’)  vanish  at  z  =  +  7.  Now,  for  physical 
pulses,  only  real  envelopes  exist.  For  these,  A 1  is 
real  and  positive.  If  none  of  the  eigenvalues  A 2 
meet  this  criterion,  A  will  have  an  imaginary  part 
for  all  the  eigenfunctions  of  Eq.  Ob'),  and  none  will 
correspond  to  a  system  driven  by  an  actual  pulse, 
i.e.,  there  will  be  no  physically  meaningful  pulse 
areas  for  which  the  system  undergoes  a  transition 
probability  of  zero.  In  the  following,  we  shall  as¬ 
sume  a  nonvanishing  detuning.  Note  that  the  case 
of  exact  resonance  is  entirely  equivalent  to  the  ele¬ 
mentary  quantum  mechanical  problem  of  a  particle 
in  a  box,  whose  eigenvalues  A 2  are  sV2.  In  this 
way,  we  confirm  the  simple  result  that  the  transi¬ 
tion  probability  vanishes  for  pulse  areas  that  are  in¬ 
tegral  multiples  of  ir,  if  A~0. 

We  should  comment  that  if  one  constructs  an 
asymmetric  potential  from  two  temporally  distinct 
symmetric  pulses,  one  can,  by  making  each  of  the 
component  pulses  produce  a  net  transition  ampli¬ 
tude  of  zero,  cause  the  overall  probability  to  van¬ 
ish.  To  force  the  components  to  be  exactly  nono¬ 
verlapping  in  time  requires  that  they  be  sharply  cut 
off.  Thus,  these  pulses  do  not  conform  to  the 
smoothness  criterion  of  Bambini  and  Berman.5 

We  consider  now  pulses  where  the  imaginary 
term  is  present.  We  examine  first  the  case  of  sym¬ 
metric  pulses.  Let  if2  be  a  typical  eigenvalue.  If 
we  replace  the  imaginary  term  by  its  negative,  then 
the  resulting  equation  will  have  A2*  for  its  eigen¬ 
value.  Now,  since  fit)  is  symmetric  in  z,  fiz)  will 
be  antisymmetric.  Therefore,  the  transformation 
z-*—z  reverses  the  sign  of  the  imaginary  term  on 
the  left-hand  side  of  Eq.  Ob’),  but  leaves  the  eigen¬ 
value  unchanged.  Immediately,  A1=*Ai,l  i.e.,  all 
the  eigenvalues  are  real,  although  not  necessarily 
larger  than  zero.  For  asymmetric  pulses,  the 
transformation  z-*~z  does  not  reproduce  the 
complex-conjugate  equation,  and  A 2  will  not,  in 


-6"+ 


6=i4l6  . 
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general,  be  the  same  as  A This  does  not  abso¬ 
lutely  rule  out  the  possibility  that  for  particular 
/(f)  and  detuning,  one  might  have  one  or  more 
real  and  positive  eigenvalues,  but  demonstrates  that 
it  could  occur  only  by  accident.  We  shall  show  in 
the  following  that  the  conditions  that  must  neces¬ 
sarily  be  fulfilled  for  A 2  to  be  real  for  asymmetric 
pulses  are  severely  overdetermined. 

To  proceed,  we  will  analyze  the  problem  from  a 
perturbative  viewpoint,  and  assume  that  the  entire 
perturbation  expansion  can  be  summed.  We  do  not 
restrict  ourselves  to  the  first  few  terms,  but  study 
the  parity-related  properties  of  the  full  series.  We 
take  the  zero-order  problem  to  be 


—b0  — 


4/2 


(4) 


rhis  is  Hermitian  and  identical  to  a  time- 
independent  Schrodinger  equation,  which  has  only 
real  eigenvalues.  The  imaginary  term  — /A/'/2/2 
is  to  be  considered  as  a  perturbation. 

We  wish  to  contrast  the  case  of  symmetric  and 
asymmetric  pulse  envelopes.  Assume  /(/)  to  be 
symmetric  — /(z)  is  also  symmetric.  [If /(f)  were 
not  symmetric  about  f  =0,  /(z)  would  lack  sym¬ 
metry  about  its  origin.]  For  this  case,  the  unper¬ 
turbed  eigenfunction  b0  has  definite  parity,  and  the 
perturbation  -(A/'//2  is  odd  under  reflection.  It 
follows  directly  that  if  one  writes  a  perturbation 
series  for  A2  as  an  expansion  in  the  usual  way,  con¬ 
tributions  from  odd  powers  of  the  "strength"  of  the 
“interaction”  will  be  absent.  Since  only  the  even 
orders  survive,  and  the  strength  parameter  is  pure¬ 
ly  imaginary,  the  resulting  eigenvalues  will  be  real. 


If  the  potential  K(f)  is  not  symmetric  neither 
l//2  nor  /'// 2  will  be  operators  of  definite  parity, 
nor  will  unperturbed  solutions  b0  possess  well- 
defined  inversion  properties.  Hence,  both  even  and 
odd  terms  in  the  perturbation  expansion  will  be 
present,  and  the  eigenvalues  A 2  will  all  be  complex, 
unless  there  is  a  case  where,  for  a  specific  detuning, 
the  odd  powers  of  the  expansion  sum  to  zero. 

The  latter  is  an  extremely  unlikely  circumstance. 
Equation  Ob')  is  of  the  form 


-b"- 


JL+iML 

f2  f2 


b=Alb 


(5) 


We  require  not  only  that  the  odd  powers  sum  to 
zero,  but  that  they  do  so  for  a  value  of  A.  that  is  ex¬ 
actly  the  square  root  of  fi.  We  cannot  quite  ex¬ 
clude  this  possibility,  but  it  is  evidently  highly 
overdetermined. 

To  summarize,  we  have  shown  that  the  result 
obtained  for  particular  asymmetric  pulses  by  Bam¬ 
bini  and  Berman,5  namely  that  there  are  no  non¬ 
resonant  cases  for  which  the  transition  probability 
vanishes,  is  the  normal  consequence  of  the  general 
structure  of  the  equations  of  motion,  and  applies, 
apart  from  some  remotely  possible  accidental  cases, 
to  all  smoothly  varying,  asymmetric  pulses  which 
possess  envelopes  of  a  single  algebraic  sign. 
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The  theory  of  the  interaction  between  radiation  fields  and  atoms  as  applied  to  laser 
spectroscopy  can  be  approached  using  either  a  bare-atom  picture  (BAP)  or  dressed-atom 
picture  (DAP).  In  the  BAP,  the  basis  states  are  those  of  the  free  atoms  and  free  field 
while,  in  the  DAP,  the  basis  states  encompass  some  part  of  the  atom-field  interaction. 

The  theory  of  saturation  spectroscopy  in  three-level  systems  is  discussed  using  both  ap¬ 
proaches.  Whereas  calculations  are  usually  more  easily  done  using  the  BAP,  one  can  gain 
useful  insight  into  the  underlying  physical  processes  from  the  DAP.  Moreover,  when  the 
radiation  field  strengths  (in  frequency  units)  are  larger  than  the  relaxation  rates  in  the 
problem,  the  DAP  equations  simplify  considerably  and  lead  to  line-shape  expressions 
which  may  be  given  a  simple  interpretation.  The  DAP  is  used  to  obtain  resonance  condi¬ 
tions  for  traveling-wave  fields  interacting  with  three-  and  four-level  atoms  and  for  a 
standing-wave  saturator  and  traveling-wave  probe  interacting  with  a  three-level  atom.  In 
addition,  the  DAP  is  applied  to  several  problems  involving  optical  coherent  transients.  A 
comparison  is  made  between  the  various  advantages  of  the  BAP  and  DAP  and  an  in¬ 
teresting  duality  between  the  two  approaches  is  noted. 


L  INTRODUCTION 

There  exists  today  a  wide  variety  of  “Doppler- 
frce”  methods  for  obtaining  absorption  spectra  as¬ 
sociated  with  atomic  or  molecular  transitions.1-6 
The  methods  are  “Doppler  free”  in  that  the  width 
normally  occurring  in  linear  spectroscopy  can  be 
substantially  reduced  or  totally  eliminated  using 
nonlinear  techniques.  This  suppression  of  the 
Doppler  width  is  generally  achieved  in  one  of  two 
ways.  First,  one  can  limit  those  atoms  participat¬ 
ing  in  the  absorption  process  to  a  narrow  velocity 
range  (either  by  use  of  an  atomic  beam  or  by  selec¬ 
tive  excitation  with  a  laser  field)  leading  to  a 
corresponding  reduction  of  the  Doppler  width.  Al¬ 
ternatively,  one  can  arrange  for  the  atoms  to  in¬ 
teract  with  two  fields  such  that  the  resultant  fre¬ 
quency  seen  in  the  atomic  frame  is  not  strongly 
dependent  on  velocity  (cancellation  of  Doppler 
phases).  Coherent  transient  spectroscopy  provides 
another  method  for  obtaining  spectral  information 
that  is  essentially  free  of  the  Doppler  width.  It  is 
also  possible  to  combine  the  various  methods. 

There  exists  a  rich  literature  devoted  to  the 
theory  of  nonlinear  saturation  spectroscopy.1-25 
The  approaches  can  be  divided  into  roughly  three 
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groups.  First,  there  is  the  so-called  bare-atom  pic¬ 
ture  (BAP)  in  which  the  atom-field  interactions  are 
represented  in  terms  of  a  basis  using  the  (bare) 
atomic  eigenstates.7-  16  Second,  there  is  the 
dressed-atom  picture  (DAP)  in  which  all  or  part  of 
the  atom-field  interaction  is  solved  exactly  and  the 
resultant  atom-field  eigenstates  are  used  as  the 
basis  for  further  calculations.11,19-24  Finally  there 
are  resolvent  methods  which  will  not  be  discussed 
here.25 

Most  calculations  were  originally  performed  us¬ 
ing  the  BAP.  For  two-  or  three-level  atomic  sys¬ 
tems  interacting  with  two  or  more  radiation  fields, 
the  "Doppler-free”  absorption  spectra  were  calcu¬ 
lated  using  a  density-matrix  approach.  It  soon  be¬ 
came  appreciated,  however,  that  the  DAP  ap¬ 
proach,  previously  used  to  describe  optical  pump¬ 
ing  experiments,26  could  be  advantageously  applied 
to  laser  spectroscopy  experiments  when  one  or 
more  of  the  fields  is  intense.  The  dressed-atom  ap¬ 
proach  has  proven  to  be  extremely  useful  in  obtain¬ 
ing  theoretical  expressions  for  resonance  fluores¬ 
cence  spectra  when  the  exciting  field  is  intense.19,27 

It  is  the  purpose  of  this  paper  to  provide  a  com¬ 
parison  of  the  DAP  and  BAP,  to  indicate  the  rela¬ 
tive  advantages  of  each  approach,  and  to  apply  the 
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DAP  to  some  cases  not  previously  considered.  It 
is  shown  that  the  BAP  equations  are  invariably 
easier  to  solve  than  the  corresponding  DAP  ones  as 
as  one  is  dealing  with  single-mode  fields  in¬ 
teracting  with  two-  or  three-level  atomic  systems. 
For  multilevel  atoms  or  multimode  fields,  both 
methods  lead  to  equations  that  present  considerable 
analytical  difficulties. 

Although  the  DAP  equations  may  not  provide 
any  analytical  simplifications,  they  do  enable  one 
to  obtain  an  interpretation  of  the  ongoing  physical 
processes  that  may  be  he'pful  in  understanding  the 
atom-field  interactions.  When  the  frequency 
separation  of  the  dreased-energy  states  is  much 
greater  than  the  relaxation  rates  in  the  problem,  an 
*  important  simplification  occurs  in  the  DAP.  One 
can  interpret  multiphoton  interactions  of  the  BAP 
in  terms  of  noninterfering  single-photon  transitions 
in  the  DAP.  The  positions  (but  not  necessarily  the 
strengths  and  widths)  of  the  various  atom-field 
resonances  are  then  easily  and  naturally  predicted 
using  the  DAP. 

A  comparison  of  the  BAP  and  the  DAP  also 
often  an  interesting  duality  between  the  two  ap¬ 
proaches.  It  is  shown  that  the  roles  played  by  the 
atom-field  coupling  constants  and  the  relaxation 
rates  are  interchanged  in  the  BAP  and  DAP  ap¬ 
proaches.  In  coherent  transient  spectroscopy,  what 
appears  as  an  optical  nutation  signal  in  the  BAP 
now  appears  as  a  free-induction  decay  in  the  DAP. 
Other  features  of  the  two  approaches  are  discussed 
as  applied  to  three-level  spectroscopy,  four-level 
spectroscopy,  saturation  spectroscopy  involving 
multimode  fields,  and  coherent  transient  spectros¬ 
copy. 

It  should  be  stressed  that  the  DAP  discussed  in 
this  work  differs  in  spirit  from  that  of  convention¬ 
al  theories.19-22,26  In  the  conventional  DAP,  the 
electromagnetic  field  is  quantized  and  the  dressed 
states  are  eigenstates  of  the  atom  plus  field;  conse¬ 
quently,  these  dressed  states  represent  linear  combi¬ 
nations  of  products  of  atomic  and  quantized-field 
eigenstates.  In  our  case,  the  field  is  taken  to  be 
rlsssirsl.  However,  by  using  a  field-interaction 
representation  for  the  various  state  amplitudes  and 
forming  appropriate  linear  combinations  of  the 
atomic-state  eigenstates,  one  arrives  at  equations 
that  we  mathematically  equivalent  to  the  conven¬ 
tional  dressed-atom  ones,  provided  the  field 
strengths  are  large  enough  to  be  treated  classically. 
Thus,  even  though  the  DAP  eigenstates  using  clas¬ 
sical  and  quantized  fields  differ  in  a  fundamental 
way,  the  conclusions  and  interpretations  using  both 
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approaches  may  be  similar.  It  is  in  this  sense  that 
we  refer  to  a  “dressed-atom"  picture,  although  our 
dressed  states  are  not  the  conventional  ones  appear¬ 
ing  in  quantized-field  treatments.19-22,26 

In  Sec.  II  the  basic  formalism  is  described  and  a 
comparison  between  the  BAP  and  DAP  is  given  in 
Sec.  III.  The  DAP  is  applied  to  the  saturation 
spectroscopy  of  homogeneously  and  inhomogene- 
ously  broadened  three-level  atoms  in  Secs.  IV  and 
V,  respectively.  In  Sec.  VI,  we  discuss  the  manner 
in  which  the  DAP  can  be  applied  to  multilevel 
atoms  or  multimode  fields  and  in  Sec.  VII, 
coherent  transient  effects  are  discussed  using  the 
DAP.  Some  conclusions  concerning  the  relative 
merits  of  the  two  approaches  are  given  in  Sec. 

VIII. 

Much  of  the  material  presented  in  Secs.  II— V  is 
not  new,  but  is  reassembled  there  to  provide  the 
basis  for  a  comparison  between  the  BAP  and  DAP 
and  to  lay  the  foundation  for  the  material  that  fol¬ 
lows. 


II.  GENERAL  FORMALISM 


We  consider  an  idealized  three-level  moving 
atom  which  interacts  with  a  linearly  polarized  elec¬ 
tromagnetic  field  of  the  form 

E (z,t)=ex[E,  cos(n,/  —K\Z  +  q>{) 

cos((l]i  — K2z  +P2)] .  (2.1) 

The  atom-field  interaction  is  of  the  form  fixE{z,t) 
where  —fix  is  the  x  component  of  the  atomic  di¬ 
pole  operator.  It  is  assumed  that  the  wave  (£,,11]) 
couples  the  atomic  states  1 1 )  and  1 2)  only  and 
(E2,fl2)  the  states  1 2)  and  1 3)  only.  Within  the 
rotating-wave  approximation,21  the  reduced  density 
matrix  of  the  atom  in  the  fidd-interaction  repre¬ 
sentation29  obeys  the  master  equation12,19 

P=U*)-'lH,p)+p„i+ A  .  (2.2) 


Equation  (2.2)  contains  three  contributions.  The 
first  of  these  involves  an  effective  Hamiltonian  H 
and  represents  the  atom-field  interaction.  The  ma¬ 
trix  H  is  given  by 


-A2, 


«i 

0 


0 

*1  . 


0  a2  &J2 


(23) 


where  we  have  denoted  the  Doppler-shifted  detun- 
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tags  by 


A2|=A2|+ki»  , 

(2.4a) 

An^An-f k2»  , 

(2.4b) 

where 

Aii“®2i — tgo(ti}i)(li 

A32=a>32 — sgn(a>32)ft2 , 

a.4c) 

kj  =sgn(a)2|)Ar)  , 

kj— sgn(a>32)Ak2  , 

(2.4d) 

and  the  Rabi  frequencies  by 

0|=p2jiEi/2ft , 

(2.5a) 

a2s=p32£2/2ft , 

(2.5b) 

in  which  coy  is  the  energy  spacing  (in  units  ft)  be¬ 
tween  levels  i  and  j,  fiy  =pj,  is  the  x  component  of 
the  ij  dipole  matrix  element  (notice  and  v 

is  the  z  component  of  the  atomic  velocity.  The 
second  term  in  Eq.  (2.2)  describes  relaxation  pro¬ 
cesses  and  is  of  the  form30 

(/*cd)// >  0.6) 

k.1 

where  the  elements  R,j;u  represent  the  effects  of 
spontaneous  emission  or  collisions!  relaxation.  The 
spontaneous  emission  can  lead  either  to  decay  out¬ 
side  of  the  three-level  system  or  to  a  transfer  of 
population  between  some  of  the  levels.  The  final 
term  in  Eq.  (2.2)  is  an  incoherent  pumping  matrix 
whose  dements  are  of  the  form 

.  (2.7) 

The  states  1 1 )  and  1 2)  are  assumed  to  be 


weak  coupling  between  1 2)  and  1 3)/  Many  ef¬ 
fects  of  the  strong  field  are  conveniently  incor¬ 
porated  by  transforming  to  a  “dressed”  basis  de¬ 
fined  by 

M>=cos0|I>-sin0|2>  ,  (2.8a) 

|2?)=sin0|  l)+cos0|  2)  ,  (2.8b) 

| C)=  1 3>  ,  (2.8c) 

with 

sin6=  { 1  ~  A2,(Si1+4a?)-,/I]  J 1/1 , 

(2.9a) 

cos<M  j[l+A2,(Aj,-(-4a?r,^j},/J  . 

(2.9b) 

In  the  discussion  that  follows,  the  states  |  i ) 

(i  —  1,2,3),  will  be  referred  to  as  states  in  a  ba re¬ 
atom  picture  (BAP)  and  the  states  |  a) 

(a— A, 3,0,  will  be  referred  to  as  states  in  a 
dressed-atom  picture  (DAP). 

The  transformation  (2.8)  may  be  written 

|a>  =  T0,|i>,  (2.10) 

where  the  summation  convention  is  adopted  and 
dements  T&  are  given  by 

ro,=(r-')(o=</|a>  .  (2.11) 

In  terms  of  the  T  matrix  the  transformation  be¬ 
tween  the  dressed  and  bare  density  matrices  is 

pa  =  r-‘px)r,  (2.12) 

which  is  used  to  transform  Eq.  (2.2)  into 

Pjp»=(ift)-1[/fx>>Pj>]+PD,rd  +  A|)  ,  (2.13) 

where 


strongly  coupled  by  au  whereas  a2  provides  a 


3b=t3,t-x~* 


l  X  l 
—  7  &2I  —  JCOgA 

0 

— a2sind 


0  — a2sta & 

-T^21+7"A4  a2cos0 


a2cos 6 


Aj2 


(2.14) 


««*(A|,+4rif),/J,  (2.15) 

>  (2.16) 

(An)**, *stT*TfijTrkTiiRy.'U  ,  (2.17) 

(Aj>W»r-lr*Af  .  (2.18) 

i - - — 


[The  angle  0  in  Eq.  (2.9)  is  taken  to  lie  in  the 
range  0<6<tr/2  such  that  cos#  and  sind  are  posi 


tive.  With  this  choice,  dressed  state  B  always  has 
a  greater  energy  than  dressed  state  A.  In  the  limit 
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that  a,— 0,  states  \A),  |B>-»  1 1),|2>  if  X21>0 
•nd  [A  >,  |B>— *  1 2>,  1 1)  if  A2,  <0.] 

The  transformation  T  has  beat  chosen  to  diago¬ 
nalize  the  A  —B  submatrix  of  Hp.  In  the  limit 
that  a2— *0,  HD  is  diagonal  and  one  has  a  complete 
solution  to  the  problem.  The  DAP  will  be  particu¬ 
larly  useful  when  a2  is  small,  enabling  one  to  carry 
out  a  perturbation  expansion  in  this  parameter. 
Although  the  matrix  HD  has  a  simple  structure, 
the  relaxation  and  pumping  terms  are  now  more 
complicated.  The  pumping  matrix,  which  is  diago¬ 
nal  in  the  BAP,  has  both  diagonal  and  off-diagonal 
dements  in  the  DAP  as  given  in  Eq.  (2.18).  More¬ 
over,  the  relaxation  terms  are  most  naturally  ex¬ 
pressed  in  the  BAP,  where  one  can  typically  take 
(no  sum) 

&IJ;U  =  —Yij&t.k&j.P  1  —&i,j ) 

“ +rte6ty5ti/(  1—8*,*) 

(2.19) 

leading  to  a  relaxational  time  rate  of  change  of  p 
of  the  form 

U¥*j),  (2  JO) 

(Pta'lu  =  —  ^iPu+  2  ipjj  ,  (2.21) 

where  r,  is  the  total  decay  rate  of  state  i  and 
describes  population  transfer  from  j  to  i  due  to 
spontaneous  emission  or  collisions.  While  the  re¬ 
laxational  decay  and  coupling  in  the  BAP  given  by 
Eqs.  (2.20)  and  (2.21)  is  fairly  simple,  the 
corresponding  coupling  in  the  DAP  given  by  Eqs. 
(2.16)— (2.17)  involves  many  more  terms.  Explicit 
expressions  for  the  relaxation  rates  are  given  in 
Appendix  A. 

To  c^'ipare  the  BAP  and  DAP  we  write  down 
the  equations  of  the  components  of  the  density- 
matrix  elements  in  both  representations.  For  sim¬ 
plicity,  we  adopt  a  relaxation  scheme  in  which 
r,j  =0  and  Ty  — ylTj  +  ry),  corresponding  to  the 
ease  in  which  each  level  decays  to  some  states  oth¬ 
er  than  states  1,  2,  or  3.  In  the  BAP,  one  has 

r1j5||+2aJIm(^i) ,  (2.22a) 

£b~A2— TiPn— 2ailm(p2|)+ 2a2Im(p,2) , 

(2.22b) 

&J-AJ-rj£n-2a2Im(p32) ,  (2.22c) 

fei“-(y2|+/X2|)p2|+/a1(p22—  ?„)— /a2pM , 

022d) 


-<yj2+«Sj2)ft2+/a2(pjj-p22)+ iafai  , 

(2.22e) 

Pjj=  — (yjj+iS2j+iSj2)pj,-H'a,pj2— (02^1  , 

0220 

Pt)=Pjt*  •  022g) 

while  in  the  DAP,  the  corresponding  «]n»iiwn 
read: 

Paa = \*  —  FaPaa + 20  Ri dpM ) +2 aA  Im (p^ ) , 

(2.23a) 

Pbb  =  A*  —  FbPbb  +  20Re(p&< )+2aM  Im(pa ) , 

(2.23b) 

Pcc=Ac— rcpcc— 2aA  Im(po,  )—laB  Im(pca ) , 


(2.23c) 

PcA  =  —(Yca  +i™CA  'IpCA  +iaA(pCC—pAA) 

~  BP  BA  +PpCB  » 

(2.23d) 

PcB  =  —(Ycb  +,<uC*  )pCB  +iaB(pCC  —pBB  ) 

~iaApAB+PPcA  , 

(2.23e) 

PBA  =AmA  ~(YsA  +i<»tA  )pBA  +fHpAA+PM») 

+ >aAPBC  ~ 1  aBPCA  , 

(2.23f) 

Pa0=Ppa *  » 

(2.23g) 

where 

=  A  i  cos20 + A2  sin20  , 

(2.24a) 

=A1sin20-f  A2cosJ0 , 

(2.24b) 

Ac  =  A3  » 

(2.24c) 

Au  =A^  =  {(A|-A2)sin2B , 

(2.24d) 

r(,=r,cosJ6+r2sin2d , 

(2.23a) 

r*  =  r|Sin20+r2co820 , 

(2.25b) 

11 

r5 

(2.25c) 

Yap — 7(r#+r^) , 

025d) 

aA  =  — a2sin0  , 

(2.26a)  . 

aj=a2cosfl  , 

(2.26b) 

P=7(ri-r,)sin2B, 

027) 

o>ca  =Aj2+  7A2,  +  y(A2,+4a2),/2 , 

(2.28a) 

®c*“Aj2+y2[2,-7(A2l+4a|),/2 . 

(2.28b) 
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The  physical  observables  are  the  populations  pu 
and  terms  proportional  to  either  R e^ty)  or  ImQfy) 
giving  the  dispersion  or  absorption,  respectively, 
for  the  saturator  UJ  =2,1)  or  probe  (i,j  =3,2).  Us¬ 
ing  Eqa.  (2.8)— (2.12),  one  can  express  these  BAP 
dements  in  terms  of  the  DAP  dements  Pmp  by 

Pi ,  ^coJOp^  -f-  tin28pu  +  nn2d  Rdpu ) , 

(2.29a) 

Pn^njJOpu +ccm10ptM — sin2B  Re(pjM ) , 

(2.29b) 

p33*=pcc »  (2.29c) 

Pji«  I  nn20(pii  » 

(2.29d) 

pn—cos8pcB—*in0pcA  •  (2.29e) 

It  might  be  noted  that  the  above  equations,  to¬ 
gether  with  the  quantum  regression  theorem,  could 
also  be  used  to  calculate  the  spectrum  of  resonance 
fluorescence  from  these  levels.'2, 19,51 


in.  COMPARISON  BETWEEN  BAP  AND  DAP: 

APPROXIMATE  SOLUTIONS 

The  DAP  equations  are  more  complicated  than 
the  corresponding  BAP  equations,  even  for  the 
simplified  relaxation  scheme  adopted  in  Sec.  II. 
One  may,  in  particular,  note  the  following  features: 

(i)  In  the  DAP,  in  contrast  to  the  BAP,  the  off- 
diagonal  dement  has  a  source  term  Au.  This 
disappears  only  when  A, = A2  or  at— *0. 

(ii)  All  direct  coupling  between  pM,  pAB,  pBA  > 
Pm  is  proportional  to  the  difference  between  the 
relaxation  rates  T ,  and  P2.  The  coupling  parame¬ 
ter  is  of  order  P  given  in  Eq.  (2.27). 

(iii)  If  we  neglect  \At  and  P,  the  DAP  and  BAP 
equations  are  equivalent  with  the  replacements 
aA+*a i,  aB++a2,  and  A,B,C**  1,3,2.  The  prom¬ 
inent  difference  between  the  two  representations  is 
that,  in  the  DAP,-  all  couplings  are  of  order  a2 
(weak),  whereas  in  the  BAP,  states  1  and  2  are 
strongly  coupled  by  at.  These  features  are  illus¬ 
trated  in  Fig.  1. 

Clearly  the  BAP  equations  are  easier  to  solve 
than  those  of  the  DAP.  However,  for  a  strong  sa¬ 
turator,  there  are  definite  advantages  in  using  the 
DAP.  Moreover,  the  simple  modd  configuration 


considered  here  partly  hides  the  power  of  DAP.  A 
better  comparison  could,  perhaps,  be  obtained  by 
studying  a  case  where  both  pictures  must  be  solved 
approximately.  Some  applications  along  these  lines 
are  presented  in  Secs.  VI  and  VII.  For  the  present, 
we  consider  the  three-level  scheme  of  Fig.  1  since 
it  allows  for  comparison  with  well-known  re- 
tui  ts.'~15 

Regardless  of  the  levd  structure,  the  DAP  sim¬ 
plifies  the  interpretation  of  the  probe-absorption 
spectrum  when  the  saturating  fidd  is  intense.  As 
an  example,  consider  a  three-levd  system  for 
which  two  peaks  appear  in  the  probe-absorption 
spectrum  at  A32=0  and  A32:s— A21.  If  aK  is  weak 
these  resonances  can  be  labeled  as  stepwise  and  two 
photon  in  the  BAP,  but  this  interpretation  breaks 
down  if  a  i  cannot  be  treated  in  iowest-order  per¬ 
turbation  theory.  In  the  limit  of  large  a  tf  however, 
the  DAP  allows  one  to  interpret  the  two  peaks  as 
single-photon  transitions  between  the  dressed  states 
A-C  and  B-C. 

One  way  to  solve  the  density-matrix  equations 
approximately  is  based  on  the  assumption  that  the 
off-diagonal  components  are  small.  In  the  BAP 
this  leads  to  ordinary  perturbation  solutions  in 
powers  of  a,.  The  expansion  converges  rapidly 
provided  that  { A21  f  or  the  relaxation  constants 
are  much  larger  than  <X|.  In  the  DAP,  the  role  of 
the  y’s  and  ai  is  interchanged;  therefore,  the 
corresponding  approximate  solution  holds  in  the 
limit  that  ]  A2i  |  or  a,  is  much  larger  than  the  re¬ 
laxation  rates.  Thus,  for  strong  fields  at,  a  pertur¬ 
bative  approach  works  well  in  the  DAP  but  not  at 
all  in  the  BAP. 


BAP  DAP 


FIG.  1.  A  three-level  system  hi  bock  the  BAP  and 
DAP.  In  the  BAP,  there  it  incoherent  pumping  to  and 
decay  from  each  of  the  states.  Levels  1  and  2  are  cou¬ 
pled  by  a  strong  Held  a,  and  levels  2  and  3  by  a  weak 
probe  fidd  a2.  In  the  DAP,  both  couplings  aA  and  a* 
between  the  dressed  states  are  weak.  However,  there  is 
now  a  coliisional  coupling  P  of  statea  A  and  B  as  well  as 
a  “coherent  pumping’*  KAt  which  it  not  present  in  the 
BAP. 
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For  the  present,  we  assume  (validity  conditions 
to  be  stated  below)  that  pBA  is  negligible.  Then,  to 
zeroth  order  in  a2  it  follows  immediately  that  the 
steady-state  solutions  to  Eq.  (2.23)  are 

&=(AB/ra)8a.p=nXli .  (3.1) 

Using  Eqs.  (2.23)  and  (2.29)  one  obtains 

_  ia2cos20(/Jc— 

I 

Ycs+tva 
/a2sin20(/»c— n?) 

+  ~ - - r [ - —  •  (3.2) 

YcA  +I&CA 


IV.  HOMOGENEOUSLY  BROADENED  SYSTEMS 

We  consider  first  a  homogeneously  broadened 
system  in  which  all  the  detunings  A(y  are  indepen¬ 
dent  of  v  as  may  be  the  case  when  laser  beams  in¬ 
teract  with  an  atomic  beam  such  that  k  •  v  =0. 
Once  Eq.  (3.2)  is  valid  the  interpretation  of  the 
probe-absorption  spectrum  is  extremely  simple. 

We  define  the  probe-absorption  spectrum  /(A32) 
as32 

7(A32)=-J-Im(p32}  ,  (4.1) 


The  steady-state  value  of  p32,  is  related  to  the 
probe-induced  polarization.  It  can  be  seen  in  Eq. 
(3.2)  that  the  probe-field  polarization  may  be 
viewed  as  originating  from  two  noninteracting 
single-photon  transitions  between  the  dressed  states 
C-B  (corresponding  strength  a2  cos20)  and  C-A 
(strength  a2sin20). 

An  exact  solution  for  p32  (to  first  order  in  a2)  is 
given  in  Appendix  B  where  it  is  shown  that  Eq. 
(3.2)  is  valid  provided  that  both 

(Ai,+4ai),/2»  j|r2-r,|  (3.3a) 

and 

|n®—  tig  |cos20 , 

|  nj?  |  sin20»  sin22fl  .  (3.3b) 

*>BA 


Roughly  speaking,  Eqs.  (3.3)  are  satisfied  if  the  de¬ 
cay  rates  are  much  less  than  the  frequency  separa¬ 
tion  ai m  between  states  A  and  B. 

The  widths  Yca>  Ycb  and  the  positions  aCa  =0> 
o>C4  —0  of  the  resonances  given  in  Eq.  (3.2)  are  ac¬ 
curate  if  (3.3a)  is  satisfied.  Equation  (3.3a)  enables 
one  to  ignore  any  interference  effects  between  the 
two  single-photon  transitions  of  the  DAP. 
Mathematically,  this  assumption  involves  the 
neglect  of  the  Bpca  and  BpcA  terms  in  Eqs.  (2.23d) 
and  (2.23e),  respectively,  which,  in  turn,  implies 
that  Pca  and  pcB  are  decoupled.  Equation  (3.3b), 
on  the  other  hand,  is  the  requirement  that  terms 
involving  pBA  in  Eqs.  (2.23d)— (2.23e)  are  small 
enough  to  be  neglected.  Roughly  speaking  Eq. 
(3.3b)  is  valid  when  (Ti+rj)/®^  « 1.  This  con¬ 
dition  is  not  sufficient  if  two  of  the  dressed-state 
populations  are  equal.  In  this  case  one  of  the  reso¬ 
nances  in  Eq.  (3.2)  disappears,  whereas  in  the  exact 
solution,  the  resonance  does  not  totally  vanish  but 
is  down  in  magnitude  by  a  factor  of  order  T/ou . 


which  is  obtained  by  combining  Eqs.  (4.1)  and  (3.2) 
to  give 


/(A32)= 


Ycb  cos20(n°— ”«) 

Ycb  +o>cB 


I  Yca  sin20(nc—nA) 
Yet  +&CA 


(4.2) 


The  two  resonances  are  Loren tzians  (which  may 
overlap)  having  the  following  properties: 

C-B  transition 

A3J=_YA2i-f  Y(A2i+4aJ),/2  (position) , 

Ycb~Yi\ sin20-fy32cos20  (width), 

cos 29(nl-nB)/YcB  (height) ,  (4.3) 


FIG.  2.  Dressed-state  populations  n°,n%,nc  as  a 
function  of  the  BAP— *  DAP  transformation  angle  6. 

The  BAP  populations  n®,  n°,  and  n®=n £  are  deter¬ 
mined  by  the  incoherent  pumping  and  relaxation  rates.  , 
The  gain  factors  for  the  CA  and  CB  transitions  can  be 
read  directly  from  this  graph.  For  the  case  shown 
(r,=4r2;  «%?:»!]  =  1:2;  1.5),  region  I  corresponds  to 
absorption  for  the  CB  transition  and  gain  for  CA,  region 
II  to  gain  for  both  the  CA  and  CB  transitions,  and  re¬ 
gion  III  to  gain  for  the  CB  transition  and  absorption  for 
CA. 
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C-A  transition 

Aja=—  7A21  —  \ib\i+4a\)'n  (position), 

Yca-Ysi cosj0 + Yu sin2®  (width), 

sin 2&(nc—n°)/YcA  (height) .  (4.4) 

The  dependence  of  the  heights  and  the  nature  (i.e., 
absorption  or  stimulated  emission)  of  the  reso¬ 


nances  on  n®,  tig,  and  tic  is  easily  carried  out  with 
graphs  like  that  shown  in  Fig.  2  which  is  con¬ 
structed  using  Eqs.  (2.24),  (2.25),  and  (3.1).  The 
linewidths  always  remain  below  max(y)2>fti} 
which  implies  that  there  is  no  “power  broadening” 
in  these  spectra. 

One  can  note  some  interesting  limiting  forms  of 
Eq.  (4.2).  If  field  at  is  very  strong  (ct) »  {  A2i  | ) 
such  that  Ocsir/ 4,  then  Eq.  (4.2)  becomes 


/(A»)«j 


Aj  A24-A| 

fT~  r2+r, 


Tj+yzi 


f'j  +  1'21 


T(r3  +  y2|)J  +  (A32+7A2j—  ai)2  7(r3  +  r2|)J  +  (A32+TA21+0|)2 


(4.5) 


which  reveals  two  resonances  of  the  same  amplitude  and  same  width,  centered  at  A32=  ±at  —  \ A21. 
On  the  other  hand,  if  T,-  «at «  |  A2!  | ,  then  0  « 1  and  the  C  —B  resonance  takes  the  form 


f  ( A32  >c«  ^Y}d « 3  —  n  2 )  Jy32  + 

Yn(n°-nl) 


A32- 


2 

<l\ 


Y32  “b  A32 


1  + 


2a?A 


A« 

l"32 


-1 


A2l(l^2  +  A32) 


which  is  a  Lorentzian  with  a  small  AC  Stark  shift. 
If  only  the  nonlinear  part  proportinal  to  a]  is  mon¬ 
itored,  the  C-B  resonance  has  a  dispersionlike 
shape.33 


(4.6) 


plotted  as  a  function  of  A2|.  A  distribution  of  A2t 
is  indicated  schematically  by  the  vertical-hatched 
column;  the  intersection  of  this  hatched  column 
with  the  coA  and  coB  curves  indicates  the  range  of 
allowed  values  for  atA  and  toB  for  this  specific  dis- 


V.  INHOMOGENEOUS  BROADENING 

According  to  (3.2)  the  probe  response  is  negligi¬ 
ble  except  near  the  resonances  <uCa  =0  and  o>ca _f=0. 
The  frequencies  atCgand  aiqt  are  functions  of  A2i> 
A32,  and  <Z|.  Since  A2i  and  A]2  depend  on  the 
atomic  velocity  which  is  determined  by  a  distribu¬ 
tion  function  and  since,  in  principle,  the  value  of 
ai  might  also  be  determined  by  a  distribution  func¬ 
tion,  the  general  resonance  conditions  can  be  satis¬ 
fied  by  one  or  several  atomic  subgroups  in  the  sys¬ 
tem.  In  this  inhomogeneous  broadening  case,  the 
atoms  able  to  satisfy  the  resonance  condition  are 
those  responsible  for  the  probe  response. 

Many  features  of  the  probe  spectra  can  be 
predicted  with  the  aid  of  the  simple  graphical 
analysis  given  in  Fig.  3.  To  use  Fig.  3,  it  is  useful 
to  recall  that  at  eg  —  ^3  and  cdca 

where  ota  is  the  energy  of  dressed  state  |  a)  in  un¬ 
its  of  fi  given  by  the  diagonal  elements  of  the 
Hamiltonian  (2.14).  In  Fig.  3,  a>B  and  atA  are 


FIG.  3.  Dressed-state  frequencies  o»A,  atg,  and  ate  as 
a  function  of  detuning  S3|.  (The  scales  are  in  arbitrary 
frequency  units.)  The  vertical  strip  gives  the  allowed 
values  of  An  for  some  inhomogeneous  distribution.  As 
the  probe  is  tuned,  the  atc  line  moves  vertically  and  its 
intersection  with  the  atA  and  att  curves  gives  the  regions 
of  probe  absorption.  These  regions  are  indicated  by  the 
horizontal  strips  in  the  figure. 
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tribution  of  A2t.  The  probe  frequency  (assumed  to 
be  independent  of  A2i)  appears  as  a  horizontal  line 
on  this  graph  which  moves  vertically  as  the  probe 
frequency  is  varied.  The  intersection  of  oc  =A32 
with  the  allowed  values  of  mA  (or  <oB)  gives  the 
range  over  which  the  resonance  conditions  may  be 
satisfied.  These  regions  are  indicated  by  the 
cross>hatched  zones  of  Fig.  3. 

The  above ^analysis  is  modified  somewhat  if  the 
variation  in  A2)  is  due  to  the  Doppler  effect.34  In 
this  case,  a  distribution  of  (axial)  velocities 

IF(i>)=exp<-u2/u2)/ir1/2u  ,  (5.1) 

where  u  is  the  most  probable  speed,  leads  to  fre¬ 
quencies 

=  —  j(A2i +&|  v) 

~Tt(A2i+*i,,)2+4<li]1/2 > 

(5.2a) 

«a  =  — 7(A2i  +*(«>) 

+  Tt<A21+M)I+4afj,/J,  (5.2b) 

»c=AJ2+fc2u  .  (5.2c) 

For  the  sake  of  definiteness,  we  take  kt  >0  and  k2 
of  arbitrary  sign  [see  Eq.  (2.4)]  which  simply 
corresponds  to  a  choice  of  the  direction  of  the  po¬ 
sitive  z  direction. 

Inhomogeneously  broadened  three-level  systems 
have  been  previously  analyzed  using  a  graphical 
approach.15,17,22  We  recall  some  well-known  re¬ 
sults  and  then  discuss  features  not  emphasized  in 
earlier  works. 

To  construct  a  graph  similar  to  that  in  Fig.  3, 
we  first  define  the  dimensionless  parameters 

x*(A2i+fc|t>)/ai  ,  (5.3) 

iP=A,B,C) .  (5.4) 

In  terms  of  these  parameters  the  quantity 

.  *i 

«c=.v+— x  ,  (5.5) 

*i 

with 


va[A22— (k2/k))A2]]/ai  (5.6) 

is  a  linear  function  of  x  with  slope  of  k2/k\  and  y 
intercept  of  v.  In  Fig.  4,  the  dimensionless  fre¬ 
quencies  <o'A  pig/o'c  are  plotted  versus  x.  For  a 
given  A2i  there  is  a  range  of  x  centered  about 
x  =  A2i/a,  of  width  2k]u/al  which  determines 


the  values  of  coA  and  co'B  present  in  the  system. 
This  range,  which  simply  represents  the  inhomo¬ 
geneous  broadening  in  the  system  owing  to  the 
Doppler  effect,  is  indicated  by  the  vertical  lines  in 
Fig.  4.  The  intersection  of  co'c  with  co'A  and  co‘B  in 
this  region  determines  possible  resonances  of  the 
system  since  it  corresponds  to  <oCB  =0  or  coCA  =0. 
As  A32  is  tuned,  the  co'c  curve  moves  vertically  and 
scans  all  possible  resonances.  The  factors  cos2#, 
sin2#,  «c,  nB>  and  nA  which  appear  as  weight  fac¬ 
tors  for  the  resonances  [see  Eq.  (3.2)]  may  be  ob¬ 
tained  from  Fig.  5. 

The  velocity  averaging  is  easily  performed  by 
noticing  that  for  Yap«  \“>aff\  one  can  write 


1 

Yes  +i&cB 


1 

cues 


-S(v-ucs) , 


(5.7) 


| bcocB /dv  I,, 


where  coCb(vcb)=0  and  |  dcoCB/dv  |  9&O  (vCB 

is  a  simple  zero  of  coCB).  In  the  case  k2 /k ,  >  0 
(depicted  in  Fig.  4)  the  probe  absorption  is  simply 


FIG.  4.  A  curve  similar  to  Fig.  3  in  which  the 
dressed-state  frequencies  co'A,  <u»,  co'c  (in  units  of  ai)  are 
plotted  as  a  function  of  vetocity  through  the  parameter 
x  =(A2,+kia)/o|.  Since  co'c  varies  linearly  with  v  and,  , 
consequently,  also  linearly  with  x;  the  curve  co'c{x)  is  a 
straight  line  of  slope  k2/k ,  and  at'  intercept 
v=IAjj— (kj/kJAjiJ/a!.  The  range  of  allowed  x,  indi¬ 
cated  by  the  heavy  portions  of  the  o>'A  and  a>'B  curves,  is 
centered  at  Ajt/ai  and  has  a  width  determined  by  the 
Doppler  distribution,  which,  in  this  case,  is  the  inhomo¬ 
geneous  broadening  mechanism.  Tuning  the  probe 
corresponds  to  a  vertical  displacement  of  the  a>c  curve. 
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*t 

1 3 eo'at  /&x  | 

*-*CA 

where  the  dimensionless  velocity  parameter  x,  Eq. 
(5J),  has  been  introduced. 

Equation  (5.8)  together  with  Figs.  4  and  5  can  be 
used  to  obtain  some  qualitative  features  of  the 
probe  spectrum.  One  first  determines  the  allowed 
range  of  x  contributing  to  the  spectrum.  Using 
Eq.  (5.3)  and  the  fact  that  1 1>  |  <  u  it  is  seen  that  x 
mint  fall  within  the  range  defined  by 


This  range  of  x,  centered  at  A2|/a,  with  width  of 
order  2k\u/at,  is  indicated  schematically  by  the 
heavy  portions  of  co'A  and  <o'B  curves  in  Fig.  4. 
Having  found  the  allowed  range  of  x,  one  then 
proceeds  as  follows. 

(1)  The  line  eo'c(x)  [Eq.  (5.5)]  is  drawn  for  each 
value  of  A 32  (or,  equivalently  v)  to  determine  the 
position,  if  any,  of  resonances  x  =xC4(v)  or 

x  —Xcg(v)  for  which  co'c-co'A  or  oj'c~co'b,  respec¬ 
tively.  Notice  that  a  variation  of  v,  which 
corresponds  to  varying  the  probe  frequency,  is 
represented  in  Fig.  4  by  a  vertical  translation  of 
the  o>c  line. 

(2)  At  any  resonance  positions  x^lv),  xCB(v), 

the  corresponding  weight  functions  cos,1 6,  sin20, 
«c~ "a  and  n°—nA  are  read  off  of  Fig.  5,  and  the 
velocity  distribution  —  A2t)//c , ]  is  evaluat¬ 

ed  at  x  =Xca  or  x  —xCB- 

(3)  The  final  factor  contributing  in  Eq.  (5.8), 


3a>Cq  d(o'c—  <o'a) 

dx  Ax 

is  the  difference  in  slopes  between  the  co'c  and  o>a 
curves  at  the  resonance  positions.  Using  the  above 
steps,  one  can  construct  the  probe  spectrum  for 
various  values  of  the  parameters  a,,  k2/kx  and 
Aji- 

For  positive  slope  [k2/h |  >0]  of  co'c(x),  it  is  ob¬ 
vious  from  Fig.  4  that  there  always  exists  some 
values  of  v  (i.e.,  probe  detunings  A}2)  leading  to  CA 
and  CB  resonances.  For  k2  negative  (recall  that  we 
have  arbitrarily  taken  fc  t  >  0),  both  resonances  still 
occur  if  k2(k\  +k2)>0  (magnitude  of  the  slope  of 
m'c  greater  than  the  magnitude  of  the  slopes  of  the 


(a=A,B) , 


(5.8) 

I - 

asymptotes  of  the  co'B  and  co‘A  curves).  On  the  oth¬ 
er  hand,  if  k2(k2  +  fc2)<0,  o>ca  resonances  are  pos¬ 
sible  only  if  v>0  and  a>at  resonances  only  if  v<0. 
There  is  a  range  of  v 

v2£>£=4|*2<*i+*2>|/*i  (5-10) 

for  which  no  resonances  are  possible  and  no  probe 
absorption  occurs. 

Figures  6—9  illustrate  the  various  cases.  In  Fig. 
6  we  have  graphed  o'C4(x,v)=0  and  <ucfl(jc,v)=0 
for  the  case  k2  >  0.  As  discussed  above,  for  each 
value  of  x,  there  is  one  value  of  v  for  which 
co at  =0  and  one  for  which  coCB  =0.  By  mapping 
out  a  horizontal  strip  giving  the  range  of  allowed  x 
and  projecting  the  intersection  of  this  strip  with 
the  eo'at  =0  and  co'CB  =0  curves  onto  the  v  axis,  one 
obtains  the  range  of  v=[A32— (fc2/fc,  )A21]/a,  for 
which  significant  probe  absorption  occurs. 

IffcIt/»a)  and  |  A21 1  <k,u,  then  x  is  cen¬ 
tered  at  A2t/ai  and  the  strip  of  allowed  x  has  a 
large  width  2k,u/at »  1  which  always  includes 
x  =0.  In  this  case  there  is  a  wide  range  of  v  for 
which  resonances  occur  as  shown  in  Fig.  7(a).  The 
CA  and  CB  resonances  overlap,  leading  to  the  typi¬ 
cal  probe  spectrum  shown  in  Fig.  7(a).  For  this 
case,  the  probe  spectrum  is  given  by  (see  Appendix 
C) 


FIG.  5.  Curves  which  give  the  weight  factors  sin*®, 
cos1^,  (a=A,B,C)  as  a  function  of  x.  In  the  exam¬ 
ple  shown,  we  have  taken  n ?:«  j:«S  =  1:2:2. 1  and 
r,Tj=3.1. 
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,  V,/2  A3I  .  A32  +  A21  /.  , 

/(A-larifcU<ip  -  tt+xt*7  /4“ 


X  <«!-n5>+4rr-("2-»i) 


1*2  '  *.+*2  J '  "  j 

I  *2 1  (<|q_hq. _ afotr _ 

r2*l  2  1^32  — <*2^*1  ^2|]2  +  >^(ja|/r,r2 


J  Ar 2  |  |*,+*2|  " 

y«ff=r,-V-L+rI  L  ^  21  .  (5.12 

*1  #C| 

It  consists  of  a  broad  background  term  representing  linear  absorption  plus  a  strongly  power-broadened 
L'rentzian  of  width  Oity^r/r i r2 ) 1  >r2.  Although  the  (ocb  and  act  terms  are  not  thonselves  Lorentzian, 
their  sum  is.  Equation  (5.1 1)  may  be  obtained  from  Eq.  (24)  of  Ref.  13  in  the  limit  of  large  a]. 

For  large  detimings,  |  A2i  |  >>ai,fci«,  the  situation  is  depicted  in  Fig.  7b.  The  coCg  and  coca  resonances 
are  now  nonoverlapping,  leading  to  the  spectrum  shown.  In  this  limit 


A32 — r  h*2U  > 

A2I 


0)ca  —  Aj2  +  A2,4-— —  +  (Ari  -t-/c2)u  , 

An 


and  cos20«l,  Kca  =y32.  Yca  ~Yu-  The  resulting  spectrum  is  the  sum  of  two  Voigt  profiles 


(5.13a) 

(5.13b) 


/(A  )  w7~w° A32— «i/A2[-f /y32  a |  fij  —  fti  A32  +  A2i+af/A2i-K'y3l 

I  *2  I  *2  |  *2  I  P  A||  |*l+*2|t<  1  l*l+*2|u 


where  Z,  is  the  imaginary  part  of  the  plasma-dispersion  function.35  The  spectral  components  are  Gaussians 
if  the  arguments  of  Z/  have  magnitude  much  less  than  unity  and  Lorentzians  in  the  opposite  limit. 

For  large  intensities,  |  a,  |  >>  |  A2i  |  ,/c(u,  the  situation  is  depicted  in  Fig.  7c.  In  this  limit  both  the  cen¬ 
tral  value  and  the  range  of  x  is  much  less  than  unity;  the  resulting  spectrum  arises  from  nonoverlapping  CA 
and  CB  resonances.  For  this  case  we  have 


®C«— Aj2+  7 A21  — (*!  +  *2  +  y*|--^-*i  , 

W|  o OT| 

®G<=!!Aj2+7A21-t-a1  +  *2  +  7*i  +  -£^-*i  P-F-— , 

W|  oCt\ 

$in20sscosJ0«7,  and  Ycb  ~Yca  sb7(>'3i  +  >'32)-  Two  (nearly)  symmetric  resonances  appear  at 
A 32=  —  7A2i±0|  and  the  spectrum  is  the  sum  of  two  Voigt  profiles 


(5.15a) 

(5.15b) 


/(A,2)=t 


A3  A2+A| 

1 

7 

&n+T&2\—a\+iYcii 
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FIG.  6.  Curves  representing  the  resonance  conditions 
®C4<*.v)=0  and  <dc»(x, v)=0  for  the  case  kt  >0.  For  a 
range  of  allowed  x  determined  by  the  detuning  (A2,/ai) 
and  Doppler  width  (Jc,i</a|),  one  can  find  the  regions 
of  probe  detuning  (v)  for  which  absorption  can  occur. 
Conversely,  for  any  value  of  probe  detuning  v,  one  can 
determine  whether  or  not  any  resonant  velocity  subset 
(x)  can  contribute  to  the  signal.  When  fc2  >  0,  there  ex¬ 
ists,  for  each  value  of  v,  values  of  x  for  which  both 
<»cj  =0  and  oi'cg  =0. 

which  are  approximately  Gaussians  if  the  magni¬ 
tude  of  the  arguments  of  the  Z/  functions  are 
much  less  than  unity.  [In  arriving  at  Eq.  (5.16), 
we  neglected  the  small  (A21+/cfu2)/8a,  terms  in 
Eq.  (5.15}.] 

The  analysis  is  virtually  unchanged  if  k2  <0  and 
fcj(fc,  +fc2)> 0-  The  a'A,  o)’B  curves  of  Fig.  6  are 
rotated  by  90*  about  the  origin,  but  the  same  type 
of  resonance  conditions  occur.  If  fc,u  >>a,  and 
|  A21 1  <*iu,  Eqs.  (5.1 1)  and  (5.12)  are  still  valid; 
Yeft  is  now  smaller  than  in  the  copropagating  case 
owing  to  some  Doppler-phase  cancellation.  Equa¬ 
tions  (5.14)  and  (5.16)  remain  valid  for  the  large 
detuning  and  intense  field  limits.  It  is  now  possi¬ 
ble,  however,  to  have  a  narrow  resonance  in  the 
large  detuning  case,  provided  that  k2~—kt.i6 

The  remaining  case  k2[k\  +&2)< 0  is  represent¬ 
ed  in  Fig.  8.  As  discussed  above,  there  is  a  range 
of  detunings  v  (v2  <  v2,)  for  which  no  resonance 
values  of  x  may  be  found.  For  v>  v„  two  values 
of  x  correspond  to  the  coCs  resonance  and,  for 
v<  —v„,  two  values  of  x  correspond  to  the  o>CA 
resonance.  The'spectrum  for  the  case  k\u  »a,, 

|  A2i  |  <k\U  is  shown  in  Fig.  9(a).  For  any 
j  v  |  >  vcr,  there  are  two  velocity  subgroups  of 
atoms  which  contribute  independently  to  the  probe 
spectrum  except  in  a  region  of  width  »  F  near 
j  v  |  =  v„  where  both  contributions  overlap.  It  is 
just  this  overlap  region  which  gives  rise  to  the  non- 
power  broadened  resonances  shown  in  Fig.  9(a). 

As  derived  in  Appendix  C,  the  spectrum  for  this 
CMe(|v|  >vcr)i» 


FIG.  7.  Typical  probe-absorption  spectra  (in  arbitrary 
units)  for  the  case  fc2=0.6k,  >0  in  the  three  limits  (a) 
k,u  »a i,  k,u  >  |  A2i  | ,  (b)  |  A2I  |  »0|,  k|«,  and  (c) 
a,»  k,u,  |  A2|  | .  In  drawing  these  curves,  we  have 
taken  n1:n2:n  j  =  1:3:4  and  T|  =  r2«0|.  In  (a),  Aji=0 
and  ktu  =  10at;  in  (b),  A2,  =  10a,  and  k,u  =a,;  in  (c), 
A2,  =  k|«  =0.  la,.  The  inserts  are  curves  analogous  to 
Fig.  6  and  indicate  the  resonant-velocity  subgroups 
which  contribute  to  the  probe  absorption  at  a  given 
value  of  v. 
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(5.17) 


The  large  detuning  and  large  field  intensity  lim¬ 
its  are  depicted  in  Figs.  9(b)  and  9(c),  respectively. 
Equations  (5.14)  and  (5.16)  may  still  be  used  to 
describe  these  profiles.  For  the  intense  field  case,  a 
narrow  resonance  occurs  if  k2~—kx/l. 

The  Doppler-free  nature  of  the  narrow  reso¬ 
nances  which  may  occur  when  al»k,u  or 
I  A2t  |  »k,u,  a,  arises  from  a  cancellation  of 
Doppler  phases.  All  atoms  contribute  equally  to 
these  resonances;  this  feature  is  easily  seen  in  Fig. 

4.  If  a i »  k\ u,  the  range  of  allowed  values  of  x 
narrows  considerably  and  the  heavy  portions  of  the 
(o'A  and  (oB  curves  reduce  to  points.  If  the  toc 
curve  is  tangent  to  the  eoA  or  co'B  curves  at  these 
points,  then  all  atoms  contribute  to  the  resonance. 
This  condition  is 

k2  i  i  A2i 

IT— a*iuS53P»  <5"“ 

leading  to  narrow  resonances  centered  at 

A3i=-jA11±j(Ai1+4a?)'/J,  (5.19) 

where  the  upper  (lower)  signs  refer  to  the  a>'c  =o)‘a 
lto'c=<0A)  resonance.  If  |  A2,  |  »kiu,al,  the  al- 
lowed  x  values  are  located  on  the  asymptotes  of 


FIO.  8.  Resonance  conditions  a>c<(.x(v)=0  and 
®e»(x,v)=0  for  the  case  —kx  <k}  <0.  There  is  now  a 
range  of  |  v  |  <  va  for  which  there  are  no  resonant- 
velocity  groups  of  atoms. 


FIO.  9.  Probe-absorption  spectra  for  the  case 
k2/kx  =  —0.6,  but  otherwise  the  same  conditions  as  in 
Fig.  7.  Note  that,  owing  to  Doppler-phase  cancellation, 
the  resonances  are  narrower  than  those  in  the 
corresponding  spectra  of  Fig.  7. 
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the  o>'A  and  co‘a  carves.  By  having  k2  =  —ku  the 
tt'c  curve  coincides  with  these  asymptotes  so  that 
aU  atoms  once  again  contribute.  Since  the  reso¬ 
nance  condition  is  the  same  for  all  the  atoms,  the 
resulting  resonance  is  narrow. 

On  the  other  hand,  when  at  «ktu,  |  A2i  |  <ktu 
only  a  limited  velocity  subset  of  atoms,  determined 
by  the  pump  intensity  and  detuning  (i.e., 

|  k,v  +  Aji  |  <ai),  contribute  to  the  probe  absorp¬ 
tion.  The  resulting  linewidths  are  smaller  than  the 
Doppler  width,  reflecting  the  narrower  range  of 
contributing  velocity  groups. 


VI.  EXTENSIONS  OF  THE  DAP  APPROACH 

The  DAP  allows  one  to  gain  physical  insight 
into  problems  involving  more  complicated  atom- 
field  interactions.  The  dressed-energy  levels  of  a 
multilevel  atom  can  be  solved  exactly  or  approxi¬ 
mately.  The  weight  factors  of  the  spectra  which 
involve  elements  of  the  transformation  matrix 
from  the  bare  to  dressed  picture  are  generally  more 
difficult  to  obtain.  For  dressed-energy-level 
separations  much  greater  than  the  natural  widths 
of  the  levels,  a  rate-type  solution  to  the  DAP  equa¬ 
tions  may  be  used.  In  this  section,  some  features  of 
a  four-level  problem  and  a  three-level  problem  in¬ 
volving  a  standing-wave  pump  field  are  discussed. 
In  Sec.  VII  some  aspects  of  coherent  transients  are 
examined  using  the  DAP  formalism. 


A.  Strongly  coupled 
three-level  *y«emIJ■ll•,*•57“4, 

We  first  consider  a  three-level  system  in  which 
one  must  now  diagonalize  the  complete  Hamiltoni¬ 
an.  The  eigenvalue  equation 

<u(<» + A2i  )(<u — A)2> — a|(<u + A2 1 ) 

— a\(a — A32)— 0  (6.1) 

always  has  thrce  real  roots  coa  (a=A,B,C).  Equa¬ 
tions  (2.23)  now  take  the  form 

fiaa  “  Aa  ^ aPaa  *  (6.2a) 

*,# 

Pafi~ hat-(Yafi+i{l>afi)Pafi+2Rafi;otPol  > 

(6.2b) 

where  the  coefficients  are  functions  of  the  transfor¬ 
mation  matrix  elements  (i  |a).  The  coupling 


coefficients  RaBai  are  all  proportional  to  differ¬ 
ences  between  decay  rates  Ty.  The  uag=(oa~<i)B 
are  the  frequency  separations  between  the  dressed 
states.  If  |  o)ag\  »  T/,  the  off-diagonal  density- 
matrix  elements  are  small  and  an  approximate 
solution  to  Eqs.  (6.2)  is 


?„=Aa/Ta=n°a 


~0 


-1 


(6.3a) 

(6.3b) 


Transforming  back  to  the  coordinate  system  |  i ) 
we  obtain  the  observables  pM,  p2i»  or  Pn-  the 
special  case  when  all  Ps  are  equal  (r(=y),  the 
coupling  coefficients  Rap.oi  vanish,  and  the  exact 
solution  is  simply 

pL=\a/Y ,  (6.4a) 

p2/j= Aa£/(y+/<ua/j) .  (6.4b) 

In  this  limit,  the  absorption  spectrum  for  field  a2 
is 

...  1  T-  Oap<3|g)(j3|2)Ang 

/(A32) —  ^  2  ,  2  » 

a2  a,/?  7 

(6.5) 

where  Aa  and  o)aa=0.  Once  the  transforma¬ 

tion  matrix  elements  are  known  this  formula  is 
useful  for  analyzing  the  strong-field  absorption  (cf. 
the  corresponding  rather  lengthy  expression  of  the 
BAP).  The  solution  is  more  complicated  when  in¬ 
terlevel  relaxation  is  allowed  or  the  decay  rates 
differ  greatly.  Then  the  spectrum  must  be  ob¬ 
tained  using  Eq.  (6.2)  or  (6.3)  together  with  the 
transformation  back  to  the  BAP. 


B.  Four-level  systems4*-44 

As  shown  previously,  the  DAP  is  especially 
transparent  when  one  of  the  fields  is  weak  and  the 
strongly  coupled  part  satisfies  the  rate-type  solu¬ 
tion.  This  result  can  be  applied  to  a  four-level  sys¬ 
tem  in  which  levels  1,2,3  are  strongly  coupled  by 
fields  O]  and  a2  and  one  of  these  levels  is  weakly 
coupled  by  a  probe  field  to  level  4.  The  cor¬ 
responding  dressed  states  are  labeled  A,B,C,D 
where  D  is  the  weakly  coupled  state.  To  obtain  the 
resonance  positions  we  have  to  solve  Eq.  (6.1).  A 
graphical  solution  is  shown  in  Fig.  10  for  fixed  a2 
as  a  function  of  at.  Whenever  <up=G>0  (a=A,B,C) 
a  probe  resonance  results.  A  rate-type  solution  ob¬ 
viously  requires  that  the  anticrossing  in  Fig.  10  is 
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FIG.  10.  Drcssed-atom  frequencies  as  a  function  of 
di  for  a2=l,  A2i  =  1,  and  AJ2=3  (all  frequencies  are  in 
arbitrary  units  and  it  is  assumed  that  all  relaxation 
parameters  have  values  much  less  than  one  in  these  un¬ 
its).  The  horizontal  broken  lines  give  the  dressed-atom 
frequencies  when  a(=0.  For  a  fixed  oi,  there  are  gen¬ 
erally  three  possible  probe  resonances  as  the  probe  fre¬ 
quency  6)D=AD  is  varied.  For  a} =4,  these  positions 
are  indicated  by  the  points  R,  S,  and  T. 
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FIG.  11.  A  classification  of  the  atom-field  interac¬ 
tions  for  four-level  systems  in  both  the  BAP  and  DAP. 
The  BAP  interpretation,  valid  only  to  lowest  orders  in 
the  fields,  is  (a)  stepwise  absorption  of  a,,  a*  or 3,  (£>,) 
two-photon  absorption  of  a,  and  a2  followed  by  absorp¬ 
tion  of  ct},  (b2)  absorption  of  a,  followed  by  two-photon 
absorption  of  a2  and  a2,  and  (c)  three-photon  absorption 
of  a,,  a 2,  and  a3.  In  the  DAP,  valid  at  any  field  inten¬ 
sities,  there  are  three,  single-photon  processes  which 
contribute  to  the  absorption.  For  intense  fields  a!  and 
a2  the  single-photon  processes  do  not  interfere. 


large  compared  to  relaxation  rates. 

If  Doppler  broadening  is  present  one  may  ask 
whether  a  splitting  similar  to  the  one  appearing  in 
three-level  systems  with  k2(kt  +k2)<0  also  occurs 
in  four-level  systems.  In  three-level  systems,  the 
splitting  shown  in  Fig.  9  is  caused  by  the  absence 
of  resonant-velocity  subgroups  of  atoms  over  a 
range  of  probe  detunings.  In  a  four-level  system,  a 
resonance  occurs  when  =Ap  +feDu  is  equal  to 
any  of  the  solutions  cojiv)  of  Eq.  (6.1).  Using  the 
Doppler-shifted  values  of  all  the  detunings  A tj  and 
substituting  <oD  for  a  in  Eq.  (6.1),  one  obtains  a 
cubic  equation  for  v  which  always  has  at  least  one 
real  root.45  This  result  implies  that  there  is  always 
at  least  one  resonant-velocity  subgroup  for  all 
probe  detunings  of  the  four-level  system.  Thus, 
the  mechanism  operative  in  three-level  systems 
leading  to  the  split  spectrum  of  Fig.  9  cannot  oc¬ 
cur  here.  The  details  of  the  probe  spectrum  may 


depend  on  the  number  of  resonant  velocity  sub¬ 
groups  contributing  (i.e.,  one  or  three),  but  this 
feature  has  yet  to  be  investigated.  (Notice  that  in  a 
five-level  system,  the  qusutic  eigenvalue  equation 
can  have  0,  2,  or  4  real  roots.  The  absence  of  real 
roots  signals  a  splitting  effect  similar  to  that 
shown  in  Fig.  9.) 

A  comparison  between  the  BAP  and  DAP  pic¬ 
tures  for  a  four-level  system  is  shown  in  Fig.  1 1  in 
which  the  probe  acts  between  levels  3  and  4.  The 
BAP  nomenclature  is  valid  in  the  small-intensity 
limit  only.  Note  that  the  processes  a  and  bx  have 
the  same  resonance  condition  (A43=0)  and  provide 
two  interfering  channels  for  this  resonance.  The 
DAP  consists  of  three  noninterfering  single-photon 
transitions  allowing  for  a  very  simple  physical  in¬ 
terpretation. 

In  some  special  cases,  Eq.  (6.1)  is  easily  solved, 

eg-. 


(i)  Ajj— Aj2=0;  6>b—  0» 

(ii)  Aji  =  Aj2,ai=a|;  (Oa,c~  ±(^21  0; 

(iii)  A21  =  —  Aj2,G|  =af;  <u^,c— —  T^2i ±7(^21 +  8ai)1/2.  <a>g=—  A21  . 

As  an  example  let  us  consider  the  case  (ii)  in  which  a|=a2=a.  The  transformation  is  now 


M>=7  1-tt-  |1>  +  7T-|2>+T  [h-tt-  |3>. 
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|*)-<a|l)+Zu|2)-a|3»/nJi  . 


io-I 


1  + 


Q21 


»>-£■!»+{ 


1- 


&21 


|3>  , 


(6.6b) 

(6.6c) 


where  £l*=(A|i+2a2)l/2,  6)^=0*,  aa=0,  and  <ac  =  —  ft*.  If  the  probe  couples  levels  4  and  2  (coD  =  A^), 
if  all  the  p’s  are  equal  and  if  only  level  4  is  initially  populated  the  response  is  simply 

a2  ^21  a1 


p2+(A42— fl*)2  J^+A^  y2+(A42+nj|)2 


The  absorption  spectrum  consists  of  three  Loren tzians. 19 
Equation  (6.7)  is  applicable  to  the  level  scheme  in  Fig.  12  (fcj  =  — &2  =  lcD  =  k)  for  which 

A21  =  A2J  +  fa;  (A2|=<t>2|— ft))  »  Aj2=— A2i  +  fcu,  A4I=  —  A24  —  kl)  (A24  =  C>24—(32)  . 
If  A2i=0,  the  conditions  for  (6.7)  are  satisfied  (A32= A2i  =&>,  a,  =aj=aJ)  and  we  get 

„2 


/(A24)= 


«Sr 


(*V+2a2) 


p2+tA24+fc«  +  (k2t>2+2a2)I/2]2 

+ _ ^ _ + - _ 

rI+(A24+fa>)2  j'2+(A24+to>  —  (k*v2+2a2),/2]2 

The  velocity-averaged  probe-absorption  spectrum  (assuming  ku  »  y)  is  given  by 

*|4 


/(Ai4)=, 


„0  l/2 
H41T 

ku 


-exp 


2..  2 


k2u 


(6.7) 


(6.8) 


(6.9) 


There  is  no  narrow  structure  in  the  spectrum.  The  result  should  be  contrasted  with  the  structure  obtained 
when  a  standing-wave  saturator  is  used  (see  Fig.  12  and  the  discussion  below). 


FIG.  12.  (a)  A  four-level  scheme  in  which  levels  1,3,4 
are  degenerate  levels  of  a  J  =  l  state  while  level  2  is  a 
J  -»0  state.  The  strong  fields  counterpropagate,  are  cir¬ 
cularly  polarized,  and  are  resonantly  tuned  (A2i=0). 

The  probe  field  is  v  polarized  and  acta  mi  the  2-4  transi¬ 
tion.  The  probe  absorption  spectrum  I  for  this  case  is 
flat,  (b)  For  comparison,  the  probe-absorption  spectrum 
for  a  three-level  system  with  a  standing-wave  saturator 
ia  shown  (see  Ref.  S3). 


C.  Standing-wave  saturator 
(two-mode  pump)46-59 

As  is  well  known,  the  interpretation  of  the  spec¬ 
tra  obtained  with  a  standing-wave  (SW)  saturator  is 
considerably  more  complicated  than  the  running- 
wave  case.46-53  Similar  difficulties  are  encoun¬ 
tered  when  the  saturator  is  composed  of  two 
running-wave  fields  having  different  frequen¬ 
cies.54-59  The  question  arises  as  to  whether  or  not 
the  DAP  offers  any  simplifications. 

In  the  rotating-wave  approximation  the  equation 
of  motion  of  the  density-matrix  retains  a  periodic 
time  dependence  owing  to  the  beat  frequency 
6 =(12—11!  between  the  two  saturator  modes;  in 
the  SW  case,  this  beat  frequency  is  twice  the 
Doppler  shift,  6= 2fc,i>.  According  to  the  Floquet  , 
theorem,54  the  stationary  solution  to  the  system 
contains  Fourier  components  with  frequencies 

(n  =0,±1,...),  where  o>A  and 
<oB  are  functions  of  the  mode  amplitudes  and  de¬ 
tunings  and  are  chosen  such  that  |  o)Aa  |  <  1 6 1 . 
These  frequencies  are  related  to  the  eigenfrequen- 
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des  of  the  DAP.  The  states  1 1,«  j  ,«2 )  and 
1 )  are  nearly  degenerate  if 

i*i+«2=mi +w2  + 1  ■ 

where  nt  and  mt  ait  the  number  of  photons  in 
mode  I  and  we  have  assumed  o>2i  >  0.  For  a  fixed 
total  number  of  photons  N  there  is  an  “infinite” 
(=s2xiV)  number  of  bar  e-atom  states  which  must 
be  diagonalized.  The  diagonaiization,  which  can 
be  performed  using  continued  fractions,  is  not  done 
here.  Instead  we  concentrate  on  some  qualitative 
aspects  of  the  problem. 

If  the  mode  spacing  8  is  fixed,  a  rate-type  solu¬ 
tion  in  the  DAP  is  valid  provided  that  both 
1 8— |  » y  and  co^  »  y  ~coB  -mA  > 0). 
Similarly  to  the  running-wave  case,  probe  reso¬ 
nances  are  found  when  eoc~o)AB  +nb,  where  to- 
corresponds  to  the  probe  detuning  (recall  that  the 
probe  couples  to  a  third,  unperturbed  level).  The 
heights  of  the  various  peaks  generally  depend  in  a 
complicated  way  on  the  detunings  and  amplitudes 
of  the  saturator  modes. 

For  a  SW  saturator  the  beat  frequency  &=2kxv 
is  velocity  dependent.  Difficulties  arise  since,  for 
slow  enough  atoms,  the  energy  levels  in  the  DAP 
form  a  quasicontinuum.  Thus  a  rate-type  solution 
for  the  DAP  is  clearly  not  applicable  for 
1 2/cjO  |  <y.  This  region  must  be  described  by  oth¬ 
er  approximations.  For  instance,  in  the  limit 
o— >0,  the  atoms  are  stationary  and  the  probe 
response  is  readily  calculated.52 

Some  qualitative  understanding  of  the  SW  prob¬ 
lem  is  obtained  by  constructing  DAP  energy-level 
diagrams  similar  to  those  of  the  running-wave  case 
(see  Fig.  4).  Two  examples  are  shown  in  Figs.  13 
and  14. 

In  Fig.  13,  we  display  the  dressed-energy  levels 
as  a  function  of  kxu  for  a  SW  saturator  with  de¬ 
tuning  |  Aj|  |  >a.  The  standing  wave  consists  of 
two  running-wave  components  labeled  by 
(a+,  k+ =ki  >0)  and  (a_,  k_  =  — ki).  In  the  re¬ 
gion  fc|U  «  —y  (assuming  A2!  >0),  we  can,  to  a 
first  approximation,  use  the  unperturbed  energy 
levels  to A  B  associated  with  the  running  wave  a+ 
since  the  Wave  a_  is  strongly  detuned  and  acts 
only  as  a  perturbation  in  the  region  kxv  «  —y. 
The  dressed-level  frequencies  associated  with  the 
a+  wave  are  given  by  [see  Eq.  (5.2)] 

— ■2(A2i+k|t>) 

+  T[(A2|+*iu)3+4a+]1/2+2«fc,u  . 

(6.10) 


FIG.  13.  Dressed-state  frequencies  m'A(n)=*b>'A 
+  2nkxv/a,  {o'B(n)~(o'g  +2nk iv /a,  and 
a,c=(Aj2+kji))/a  (k2~— k\)  as  a  function  of  k,v  for  a 
large-field  detuning  |  A2)  |  »  y.  Values  for  ft  are  given 
by  the  integers  labeling  each  curve.  All  frequencies  are 
expressed  in  units  of  a;  the  detunings  are  A2j/a  =  10 
and  Aj2/a— —  1.  In  the  range  y<  |  kt i>  |  <  )  A2J  | ,  the 
frequencies  &>^(n)  and  <oB(n)  are  approximately  given  by 
<oA(n)—  — A2j+  |  k,v  |  +2 nkxv  and  toB(n )=2nkxv.  The 
diagram  may  be  used  to  determine  resonance  conditions 
in  regions  I  and  III,  but  not  in  region  II  where  the  rate- 
type  solutions  of  the  DAP  break  down.  Resonant- 
velocity  groups  are  determined  by  the  intercept  of  the 
6>c  curve  with  the  curves  co'A:B(n).  In  the  example 
shown,  the  major  contributions  to  the  probe  response  ar¬ 
ise  from  the  crossings  denoted  by  the  large  dots  (see  Fig. 
4  Of  Ref.  53). 

Equation  (6.10)  is  not  strictly  applicable  at  any 
value  of  k|U  where  two  of  the  eigenfrequencies  are 
degenerate.  At  such  points,  we  must  use  degen¬ 
erate  perturbation  theory:  the  net  result  is  that  the 
crossings  are  transformed  into  anticrossings  owing 
to  the  action  of  the  saturator  mode  a_.  The  ener¬ 
gy  levels  are  sketched  in  Fig.  13. 

In  the  region  klv»y,  the  roles  of  a+  and  a_ 
are  interchanged;  the  corresponding  dressed-level 
frequencies  are  given  by  Eq.  (6.10)  with  the  re¬ 
placement  of  k |  by  —k |  and  a+  by  a_. 

In  the  intermediate  region  —  y<kxv  <y,  the 
rate-type  solution  of  DAP  fails.  There  one  may,  as 
a  first  approximation,  use  the  results  valid  for 
u  =0  discussed  in  Sec.  IV  modified  to  incorporate 
the  standing-wave  nature  of  the  saturator.  In  this 
region  Eq.  (6.10)  is  replaced  by 

«^=J-|A2l  +  |[AlI+4a(z)2]^, 


(6.11) 


2683 


25  COMPARISON  BETWEEN  DRESSED-ATOM  AND  BARE-A'  \*A  . . . 


where 

<*(z)=  |a+<~tt,*+a_ett|*|  .  (6.12) 

The  inhomogeneity  in  owing  to  the  z  depen* 
dence  of  a(z),  can  be  treated  by  the  methods  out* 
lined  at  the  beginning  of  Sec.  V. 

Tuning  the  probe  corresponds  to  moving  the  line 
«c=Aj2+^2u  vertically.  For  each  value  of  A32 
there  exists  an  infinite  number  of  resonant  sub¬ 
groups  t>  satisfying  the  condition  (oc(v)=(oA^(v,n). 
Whether  these  resonance  subgroups  really  manifest 
themselves  in  the  probe  absorption  depends  on  the 
magnitude  of  the  various  weight  factors  derived 
from  the  BAP— *DAP  transformation.  For  exam¬ 
ple,  in  the  case  shown  in  Fig.  13,  the  two  major 
resonant-velocity  subgroups  are  determined  at  the 
intersection  parts  of  the  (o‘c  and  dressed  states 
shown  in  the  figure.  For  other  detunings,  one  can 
map  out  the  contributing  resonant-velocity  sub¬ 
groups  and  obtain  qualitative  agreement  with  the 
numerically  calculated  curves  of  Fig.  4  of  Ref.  33. 

Figure  14  represents  the  case  of  a  resonantly 
tuned  SW  saturator  (a+—a_=a)  for  which  the 
exact  DAP  energy  levels  are  given  by46-59 

6>A,i(n)=nk,v 

o>Ain)—  —  |kju  |  +2nfc,o  ,  (oB(n)—2nk\v  . 

The  method  for  determining  possible  resonant- 
velocity  subgroups  remains  the  same.  It  should  be 
stressed  that  this  method  indicates  the  positions  of 
possible  resonant  structure.  The  determination  of 


FIG.  14.  A  diagram  corresponding  to  Fig.  13  for  a 
resonantly  tuned  (A2I=0),  standing-wave  saturator.  In 
this  case,  the  exact  dressed-level  frequencies  are  given  by 
o>AlB(n)=nklv/a  [a >A{n)=—  |k|U  |  +2nfcl»; 
0}B{n)=2nktv).  We  have  chosen  a  probe  with  detuning 
Ajj/a=  —5  and  propagation  vector  kj^k,  such  that 
<uc=s  —  5  +  fc|0/a.  Some  of  the  resonant-velocity  groups 
indicated  by  the  arrows  manifest  themselves  as  distinct 
peaks  in  the  velocity-dependent  probe  response  (see  Fig. 

2  of  Ref.  53). 


the  weights  associated  with  these  resonances  rep¬ 
resents  a  much  more  complicated  problem.46-59 
The  striking  difference  in  probe  response  for  run¬ 
ning-  and  standing-wave  saturators  is  illustrated  in 
Fig.  12.  The  structure  observed  in  Fig.  12(b)  has 
its  origin  in  the  various  harmonics  which  enter 
when  a  standing-wave  saturator  is  used  (but  are  ab¬ 
sent  for  traveling-wave  saturators). 


VII.  DAP  TRANSIENTS 
A.  Two-level  system 

The  steady-state  spectra  have  been  given  a  simple  physical  interpretation  using  the  DAP.  It  is  interesting 
to  study  also  transient  behavior  using  the  DAP.60  For  simplicity  we  assume  that  r2  =  rI=y  in  which  case 
the  DAP  equation  of  motion  for  the  AB  system  is  simply 

Paa=^a  -~YPaa  »  (7.1a) 

Pu=Am-YPbb  ,  (7.1b) 

PBA^^BA—  •  (7.1c) 

{Notice  that  we  have  assumed  ai=constant;  therefore,  Eq.  (7.1)  can  be  applied  only  for  stepwise  changes  of 

Assume  that  field  a(  is  switched  on  at  time  f  =0  leading  to  an  optical  nutation  signal  in  the  BAP.  The 
solution  of  the  DAP  equations  (7.1)  is 

pniO^Aa/YKl-e-^+PaaiO)*-*  , 


(7.2a) 
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.  (73b) 

The  populations  show  a  simple  exponential  decay  towards  their  new  equilibrium.  The  oscillatory  nutation- 
type  behavior  is  contained  in  Psa  ■  The  initial  conditions,  obtained  from  (2.29)  for  an  incoherent  initial  state, 
are  given  by 


PmaIi)— 


Y+ia>BA 


Paa( 0)=n®  cos20+n®  sin20  ,  (7.3a) 

pa»(0)=»|  sin2fl+n°  cosJ0  ,  (7.3b) 

Pju(0)=7(«?— n$)sin2fl  .  (7.3c) 


Using  Eqs.  (2.24)  and  (7.3)  in  Eqs.  (7.2),  we  find 


PaoM—paaW  > 


pull)— jin0]—  «2)sin20 


r  ( |  _e -(r+i»iu  >') + e  -Iy+‘»ba  >' 

Y+'Oba 


(7.4a) 

(7.4b) 


The  dressed-atom  populations  remain  constant  during  the  transient.  If  co^a  »  Y  we  C&R  write 

P*A(t)~PBA( 0)e-(r+"*'AU .  (7.5) 

Nutation  in  the  BAP  corresponds  to  free-induction  decay  in  the  DAP.  In  the  BAP  the  switching  on  of  a , 
creates  the  coherence  p2 1,  while,  in  the  DAP,  the  same  change  destroys  the  initial  coherence pBA( 0).  Ac¬ 
cording  to  (2.29)  all  the  observables  pn,  p22,  and  p2\  depend  on  pBA  and,  therefore,  reflect  the  decay  of  pBA. 

The  DAP  does  not  offer  any  substantial  advantages  over  the  BAP  in  calculating  the  free-induction  decay 
or  photon  echo  of  a  two-level  system  (although  it  may  be  useful  for  nutation  echoes).61  In  both  cases,  the 
field  is  off  for  a  long  time  period  between  the  pulses  when  the  BAP  and  DAP  coincide.  The  DAP  is  a 
more  natural  approach  when  a  strong-field— atomic-interaction  occurs. 


B.  Three-level  transients*2  72 


The  DAP  can  provide  a  useful  description  of  three-level  transients.  For  a  strong  pump  field  a!  and  a 
weak  probe  a2,  Eqs.  (2.23)  give  the  time  evolution  of  the  system  in  the  dressed  basis.  The  DAP  is  most  use¬ 
ful  if  either  (1)  field  a,  is  constant  and  field  a2(t)  undergoes  some  transient  behavior  leading  to  optical  nuta¬ 
tion,  free-induction  decay,  photon  echo,  etc.  on  the  BC  and  AC  transitions  (see  Fig.  1)  or  (2)  the  field  ax  is 
switched  on  at  some  time  and  a2  may  have  an  arbitrary  time  dependence. 

We  consider  first  the  case  when  aj  is  constant  and  a2  is  switched  on  at  t  =0.  Equations  (2.23)  and  (2.29) 
describing  the  probe  response  are  (assuming  r1  =  rJ=y) 

PcA  =  -(YcA+ioicA)pCA -ia2sin0(^c-^)-/a2cosi9pi<  ,  (7.6a) 

Pcb=—  (YcB-hi<oCB)pcBA*a1cos9(picC-PBB)+ia2s\nep>AB  ,  (7.6b) 

p22 = cosflpcs  —  sin&pcA  .  (7.7) 


subject  to  the  initial  conditions  pca(0)=pcb(0)=0. 

The  are  the  steady-state  dressed-atom  density-matrix  elements.  Solving  Eqs.  (7.6)  using  the  steady- 
state  values  p^,  =  A0/y=rt  q,  p%~0,  and  p^A  =0.  we  obtain 


_  i ai »in20( w ° )  ^  _ ^  -(fci + i<uca >')+ 
Yca  +10)CA 


ia2cos20(nS-nS) 

- . - 1 1  — e  ) 

Ycb+io>cb 


(7.8) 


The  oscillatory  behavior  which  appears  in  homogeneously  broadened  systems  may  disappear  if  inhomogene¬ 
ous  broadening  is  present.  The  oscillations  may,  however,  remain  observable  if  Wqa  or  °>cb  depend  only 
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weakly  on  the  atomic  velocity.  As  an  example  let  us  consider  the  case  when  (5.15)  is  valid.  The  velocity- 
averaged  CA  contribution  is  (taking  ni=n°=0) 


(puU))c4  —  — ' 


«1*C 

7 

a+iY 

2 k'u 

i 

k'u 

-ap[-(r-iall  -ik’Vl‘\Z 


SJt'r+j  «•«, 

k u  1 


(7.9) 


where  Z(£)  is  the  plasma-dispersion  function, 

.  r=T<r,+r,) 

(recall  r,=r2),  and  a  =A32+a1  +  The  time-dependent  part  in  (7.9)  disappears  in  a  characteristic 
time  minf (k'u)~\y~'].  If  k'u  »  y,  velocity  dephasing  is  the  dominant  decay  mechanism;  in  the  case 
k'u  «y,  the  system  behaves  as  a  homogeneous  one  decaying  at  a  rate  y  and  oscillating  with  a  frequency 
(A32-fai  +  -jA2)). 

In  a  second  example,  field  a2  is  kept  constant  and  a{  is  switched  on  at  t  =0.  The  probe  response  reflects 
the  decay  of  the  initial  pba  coherence  (recall  that  and  pgg  remain  unchanged).  Assuming  that  (7.5)  is 
valid,  we  obtain  from  (7.6) 


Yca  +la)cjt 

m2(w°— /»2)sin26cos6  _(/+(«,*,><_  -<rc< 

2(ycA-r+io)CB )  e  e 

PcbU)=pcb(  0)e-<r«+'“«’'+  i-^&(n°crA\  j  _e 

Ycb  A~iq)cb 


*‘g2(n  ?  ~  n  ° )  sin2fl  sinfl  ^  -(y-r«JMW_c  -( r«+'-ca» 


-t - 11 — 1 - - - - (e 

2(rca-r+«<wc4) 


(7.10a) 


(7.10b) 


with  initial  conditions 


Pc<(0)=— i‘a2sin9(«3— n2)(y32-f /Ajj)-1  , 
PcB(O)='«2COs0(n3— n5)(y32+iA32)-1  . 

The  assumption  r  ( =  r2 = y  implies  that 
YcB=YcA  =  l^i+lY- 

The  velocity  averaging  of  (7.10)  is  by  no  means 
easy  except  in  the  special  cases  when  q>ca  or  <oCB  is 
nearly  independent  of  v  (Doppler-free  cases).  The 
labeling  of  the  various  terms  in  (7.10)  is  obvious: 
The  first  term  gives  the  decay  of  the  initial  coher¬ 
ence,  the  second  one  describes  the  transient  to  the 
new  steady  state,  and  the  third  one  is  due  to  the 
decay  of  the  initial  pa4  coherence  (nutation  in  the 
l<-*2  system).  The  various  terms  in  Eqs.  (7.10)  can 
be  isolated  by  a  proper  choice  of  experimental 
parameters  [e.g.,  by  choosing  a(  such  that  rtc=l*A 
the  second  term  in  Eq.  (7.10a)  can  be  eliminated]. 

The  advantage  of  the  DAP  over  the  BAP  is  that 
the  DAP  gives  directly  the  correct  eigenfrequencies 
ucb  ar|d  <*ca  (>n  the  BAP  one  is  required  to  fully 
solve  the  problem  using  Laplace-transform  tech¬ 
niques71  to  obtain  these  values). 


(7.11a) 

(7.11b) 

( - 

VIII.  CONCLUSION 

The  DAP  offers  little  computational  advantage 
over  the  BAP  for  most  calculations.  However, 
when  the  frequency  separations  of  the  dressed 
states  are  much  greater  than  the  relaxation  rates  of 
these  states,  the  equations  of  the  DAP  simplify 
considerably.  In  this  case,  it  appears  that  the 
dressed  basis  is  the  natural  one  in  which  to  do  cal¬ 
culations.  Interpretations  of  the  results  in  both  the 
stationary  and  transient  regime  are  straightforward 
in  this  representation.  The  positions  of  the  reso¬ 
nances  in  saturation  spectroscopy  as  well  as  the  os¬ 
cillation  frequencies  observable  in  coherent  tran¬ 
sient  experiments  appear  as  fundamental  parame¬ 
ters  in  the  DAP. 

When  the  relaxation  rates  are  comparable  with 
the  field  strengths,  the  BAP  is  generally  an  easier 
representation  to  use  than  the  DAP.  In  some  cases 
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it  may  be  difficult  to  interpret  the  results  obtained 
using  the  BAP  in  terms  of  fundamental  physical 
processes,  but  the  calculations  needed  to  arrive  at 
these  results  are  much  more  readily  done  in  the 
BAP.  Moreover,  the  BAP  has  the  advantage  of 
directly  supplying  the  physical  observables. 

The  DAP  may  be  useful  when  applied  to  the 
analysis  of  atom-field  interactions  involving  mul¬ 
tilevel  atoms  or  multimode  fields.  It  also  seems  to 
be  a  convenient  basis  to  use  in  solving  coherent 
transient  problems  of  the  type  discussed  in  Sec. 
VII. 
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APPENDIX  A:  RELAXATION  SCHEME 
IN  THE  DAP 

The  relaxational  coupling  and  decay  in  the  DAP  is  obtained  by  transforming  the  relaxation  terms  of  the 
BAP,  Eq.  (2.19),  with  the  aid  of  (2.8),  (2.1 1),  and  (2.17).  To  slightly  simplify  the  equations  we  assume 
r,j=r}1=0  (no  collisional  mixing  of  states  1  and  3),  and  find  for  the  nonvanishing  diagonal  elements 


Raa.aa^  —  r,cos20—  r2sin20—  7((p~  rI2—  r2t)sin226  ,  (Ala) 

Raa.bb  —  7<P sinz20+ r l2 sin40+  T21 cos40  ,  (Alb) 

Raa.cc— r32sin20 ,  (Ale) 

Raa.ab~Raa.ba~ 7 sin29(^'2  —  ri-f#>cos20— 2r2jcos20+2r32sin20) ,  (Aid) 

Rbb.aa  =  7<P  sinJ20-F  T 12  cos40-f  f  21  sin40  ,  (A2a) 

Rbb.bb  —  —  fi  sin20 — r2cos20-7(cp  —  f |2 — F2])sin220  ,  (A2b) 

Rbb.cc  —  f  32  COS20  ,  (A2c) 

Rbb.ab  —  Rbb.ba  — 7  sin20(r2  — F)  — ^cos20+2Fj2cos20— 2F2i sin20) ,  (A2d) 

Rcc.cc  -  —  fj »  (A3a) 

Rcc.aa  =r23  sin20  ,  (A3b) 

Rcc.bb  =  r23  cos20  ,  (A3c) 

Rcc,ab—Rcc,ba  =  —  TT23  8in20  ,  (A3d) 

where 

«P=2y2l-r,-r2  (A4) 

gives  a  measure  of  the  effect  of  phase-changing  collisions.  The  nonvanishing  terms  involved  in  the  off- 
diagonal  dements  are  given  by 

Rba,ba  —  ~  Yi\  +  7W~  I'll— r2i)sin220 ,  (A5a) 

Rba.ab  —  7^P~ F|2 — f  21 ) sinJ20  ,  (A5b) 

'Rw,A4=7S«n20(r2-r,+^cos2e+2r21sin20-2r,2cos20) ,  (A5c) 

Rba.bb  =  7  *in20(  f2 — T| — ^  cos20 +2r 2I  cos20 — 2T|2  sinJ0) ,  (A5d) 
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&CA.CA  =  -Yu COSJ0— y32sinJ0  ,  (A6) 

^cb,cb  =  — Yu  s»n!0 - m cosJ0  ,  (A7) 

Rca.cb—Rcb.ca  =  T<y32— yj|)sin20  ,  (A8) 

with  the  remaining  elements  given  by  the  symmetry  property  Ra0  oS=Rea  So.  Note  that  either  Fy  or  Vp, 
depending  on  the  configuration^  vanishes  if  states  i  and  j  are  not  mixed  by  collisions.  When  phase-changing 
collisions  are  absent,  i.e.,  y,j  =  y(r,  -f-Ty),  and  all  F,y  =  0,  the  relaxation  terms  are  those  given  in  (2.23).  In  a 
general  case  all  the  terms  (Al)— (A8)  differ  from  zero,  leading  to  a  complicated  relaxation  scheme  in  the 
DAP. 


APPENDIX  B:  PROBE 
AND  SATURATOR  RESPONSES 

The  solution  of  Eqs.  (2.22)  to  zeroth  order  in  a2 
is  given  by 


Pn— wi +"pr‘y2i”2iiA21+r2)  1 , 

1 1 

(Bla) 

P22  — n2 - ^T'),2lrt2l{A21-t-r2)~l  , 

(Bib) 

P)3~n3  » 

(Blc) 

Pji=/ain2|(y2i~iA2|)(A2i+F2)-1  , 

(Bid) 

where  nf=A,/F(1  n“,  —  n2—n°,  and 


1 

r2=^1+2afo,(rr'+rr1) 

=  i(ri+r2)2(i+4a2/r,r2)  <B2) 

[the  last  step  follows  from  the  assumption 
r2i  =  T(r,  +  r2)].  The  components  p$2  and 
vanish.  The  corresponding  DAP  equations  read 

P.AA  =  nA+~Jr~YBAnBA(°)BA+f'gA)~l  ,  (B3a) 

1  A 

PBB~nB  +  fl*  )_l  ,  (B3b) 

Pcc~nc  >  (B3c) 

Pba  -0"BA<TM~i“>BA  +rL )-’  ,  (B3d) 


where  n®=  A„/ro, 

nBA  —  "a  +  «x  +Ae  n  (B4a) 

rL = yba  -  iPyba  u'7'+ri-,)=|(r2!+r/()J(i- 4/s2  rrA  r* ) ,  aub) 


and  is  defined  by  Eq.  (2.27).  In  terms  of  the  BAP  variables,  the  "population  inversion”  rtgA  and  the  effec¬ 
tive  width  T BA  can  be  written  as 


_  0  r2  +  ri  o 

nBA=z  —  21 

I  2  — i  | 

rL=7(r,+r2)2 


1  +  -^— ~sin220 


4r,r2 

.  <r2-r,)2  , 

1  +  ~ZFr —  s,n  20 

4r  ir2 


-l 


-i 


[Notice  that  «£<  enters  only  in  the  product  0 n\A  which  is  nonsingular  for  (Fj— r2)=0.] 
To  first  order  in  a2  we  find  from  (2.22e)  and  (2.220 


(B5a) 

(B5b) 


~  lyji  +  ‘(Sj2+  A2|)](p?j  —  p22)— ia^, 

- yz - z - z - - —  , 

tyji+i(Aj2  +  A2i)](y32-i-/Aj2)-f  a] 

In  the  DAP  we  obtain  from  (2.23d),  and  (2.23e) 

Pca  —  — *'**2!  (yen  +i<wcfl)(sin0(pcc  —Paa^  +  ^^Pba  ] 


-P[cosQ(p)cc—'p‘BB)-\-s  n0p^B]l[(yC^  +'Wo,  )(yCB  +'Wcs)— Z?3]-1  »  (B7a) 
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Pcb^IojUYca  +io>cA  )[cos«pcc-p2a)+sine$,] 

— /J[sin0(/>cc  —  PAjt)+cos0pBA]][(YcA  +io>c<  KycB  +i«c*)— /92]-1 


(B7b) 


which  after  insertion  into  (2.29e)  yield  the  observ¬ 
able  p32.  The  DAP  solution  Eq.  (B7)  is  clearly 
much  more  complicated  than  the  BAP  expression 
(B6). 

The  DAP  solution  simplifies  considerably  in  the 
limit  »YBA,rM.  The  lowest-order  terms  are 
given  by 

fm=n°a+0(-f/olA) ,  (B8a) 

Pra  —  —ifitiBA  /<°ba  +D  (y2 /<y^ ) .  (B8b) 


[The  corresponding  solutions  in  the  BAP  would  be 

PU=n?t  P21=,aln2l/(y21  +  l'^20  » 

according  to  (Bl).]  As  £?~y  we  see  that  p%A  is 
roughly  a  factor  y/u>BA  smaller  than  the  diagonal 
elements  p^,.  The  rate-type  solution  (3.2)  is  ob¬ 
tained  by  neglecting  ffBA  and  terms  proportional  to 
in  (B7).  This  approximation  is  equivalent  to 
keeping  only  the  lowest-order  terms  in  a  power  ex¬ 
pansion  in  terms  of  y/i»BA .  In  the  following,  we 
study  in  some  detail  the  accuracy  of  (3.2). 


Strongly  coupled  transition  1++2 

If  we  insert  (B8)  into  (2.29),  we  obtain,  after  going  back  to  the  BAP  variables, 


2a? 


p?.^n?  +  —iy2ln5l(A?l-(-4yi1a?/r1r2)~', 

*  l 

1 1 

P2i=sl<Xinii(Y2i  —  /A2!)(A?|  +  ^yl^i/riTj)-1  . 


(B9a) 

(B9b) 

(B9c) 


A  comparison  between  (Bl)  and  (B9)  reveals  that  the  approximation  is  good  provided  that 

A?i+4a?y?,/r,r2»y?,  .  (BIO) 

This  condition  is  satisfied  when  either  |  A2,  |  »  y21  or  a? »  ^r,^.  Note  that  if  we  neglect  (B8b)  there  is 
no  absorption  of  the  strong  field  aj  [the  first  term  in  (2.29d)  is  real  and  describes  dispersion  only]. 


Probe  response 

We  can  express  the  exact  result  (B6)  in  a  form13 

P32=ia2[H'+(Z+ +iA32)-,-f  1P_(Z_ -t-i’Aj2)_,J ,  (Bll) 

where 

Zt=7(y32-fy3,-f/A21)+7/[(A2|+/y32-i>3I)J+-4ai]1/2,  (B12) 

H''±-7<P3J-P22>±[7<PJ3-P22)(A2i+/y32-/y3,)-a^|][(A2,+iy32-iy3l)J+4a?]_,/2 .  (B13) 

An  expansion  of  (B12)  and  (B13)  in  terms  of  the  assumedly  small  parameter  , 

e=<rj2-r3i)/<S2,-f4a?),/:  (B14) 

yields 

Z+  -t-i'A32~ycfl  +  yoi  sin40e3+(cjCs  +  yia,  sin20eJ ,  (B15a) 

Z-  -H'A32~y0(  —  -J-a,  sin^^  +  i'wci  —  7'«i  sin20e2 ,  (B15b) 
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IF+^(nc— )cos2fl+7iesin225n°  +  7i  sin^^Aj  —  A2)/&>&<  , 
W~c*(nc—  «°)sin20—  y/f sin220/i°-7»‘ sin22fl(Aj  —  h.i)/utA  . 


(B16a) 

(B16b) 


A  finite  value  of  e  slightly  changes  the  widths  and  positions  of  the  resonances.  The  corrections  are  negligi¬ 
ble  when  (A2i+4ot|),/2»  7  |  T|  — T2|  which  is  a  relatively  mild  condition.  The  expressions  (B16)  for  the 
weight  factors  W±  are  accurate  to  order  lyVol*)  and  coincide  with  those  given  in  (3.2)  pro¬ 

vided  that  j  e  |  «  1  and 

|/»c*~ na  I  >>  |  A|  —  Aj  |  sin*0/mBA  ■ 

l»c-»“l  »  |  A,  —  A2  J  cosJ0/<a^  . 

The  correction  terms  given  in  (B16)  are  purely  imaginary  and,  therefore,  introduce  a  dispersive-type  change 
in  the  absorption  spectrum  (~ImpJ2).  This  change  causes  a  small  shift  in  the  position  of  the  resonances,  but 
does  not  appreciably  affect  their  height. 


(B17a) 

(B17b) 


APPENDIX  C:  DOPPLER-BROADENED  PROBE  SPECTRA 

Introducing  the  dimensionless  parameters  (5.3)— (5.6)  into  (5.2)  and  solving  the  equations  mc~mAtB  for  x, 
we  obtain 

\\n 


*1,2 - 


k ? 


k\(2ki+k\ ) 

2/c2(/c  1  ~\-k2)  2k2(k\+k2) 


S  + 


4k2(kt+k2) 

k\ 


(Cl) 


If  k2(kx  +fc2)>0,  both  the  roots  in  (Cl)  are  real.  The  root  with  the  plus  (minus)  sign  satisfies  the  CB  {CA) 
resonance  condition  when  fc2>0  (k2  <0).  If  k2(k j  +k2)< 0,  x1>2  are  complex  in  the  region  (5.10);  otherwise 
both  roots  belong  to  the  branch  o>CB  =0  for  v>  vCT  >  0  and  to  the  branch  o>ca  =0  when  v  <  —  vcr.  In  all 
cases  the  solutions  (Cl)  must  fall  within  the  Doppler  profile  [see  Eq.  (5.9)]  so  that  the  Doppler-distribution 
function  is  not  negligibly  small. 


Casefc2(fc|-t-fc2)>0 

Inserting  (Cl)  into  (5.8),  we  obtain  after  lengthy  algebraic  manipulations 

vsgn(fc2) 


/(v)  = 


2|*a| 


Wives ) 


1-- 


1- 


[v2+4*2(*i+*2)/*|],/2 
vtfc2ri-(fci+fc2)r2]/fclyctT 
[vJ+4*2(fci+*z>/*i]1/2 


+(n?-nY) 


l*il 


Yttf 


IT 


21  k2 


1  ktr2  v2+)£r/rlr2 

^(«ct)[v—  -v],  (C2) 


where  oiCBlvCB)=0,  a>c<(no<)=0,  and  where  yen  is  defined  by  (5.12).  Provided  that 


v2 + 


4fc2(fc|  +k2) 

k] 


v+ 


2k2(k\  -i-fc2)A21 
/cj(2Ic2  +  )cj  )a. 


2..J 


« 


k2(kx+k2ru 
k\  \Zk2+ki  | a f 


the  Gaussians  in  (C2)  are  approximately  equal, 
W  {vq4  )ac  )~exp 


^32  ^32  +  4^ 

ki  k\+ki 


/  4u3 


A 


1  n„ 


(C3) 


(C4) 


and  the  simple  result  given  in  the  text,  Eq.  (5.11),  is  valid.  When  (C3)  is  violated  the  dominant  structure  in 
the  absorption  spectrum  arises  from  the  Gaussians,  and  Eqs.  (5.14)  and  (5.16)  become  applicable. 


Case  *2(*,+*2><0 

If  v>  vw>0,  both  of  the  roots  (Cl)  satisfy  the  equation  mCB  =0  (if  v<  —va  the  equation  met  =0).  Thus 
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only  the  CB  transition  contributes,  and  we  can  approximate 
/>j2»:ia2cosJ0(n°—  njKyca+iwcs)-1 . 

This  can  be  written  as 

pj2^—  -^-g(x)cos20(nc-«fl)[(*  —xx)(x  —Xii+igM}-* , 

Yes 


YcBk  i  . 

g(x)= - — — —r-r  v+ 

a,*2<*i  -\-k2) 

The  last  factor  can  be  expanded  as 


Im{[(x  —  *,)U  —  jr2)+/g]~,)=:Im  |[(x2-x,)2-|-4ig]  1/2 

X  & — - irr6(x-x  ,)-£?> — - /jt6(x  -x2)  ,  (C8) 

X-X,  X-X2 

where  the  complex  square  root  has  to  be  evaluated  so  that  its  imaginary  part  is  positive  (assume  x2  >x( ). 
The  principal  values  in  (C8)  are  negligible,  because  for  (x2— Xi )»y/ax  the  complex  square  root  is  real  and 
for  x2=Xi  they  cancel.  Inserting  (C8)  into  (C6),  we  obtain 

I  ,  1  ^  [gtx,-A2i  2 

/c,(v)ae  |*a||*i+*al«,?i'*P  M 


X[«c— ««(•*<)]  v+  -""-X)  Re([(xi—Xt)2+4ig(x()]  ,/2J 

In  the  limit  x2— *Xj,  this  gives,  after  insertion  of  the  explicit  expressions  (Cl)  for  x,  and  x2 
r  i  \  1  [  2tK/c,  -t-Ac2)  [,._o  __0\  .  rilfc2l  _ ,_o  _o,l 

IcbM—  -r-  — rn — 


k,u  J  |k2l 
Xexp  -  1^21-0, 


(nj  »2>  +  ri|k2|  +r2|k|+k2| 


(nS-n?) 


k\  -f'2^2 


(|*2<*i+*2)|>‘ 


/  I  *2 

;  v-vCT-  - - — 

<*1  *1 


1  .  ^1+^2 
-r»+  2 


when  x2  — xt »  y/au  Eq.  (C9)  reduces  to 


X  I  (n  3  —  n 5 )  1  + 


g|X2~ 

kiu 


A 

—  &2I 
1« 


ivl-vL)'/2 


+(«5-n?)^  r,k2  i+(V2_^),/2  +r2(k,+k2) 


x  K+  r,— +r2 


*2  .  „  *i+*2 12  1 


*i  nr. 


•=-=,-  +tenn[(v2-v2r),/I--*-(v2-v2r)1/2] . 


In  the  limit  v-*ao,  (Cl  1)  gives  just  the  flat  background  absorption.  Both  (CIO)  and  (Cll)  agree  with  the 
limiting  intense-field  results  given  in  Ref.  13. 
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An  extension  of  the  leffreys-Wentzel-Kramers-Brillouin  approximation  to  inelastic  processes  is  used  to  obtain  the 
scattering  amplitude  which  describes  the  collisionally  induced  depolarization  of  magnetic  substate  coherences.  It  is 
found  that  the  scattering  amplitudes  contain  contributions  from  two  overlapping  regions.  For  large  interatomic 
separations,  the  different  Zeeman  sublevels  are  shifted  and  mixed  by  collisions,  but  follow  a  common  collision 
trajectory.  For  small  interatomic  separations,  it  is  possible  to  find  adiabatic  eigenstates  which  follow  distinct 
collision  trajectories.  The  theory  is  used  to  investigate  the  nature  of  the  depolarizing  collision  kernels  and  rates 
which  enter  into  the  analysis  of  laser  spectroscopy  experiments. 
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I.  INTRODUCTION 

Laser  saturation  spectroscopy  experiments  are 
beginning  to  provide  an  important  probe  of  col¬ 
lisional  processes  occurring  in  low  pressure 
gases.1  The  elimination  of  the  broad  Doppler 
background  encountered  in  standard  spectroscopy 
permits  a  more  sensitive  measure  of  the  manner 
in  which  collisions  perturb  t he  energy  levels  and 
alter  the  velocity  of  atoms. 

A  particularly  interesting  process  :hat  may  be 
studied  in  such  experiments  is  the  wa,-  in  which 
collisions  perturb  superposition  states  in  atoms 
that  have  been  created  by  an  atom-field  interac¬ 
tion.  Since  the  various  internal  states  comprising 
the  superposition  state  are  generally  shifted  and 
scattered  differently  in  a  collision,  one  is  led  to 
a  somewf  it  complicated  description  of  the  entire 
scattering  process  for  the  superposition  state, 
especially  if  collisions  can  also  couple  the  super¬ 
position  levels.  Formal  theories*-5  have  been 
developed  to  describe  the  scattering  and  time 
evolution  of  atomic  superposition  states  via  a 
quantum-mechanical  transport  equation,  but  lit¬ 
tle  progress  has  been  made  in  obtaining  solu¬ 
tions  or  physical  interpretations  of  the  results. 

It  is  the  purpose  of  this  paper  to  provide  a  sim¬ 
plification  of  the  transport  equation  and  some 
additional  physical  insight  into  the  scattering  pro¬ 
cess.  Methods  of  semidassical  scattering  theory 
are  used  to  achieve  these  goals. 

The  specific  problem  we  choose  to  study  in¬ 
volves  the  scattering  of  atoms  prepared  in  a  linear 
superposition  of  magnetic  substates  of  a  level 
characterized  by  internal -angular -momentum 
quantum  number  j.  The  way  in  which  collisions 
couple,  shift,  and  scatter  the  various  magnetic 
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substates  is  investigated.  Coherent  superposi¬ 
tions  of  magnetic  substates  (magnetic  moments, 
Zeeman  coherences)  are  conveniently  created  and 
probed  using  the  “three -level"  system  of  Fig.  1. 
The  1-2  transition  is  excited  with  a  nearly  mono¬ 
chromatic  laser  beam  and  the  2-3  transition  is 
probed  with  another  colinear  laser  beam.  Level 
2  (shown  for  j  =  1)  is  (2;  + 1)  fold  degenerate;  Zee- 
man  coherences  within  level  2  may  be  produced 
and  detected  using  a  proper  choice  of  the  laser 
beam  polarizations.  Owing  to  the  Doppler  effect, 
the  excitation -detection  scheme  excites  or  probes 
only  those  atoms  having  a  specific  velocity  com¬ 
ponent  along  the  laser  beam  direction.  Thus, 
any  collision-induced  modification  of  the  Zeeman 
coherences  for  atoms  having  a  specific  longitudinal 
velocity  can  be  monitored  in  such  a  system.  The 
Zeeman  coherences  tend  to  be  destroyed  by  in¬ 
separable  contributions  from  collisional  effects 
on  the  internal  (shifting  and  mixing  of  magnetic 
sublevels)  and  external  (state -dependent  scattering 
for  the  different  magnetic  sublevels)  atomic  de¬ 
grees  of  freedom.  In  such  experiments,  the  col¬ 
lisional  relaxation  is  determined  by  the  number 
of  collisions  per  lifetime  of  the  level  under  con- 
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FIG.  1.  “Three-level”  scheme  for  depolarizing  colli¬ 
sion  studies.  Levels  1  and  3  are  nondegenerate.  Level 
2  has  three  substates  which,  though  separately  Indicated 
In  the  figure,  are  assumed  to  be  energy  degenerate. 
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side  ration  and  the  specific  interatomic  potential. 

It  should  be  noted  that  collisional  depolarization 
studies  are  not  new.  Optical  pumping  techniques 
have  been  used  to  investigate  depolarizing  col¬ 
lisions  between  optically  oriented  excited  state 
atoms  and  ground -state  perturbers.’  However 
the  general  nature  of  such  optical  pumping  work 
(broadband  sources,  total  cross-section  mea¬ 
surements)  does  not  lead  to  results  that  are  overly 
sensitive  to  velocity-changing  effects.  Recent 
laser  saturation  experiments’  based  on  schemes 
similar  to  that  shown  in  Fig.  1  provide  a  more 
sensitive  measure  of  such  effects. 

In  attempting  to  analyze  the  scattering  process 
for  an  atom  in  a  linear  superposition  of  magnetic 
substates  one  is  naturally  led  to  examine  the  ap¬ 
plicability  of  the  classical  pictures  shown  in  Fig. 

2.  The  first  drawing  represents  the  single-tra¬ 
jectory  limit.  The  dependence  of  the  deflection 
on  internal  state  is  negligible  so  that  the  internal 
and  the  translational  motions  are  decoupled.  The 
second  scheme  depicts  the  situation  where  a  diag¬ 
onal  representation  has  been  found.  Then  each 
sublevel  obeys  the  rules  of  elastic  scattering 
along  a  substate-labeled  trajectory .  When  none 
of  these  extreme  situations  holds,  is  a  classical 
picture  still  possible?  Answering  this  question 
would  help  to  complete  the  blanks  in  the  third 
drawing  of  Fig.  2.  It  should  be  noticed  that  the 
existence  of  a  classical  ,-»,ture  is  questionable 
since  depolarizing  collisions  imply  a  coupling 
between  the  internal  motion,  which  is  highly  quan¬ 
tumlike  due  to  the  smallness  of  the  electronic 
angular  momentum,  and  the  translational  motion 
which  can  be  quasiclasslcaJL’  We  shall  discuss 
applicability  of  the  various  limits  and  approxima¬ 
tions  in  terms  of  standard  treatments  of  collision 
problems. 

In  Sec.  II  various  methods  available  for  treating 
inelastic  scattering,  when  the  de  Broglie  wave¬ 
length  of  the  colliding  particle  is  much  smaller 
than  the  characteristic  dimension  of  the  interac¬ 
tion  region,  are  reviewed.  In  Sec.  01  exact  equa¬ 
tions  for  the  scattering  amplitudes  are  obtained 

•  •  • 

(«)  (W  («) 

FIG.  2.  Schematic  representation  of  atomic  trajec¬ 
tories  daring  a  depolarising  collision.  In  (a)  an  atom 
In  a  auperpoaltfcm  atate  Is  scattered  along  a  trajectory 
common  to  the  three  aubetatee  which  are  mixed  by  the 
oolltaton.  In  (b)  t  distinct  trajectory  is  associated  with 
each  anbetate  and  ao  transition  between  aubetatee  ta  in¬ 
duced  by  the  collision,  ta  (c)  the  tingle-trajectory  ap¬ 
proximation  Is  not  valid  and  transition*  era  Induced  be¬ 
tween  aubetatee:  Whet  trajectory  does  tbs  atom  follow? 


and  those  expressions  are  evaluated  in  the  various 
semiclassical  limits  discussed  in  Sec.  II.  In  Sec. 

IV  we  return  to  the  problem  encountered  in  laser 
spectroscopy  and  examine  the  semiclassical  limit 
of  the  transport  equation  for  atomic  multipoles  of 
a  degenerate  level.  A  summary  is  given  in  Sec. 

V. 

H.  APPROXIMATIONS  IN  INELASTIC 
SCATTERING  THEORY 

A  few  years  ago,  the  development  of  research 
in  the  fields  of  collisional  rotational  and  vibra  - 
tional  excitation  of  molecules,7  ’  and  of  electronic 
excitation  and  charge  transfer  in  atoms’  stimu¬ 
lated  efforts  for  obtaining  a  semiclassical  descrip¬ 
tion  of  Inelastic  collisions, r,'“  which  should  be. 
by  far,  more  tractable  than  a  purely  quantum  ap¬ 
proach.  Since  certain  procedures  in  these  theo¬ 
ries  are  similar  to  those  encountered  in  obtain¬ 
ing  semiclassical  limits  of  elastic  scattering, 
it  is  useful  to  recall  that  two  semiclassical  ap¬ 
proximation  sche  nes*7  may  be  used  to  calculate 
the  elastic  scattering  amplitude, 

f(8)  =  2^-  £  & *  1  He1""  -Dp, (co»e)  ( 1 ) 

(where  K  is  the  magnitude  of  the  atomic  wave 
vector  and  rj,  is  the  phase  shift  of  the  /-labeled 
partial  wave). 

(1)  The  first  method  is  the  semiclassical  phase 
shift  approximation,  which  is  valid  when  the  de 
Broglie  wavelength -JC  Is  much  smaller  than  the 
distance  of  closest  approach  r„.  In  this  form  of 
the  JWKB  approximation,  each  jj,  is  calculated 
along  a  classical  path  which  is  characterized  by 
the  Initial  velocity  and  the  impact  parameter 
(/+  z)/K.  Although  the  i),  are  calculated  along 
classical  trajectories,  the  classical  correspond¬ 
ence  between  scattering  angle  8  and  impact  param¬ 
eter  Is  lost  in  Eq.  (1)  since  a  large  range  of  1 
values  contribute  to  scattering  at  angle  8. 

(U)  The  second  method,  valid  under  the  more 
stringent  condition  «  fTa,  is  the  classical  tra¬ 
jectory  limit.  The  condition  ■Jf  «  ir, ~  permits 
one  to  retain  In  Kq.  (1)  only  those  /  values  such 
that  the  impact  parameter  {l+{)/K  corresponds 
to  classical  scattering  at  angle  6. 

A  number  of  papers  have  explored  the  conditions 
for  generalizing  the  JWKB  approximation  to  in¬ 
elastic  processes*'1’  using  an  approach  which 
was  Initiated  by  Kemble.*  They  have  concluded 
that  such  an  extension  is  possible  only  when  the 
atomic  translational  motion  is  nesrly  independent 
of  the  internal  states.  In  the  case  when  the  addi¬ 
tional  condition  J5T«  Jrj  is  fulfilled,  the  JWKB 
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Erratum:  Semiclassical  picture  of  depolarizing  collisions:  Application 
to  collisional  studies  using  laser  spectroscopy 
[Phys.  Rev.  A  24,  1831  (1981)]. 

J.-L.  Le  Gouet  and  P.  R.  Berman 

Equation  (2)  should  read 

- ^,2J , 

2W  j 

where  are  the  Euler  angles  of  a  reference  frame  constructed  on  the  final  velocity.  In  the  text, 

/Sr  46,<p)  stands  for  /£«r(O,0,*>). 

In  the  next  to  the  last  line,  p.  1838,  the  relation  should  read  &  trtrl&h 

where  (q>,0,il>)=&'~l&. . .  . 

Equation  (36)  reads 

-^r2 ( ~ 1  +C+C'(2/  + 1  )(2JT'+1  )(2/+ 1) 
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Erratum:  Theory  of  t.  jctron — hydrogen  -atom  collisions  in  the  presence 

of  a  laser  field 

[Phys.  Rev.  A  17,  1900  (1978)] 

H.  S.  Brandi,  Belita  KoiUer,  L.  C.  M.  Miranda,  and  J.  J.  Castro 

The  STA1  is  mwnitahle  to  treat  bound  states  in  the  presence  of  electromagnetic  fields.  All  matrix  de¬ 
ments  are  of  the  form 

(Em — Ej)  (a  |  p  |  /Sf) *0  . 


The  numerical  results  of  the  Refs.  1 —3  as  listed  below  are  wrong. 
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Phys.  Rev.  A 12.  1058  (1979). 

*H.  O.  P.  Lins  de  Barros  and  H.  S.  Brandi,  Can.  J. 
Phys.  22.  1886  (1979). 


»H.  Q.  p.  Lins  de  Banes  and  H.  S.  Brandi,  Proceedings 
of  the  Eleventh  tCPEAC,  Kyoto,  1979,  edited  by  K. 
Takmyanagi  and  N.  Oda  (The  Society  for  Atomic  Coi- 
Mrion  Research,  Kyoto,  1979),  p.  916. 
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extension  is  thus  possible  only  when  atoms  follow 
the  same  common  spatial  trajectory  in  any  of  the 
coupled  internal  states  as  in  Fig.  1(a).  A  com¬ 
pletely  different  approach  has  been  developed 
under  the  name  of  classical  S-matrix  theory  by 
Miller  and  Marcus.10,11  They  treat  the  internal 
degrees  of  freedom  quasiclassically,  retaining 
only  the  interference  properties  of  quantum  me¬ 
chanics,  since  they  calculate  scattering  ampli¬ 
tudes.  In  these  papers  there  is  no  apparent  con¬ 
dition  of  common  trajectory.  A  special  mention 
must  be  made  to  the  work  of  Pechukas16  which 
bypasses  the  common  trajectory  condition  at  the 
expense  of  complications  with  a  noncausal  inter¬ 
action. 

In  light  of  these  general  methods  lei  us  examine 
the  depolarizing  collision  problem.  A  ground- 
state  spinless  particle,  the  perturber,  collides 
with  an  atom  having  internal  angular  momentum 
j.  The  magnitude  of  j  is  on  the  order  of  a  few 
h  and  is  supposed  to  be  much  smaller  than  that 
of  the  translational  angular  momentum.  Since 
the  collision  is  assumed  to  result  only  in  a  change 
of  direction  of  f,  the  other  numbers  which  charac¬ 
terize  the  internal  state  of  the  active  atom  are 
implicit.  The  effective  Interatomic  potential  is 
a  function  of  the  internuclear  distance  F  and  of 
the  angle  (F,f). 

A  classical  S-matrix  method10,11  seems  very 
tempting  for  solving  the  problem  formulated  in 
this  manner.  With  this  approach,  for  given  initial 
and  final  values  for  the  variables  describing  the 
system  (internal  and  interparticle  angular  mo¬ 
menta,  energy),  one  calculates  S-matrix  ele¬ 
ments  classically  along  the  trajectory  connecting 
these  initial-  and  final-state  values.  A  phase 
<pc=  / {» ’dr /It  evaluated  along  each  trajectory  en¬ 
ables  one  to  account  for  any  quantum  interference 
effect  arising  from  contribution  of  several  trajec¬ 
tories  to  a  given  S-matrix  element.  The  classical 
S  matrix  has  the  advantage  of  eliminating  the  dis¬ 
cussion  about  common  trajectory  for  the  various 
magnetic  substates  since  it  is  only  the  initial  - 
and  final -state  variables  that  det  .mine  the  scat¬ 
tering  process.  However,  the  solution  of  the  prob¬ 
lem  in  the  frame  of  classical  mechanics  is  rather 
difficult:  the  couple  of  colliding  particles  in  the 
center-of-mass  system  has  8  degrees  of  freedom 
and  after  taking  account  of  the  conservation  of  JJ  | , 
of  the  total  angular  momentum  J,  of  total  energy 
£,  one  Is  left  with  three  differential  equations, 
two  of  which  are  coupled.  In  general  these  equa¬ 
tions  must  be  solved  numerically. 

If  Instead,  we  adopt  a  quantum -mechanical  for¬ 
mulation  of  the  problem,  certain  simplifications 
are  possible.  Since  tbs  Interatomic  potential  de¬ 
pends  only  on  the  quantum  variable  F  and  on  the 


operator  f  •?,  one  immediately  notes  that,  if  the 
“instantaneous”  axis  of  quantization  is  taken  along 
F,  then  the  Hamiltonian  is  a  functional  ?  and  jt 
and  commutes  with  f,  (recall  that  [F,j|^0  since  r 
is  the  interatomic  separation  and  j  acts  in  the 
active-atom  subspace).  Thus  using  this  basis, 
known  as  the  helicity  representation  after  Jacob 
and  Wick,16  one  concludes  that  the  various  mag¬ 
netic  sublevels  in  this  representation  are  coupled 
only  by  the  rotation  of  the  internuclear  axis  during 
a  col.ision.  Two  limiting  cases  may  be  envisioned: 

(i)  If  the  various  instantaneous  magnetic  sub¬ 
states  experience  approximatively  the  same  col¬ 
lisions!  interaction  (the  explicit  condition  is  pre¬ 
scribed  in  the  next  section),  then  the  notion  of  a 
common  classical  trajectory  may  be  valid.  The 
coupling  between  magnetic  substates  induced  by 
the  rotation  of  the  internuclear  axis  can  be  sig¬ 
nificant  in  this  case  since  the  "instantaneous” 
eigenfrequencies  differ  by  less  than  the  inverse 
duration  of  a  collision  (i.e..  the  helicity  repre¬ 
sentation  is  not  an  adiabatic  one  in  this  limit). 

The  coupling  and  scattering  of  the  levels  can  be 
calculated  using  a  semiclassical  phase-shift  ap¬ 
proach.  One  expects  that  the  limit  of  nearly  equal 
collisional  interaction  for  the  different  substates 
is  achieved  for  collisions  with  large  impact  pa¬ 
rameters. 

(ii)  In  the  other  extreme,  one  can  imagine  that 
the  helicity  representation  is  an  adiabatic  one. 

The  various  magnetic  sublevels  experience  sig¬ 
nificantly  different  collisional  interactions  and 
are  scattered  independently  according  to  <-ie  equa¬ 
tions  of  classical  scattering  theory.  Normally, 
one  requires  small  internuclear  separations  to 
achieve  this  adiabatic  limit.60 

It  Is  the  classical  trajectory  limit  of  these  two 
extreme  situations  which  is  illustrated  in  Figs. 

2(a)  and  2(b).  One  might  expect  that  the  range 
of  validity  of  the  semiclassical  picture  could  be 
extended  by  combining  these  two  approximations. 
For  examine,  in  a  given  collision,  limits  (i)  and 
(ii)  could  be  used  for  large  and  small  internuclear 
separations,  respectively.  The  precise  conditions 
of  validity  of  these  different  situations  are  exam¬ 
ined  in  the  next  section. 

IH.  CALCULATION  OF  THE  SCATTERING 
AMPLITUDE 

The  calculation  is  performed  uslrg  the  helicity 
representation  which  has  been  defined  in  the  pre¬ 
ceding  section.  During  a  collision,  the  z  com¬ 
ponent  of  the  internal  angular  momentum  changes 
from  an  initial  value  AM  relative  to  a  quantization 
axis  directed  opposite  to  the  Initial  velocity  (i.e., 
In  the  direction  of  the  interparticle  separation 
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f )  to  a  final  value  KM'  relative  to  a  quantization 
axis  which  is  taken  along  the  final  direction  (kp. 

The  scattering  amplitude  takes  the  closed  form17 

.f*ir(e,  <p )  -  ~~ -  ^(2 J  +  1HS7,.  -  6,,,,) 

x  (2) 

where  SJV.  is  an  S-matrix  element  and  6,0) 

is  the  rotation  matrix  of  rank  J.  The  internal 
angular  momentum  J  and  the  relative  orbital  angu¬ 
lar  momentum  1  have  been  coupled  into  the  total 
angular  momentum  J  and  the  summation  is  over 
all  allowed  values  of  J  =  f+f.  The  s-matrix  ele¬ 
ments  can  be  obtained  in  terms  of  the  asymptotic 
form  of  the  radial  wave  functions  tp  {/(r)  as  (see 
Appendix  Afl 

lim 

x  (3) 

This  boundary  condition  selects  appropriate  solu¬ 
tions  of  the  radial  equation 


T,  <M|V|Af')*'/(r), 


(4) 


which  is  derived  from  the  Schrijdinger  equation 
(see  Appendix  A).  In  this  equation,  p  is  the  re¬ 
duced  mass,  and 


<M\V\M’)  =  (v„(r)+'^^-K^  6*,. 

-  2^2  M)X4(j,M)6Mll..l 
_ I 


where  V„(r)  is  the  interatomic  potential  in  sub¬ 
state  M  and 

A ,  (J, Af ') =  [t/tl  + 1 )  -M'iM't  1)11/2. 


In  the  absence  of  coupling  between  the  channels. 
Eq.  (4)  reduces  io 


The  general  solution  of  this  equation  in  the  JWKB 
approximation  is  a  linear  combination  of  functions 

gttQjH/ftip  where 


This  suggests  that  one  tries  solutions  to  Eq.  (4) 
of  the  form 


(7) 

The  standard  theory  of  second-order  differential 
equations  states  that,  in  addition  to  the  boundary 
conditions,  a  supplementary  condition  is  needed 
to  determine  6«(r).14  We  have  chosen  the  follow¬ 
ing  condition: 

+  bi*  -“>'<•  - (*>««  +  b^e-^o)  =  0, 

(8) 

which  transforms  Eq.  (4)  into  the  set  of  first-order 
differential  equations 


*«(r)  =  +  b-„4le ) 


where 

Xjh  -XtiJ,M)Xt{j,M)/r3  (10) 

and  a  prime  indicates  d/dr.  Except  within  a 
distance  of  a  few  *  from  the  turning  points 
where  <P,M  is  close  to  aero,  these  “exact” 
equations  may  be  simplified  by  using  the  condi¬ 
tions  that  we  have  imposed  at  the  beginning.  From 
X«rc,  it  follows  that and  since  j«J, 
it  follows  that  KX,M/2<g>MG,„tl)l,l4c.iP,M/K.  Using 
these  two  inequalities  one  may  neglect  the  terms 
having  rapidly  varying  phase  factors  in  Eq.  (9) 


I - 

and  obtain 

8*#  =  £  ■Aifv'ft/if' >  (11) 

where 

=  *  7.i\? )l,i 

Thus,  the  inward  wave  (represented  by  b}M)  is  de¬ 
coupled  from  the  outward  wave  (represented  by 
b*„).  This  is  the  essence  of  the  semiclassical  ap- 
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proximation  and  can  be  considered  as  an  expres¬ 
sion  of  microscopic  causality.  However,  the  semi- 
classical  approximation  requires,  in  addition, 
that  a  connection  can  be  made  between  inward  and 
outward  waves  at  the  classical  turning  point.  This 
is  accomplished  provided  one  of  the  two  following 
conditions  is  fulfilled14: 

(i)  |'P,„ This  condition  per¬ 
mits  one  to  define  a  turning  point,  which  is  com¬ 
mon  to  all  the  channels.  When  in  addition  vfiT «fr~c, 
a  common  trajectory  is  available. 

(ii)  \<9„  - 4>/lm  | » In  this 
case  the,4tfV,  in  Eq.  ill)  are  very  rapidly  varying 
functions  of  r.  Thus  the  substates  are  not  sig¬ 
nificantly  mixed  by  collisions  and  the  are  ap¬ 
proximately  constant.  This  decoupling  corresponds 
to  the  adiabatic  approximation. 

These  explicit  requirements  for  a  semiclassical 
description,  correspond,  as  expected,  to  the  lim¬ 
iting  situations  that  we  have  evoked  in  the  pre¬ 
vious  section.  In  terms  of  the  potential  difference 
between  the  internal  states,  the  above  conditions 
are,  respectively,  transformed  into 

I  V*(r)  -  F„,(r)|«  (S-JM  ♦tfWVZp  =  E i ,  (12a) 

I  V„(r)  -  V„tl(r)  I »  X%  ^  =  •  (I2b) 


approximation 


tingle  trajectory 


FIG.  3.  The  spatial  domains  for  adiabatic  and  single- 
trajectory  approximations  are  represented  in  the  case 
of  continuously  decreasing  \V„(r)-Vll,  (r)|.  At  r0  both 
approximations  are  valid. 


dr 

dt 


J  _t> 

(  l7y(i 


r+.rJHV  ” 
rJtlU))  whenf>0, 


(13) 


r j*(0)  =  f/1 jf’  , 

where  the  radial  speed  vJK{r)  is 


,  ,  J  P,*(r)/p  when  r<r0,  .. 

v  ’ 

I  v/r)  =  ji  when  r  >rn, 


Condition  (12a)  requires  that  the  difference  be¬ 
tween  the  scattering  potentials  for  different  mag¬ 
netic  substates  be  small  enough  to  allow  for  a 
"single -trajectory”  approach  to  the  problem  while 
condition  (12b)  requires  that  the  potentials  differ 
enough  so  that  the  collision  is  adiabatic  with  re¬ 
gard  to  the  helicity  eigenstates.  Except  in  the 
vicinity  of  a  classical  turning  point,  F,  is  of  the 
order  of  thermal  energy  and  Is  much  larger  than 
E j  which  is  of  the  order  of  H3K/p.r.  Therefore, 
throughout  the  classically  accessible  region,  at 
least  one  of  the  inequalities  (12)  is  satisfied  by 
any  potential  difference.  This  guarantees  the 
general  validity  of  a  semiclassical  description  of 
depolarizing  collisions. 

As  an  Illustration,  we  consider  a  simple  poten¬ 
tial  such  that  |  V„(r)  -  V»w(r)  |  Is  a  monotonic,  de¬ 
creasing  function  of  r •  Thus  If  r0  is  a  distance 
such  that  £ 2  ^  I  &  1 »  the  condi¬ 

tions  (12a)  and  (12b)  are  fulfilled,  respectively, 
when  r>r0  and  r<r„.  This  situation  is  repre¬ 
sented  in  Fig.  3  which  exhibits  the  overlap  of  the 
adiabatic  and  single -trajectory  regions.  In  this 
situation  one  may  transform  Eq.  (11)  in  order  to 
examine  the  classical  motion  character  of  the 
problem.  We  define  a  set  of  classical  trajecto¬ 
ries  using  a  time  parameter  t.  The  radial  co¬ 
ordinate  r .,,(/)  satisfies  the  equations 


and  r%p>  is  the  coordinate  of  the  classical  turning 
point  in  channel  M,  with  angular  momentum  X 
Two  different  situations  may  be  examined  in  the 
limits  that  is  larger  or  smaller  than  r0. 

<  r0.  The  incident  particle  first  reaches  the 
radius  r0  at  a  time  tj  which  is  M  independent  as¬ 
suming  a  common  trajectory  rj{t)  for  <t<tj 
(since  this  interval  corresponds  to  r  >r0).  In  Eq. 
(11)  we  replace  b}„(r)  by  cJM(t)  defined  by 

C/*(<)  =  ,  t<tf  (15) 

and  find  that  c,M(t)  obeys  the  differential  equation 

4:c„(t)  =  2  t<tj  (16) 

01 

where 

))8m.„,i  +  X,^.r  h_i  1 

*expi  /'  [V^rjd'))  -  V„fr,(t')))dt’,  t<tj. 
*'  (17) 

In  arriving  at  Eqs.  (16)  and  (17),  we  set  (<Pw<fVif>)1/J 
=*  (<?„  +<Pjw')/2  »  nvj(r)  and  evaluate  the  phase  dif¬ 
ference  (t/8)  frr  -Q„)dr'  to  first  order  in 

r° 

In  the  region  r<r0,  the  b}M(r)  are  constant  owing 


i 

i 

! 
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to  the  adiabatic  nature  of  the  collision  for  r  <  r0. 
There  is  a  classical  trajectory  ru  which  may  be 
associated  with  each  helicity  state  and  a  corre¬ 
sponding  classical  turning  point  rff’.  The  JWKB 
connection  formulas  are  used  at  the  turning  point 
to  relate  b)M(r)  and  one  finds 

(TP)  (TP) 

iV,Jcr <">)*««*«  V  (18a) 

Since  the  6*^(r)  are  constant  for  r<r0>  Eq.  (18a) 
may  be  written 

(TP) 

ib‘m(ra'\  =  bJH(ra)e'2Kjvtr/it  ’.  (18b) 


Connection  with  the  time-dependent  c,MU)  ampli¬ 
tudes  is  achieved  by  associating 


Cj*(t )  - 


yr„(« ,  (19a) 

ibMr„M,  (19b) 


where  t'JM  is  the  A/-dependent  time  at  which  a  clas¬ 
sical  particle  moving  along  the  rjM  trajectory 
would  exit  the  r<r0  region.  Using  Eqs.  (19),  (18), 
and  (6)  we  find 


cM*c„(t7)ex p(-£  — )•  (20) 

Finally,  for  times  t  we  are  again  in  the  r>ra 
zone.  Each  rJH  trajectory  created  for  r<r0  now 
continues  into  the  r  >r„  region  without  further 
splitting.  Thus,  each  trajectory  can  be  labeled  by 
its  M  value  in  the  r<r0  region.  For  t  >  (i.e., 

r>r0)  there  is  again  coupling  of  the  A*„(r)  along 
each  trajectory.  Defining 

c%{t)  =  ib}J.r„m,  />/},  (21) 

where  rM,(t)  is  the  extension  of  the  trajectory 
associated  with  At  =Af '  in  the  r<ra  region,  one 
finds  that  c%  obeys  equations  analogous  to  (16) 
and  (17).  The  final  value  for  hj*(®)  is  given  by  a 
sum  over  all  trajectories,  i.e., 


FIG.  4.  An  atom  In  a  superposition  state  enters  the 
Interaction  region  with  an  Impact  parameter  (1  +  i)/K. 
From  time  /;  to  O*  or  t}M,  no  transition  occurs  be¬ 
tween  substatee  and  their  respective  trajectories  may 
part  from  each  other.  After  t or  t*„,  a  single  tra¬ 
jectory  starts  from  the  point  reached  at  ljM  or  t}„,. 


i6>*(°°)=t2  6/g(r«>(»))=^  (22) 

»•  v 

This  equation  can  be  put  into  a  more  transparent 
form  if  time  evolution  operators  are  introduced 
such  that 

* (f V  (' ' >  <  /</;  (23a) 

c%(t)*=  ^  U  M(t',  t  (f) ,  t>t*JH..  (23b) 

One  can  combine  Eqs.  (22),  (23),  and  (20)  to  ob¬ 
tain 

*6;,(«)=  £ 

XeXP(«iI  /.  0\».(t)Wt) 

'j 

xUi*M.(-'*>,tj)b;„»(~°°).  (24) 


Equation  (24)  may  be  given  a  simple  physical  in¬ 
terpretation  (see  Fig.  4).  In  order  to  calculate 
the  contribution  of  the  Jth  partial  wave  to  the  scat¬ 
tering  amplitude,  one  starts  a  collision  at  I  - 
with  6;,»(-«o).  For  collisions  mix  all 

states  along  an  average  common  trajectory  and 
this  mixing  is  represented  by  [/£„*,(- ®,tp.  For 
tj<t<tjx,  the  adiabatic  states  are  not  mixed  by 
the  collisions  and  one  evaluates  elastic  scattering 
phase  shifts  along  each  trajectory.  Finally,  the 
states  are  again  mixed  along  each  of  the  final 
trajectories  as  represented  by  <*>)  (recall 

that  the  superscript  M'  labels  the  trajectory  in 
the  adiabatic  region).  The  time -evolution  opera¬ 
tors  describe  the  mixing  and  shifting  of  atomic 
substates  as  the  atoms  move  along  classical  tra¬ 
jectories.  The  spatial  coordinates  have  been 
changed  from  quantum-mechanical  variables  into 
time -dependent  parameters.  However,  there  sub¬ 
sists  in  Eq.  (24)  an  exponential  phase  factor  which 
attests  to  the  quantum-mechanical  character  of  the 
translational  motion  in  the  region  where  r<r0. 

To  get  expressions  for  the  time-evolution  opera¬ 
tors,  one  may  use  Eqs.  (23),  (16),  and  (17)  to  ob¬ 
tain 


£ui.¥{t',t)=22  Bi»’'(tWi-*-'lt',t),  t<tj  (25a) 

OX  jf" 

£ vi!i'„(t'M.,t) = ^  Bft~(i)vil%..uyll.,t) ,  t>t)„. 

(25b) 

subject  to 

6,J.*(f,/)  =  6,-, ,  ,  (25c) 
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where  Bin-  is  given  by  Eq.  (17)  and  is 

also  given  by  Eq.  (17)  with  r/t)  replaced  by  r,„,(l) 
(recall  that  r/w«  indicates  the  trajectory  associated 
with  the  Af"  helicity  state  in  the  adiabatic  region). 

An  expression  for  S-matrix  elements  is  obtained 
by  substituting  Eq.  (24)  into  Eq.  (7)  and  making 
a  comparison  with  Eq.  (3).  One  finds21 

si„.*  =  (- 1)' 53  i'i-»-(- t~)V «) 

H" 

X  exp  .  (26) 

where 

Vjm"  -li™  /(rTp)<^flt~dr'-/fr  +  U  +  |)|  (27a) 
and 

Ai“ii  =  |  /  1 1  ))  -  V^r^TrtldT 

+ f  f  '  [V„..(r,„»( r)»  -  ^r«»(r)>Kr  ,  (27b) 

<JU" 

r%F)>r0.  In  this  case  the  time  interval 
during  which  the  trajectories  part  from  one  anoth  j 


er,  collapses,  so  that  tj  and  t*JU  may  be  set  to  0 
in  Eq.  (22)  which  reduces  to 

S-x'*-  (-  lHt/i.*(-“°.  »)exp(»7/;-.  +iriju)  ■  (28) 

where 

v £.„(-«, «)=  'Eut  o)ui,..„(o,°c) . 

M" 

This  region  corresponds  to  weak  (large  impaci 
parameter)  collisions. 

This  is  the  farthest  point  which  can  be  reached 
in  the  direction  of  a  semiclassical  picture  under 
the  approximation  k«rc.  As  has  already  been 
noted  in  Sec.  II.  the  classical  trajectories  which 
have  been  hitherto  considered  may  not  be  regarded 
as  actual  paths  since  deflection  in  direction  ftp, 
which  is  described  by  the  scattering  amplitude 
[Eq.  (2)]  involves  contribution  from  all  the  impact 
parameters  (J  +  |)/K. 

The  final  step  of  the  semiclassical  approxima¬ 
tion  is  possible  provided  *Ffi  «SrJ.  It  consists  in 
using  the  stationary -phase  method  to  calculate 
the  scattering  amplitude  [Eq.  (2)].  This  calcula¬ 
tion  is  performed  in  Appendix  B.  In  the  simplest 
case,  that  of  a  purely  repulsive  interaction,  one 
obtains 


5 (—  •  V«». -  lex pO-Aft"*'  4 2«T),( 


x  -  j  exp("  Y  -  '  W  +M)~-i/f,H''8}exp(- 


(29) 


where  is  the  angular  momentum  giving  rise 
to  scattering  at  ftp  for  an  atom  following  trajec¬ 
tory  Af*  in  the  adiabatic  region.  This  result  is 
valid  provided  that  -fk  «  and  JeMe»  1 .  The 
former  condition  allows  one  to  use  a  stationary  - 
phase  method,  and  the  latter  condition  implies 
that  validity  of  Eq.  (29)  breaks  down  in  the  small- 
angle  diffractive  region. 

As  in  elastic  scattering,  the  major  contribution 
in  the  sum  over  J  comes  from  specific  values  of 
J,  linking  these  values  and  the  scattering  direc¬ 
tion  (ftp).  However,  Eq.  (24)  differs  from  the 
usual  elastic  scattering  amplitude  in  the  fact  that 
for  a  given  deflection  direction  ftp,  a  distinct  im¬ 
pact  parameter  (j9¥..  +  \)/K  is  associated  with 
each  intermediate  internal  substate  Af*  •  For  more 
general  forms  of  the  interaction  potential,  a  rain¬ 
bow  angle  may  be  defined  and  when  6  is  smaller 
than  it,  several  values  of  J  are  generally  involved 
in  the  scattering  amplitude  for  given  6  and  Af* . 

Throughout  this  section  mention  has  been  made 
of  classical  trajectories.  However,  this  notion 


is  actually  meaningful,  only  when  collisions!  ef¬ 
fects  on  observables  are  considered.  Then  scat¬ 
tering  cross  sections  instead  of  scattering  ampli¬ 
tudes  are  involved.  The  aim  of  the  next  section 
is  to  discuss  the  classical  trajectory  picture  of 
depolarizing  collisions  on  the  observables  which 
are  accessible  in  laser  spectroscopy. 

IV.  DEPOLARIZING  COLLISIONS  IN  LASER 
SPECTROSCOPY 

In  a  gas  cell,  the  quantum-mechanical  state  of 
atoms  within  a  small  domain  of  position-velocity 
space  around  (f ,  $)  is  most  conveniently  described 
by  the  density -matrix  elements  pao-\F,  ?)  where 
a  and  a'  label  internal  states.  We  shall  limit  the 
discussion  to  the  case  where  or  and  a'  belong  to 
the  same  j  level  since  we  are  interested  in  study¬ 
ing  the  effect  of  depolarizing  collisions.  The  gen¬ 
eral  transport  equation  which  determines  the  coi- 
lislonal  evolution  of  density -matrix  elements  of 
“active  atoms”  immersed  in  a  perturber  bath  is 
given  by2 


i 
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4p'«»  =-  £rS?'(%W (?,*,/)+  E  / *',/), 

m  coU  ct'P'  ” 


where 


TS X'W-Af  / ^%^)(^(/.a^.^)6aa-/aa^.^)».«l) 


and 


(30a) 


(30b) 


(30c  i 


where  Vr  is  the  relative  velocity  between  active 
atom  and  perturber,  wg(4,)  is  the  perturber  equi¬ 
librium  velocity  distribution,  ¥  =  (p/m)($;  -?,), 

N  is  the  perturber  density,  and  fa.a($',?r)  Is  the 
a', 5'-  a,¥r  inelastic  scattering  amplitude.  In 
our  case  the  internal  state  is  labeled  by  the  mag¬ 
netic  number  m  and  the  relevant  scattering  ampli¬ 
tudes  are  fmm-Wr,%,A)  where  m  and  m'  are  taken 
along  a  fixed  quantization  axis  A.  This  scattering 
amplitude  may  be  expressed  as  a  function  of  the 
scattering  amplitude  in  the  helicity  representa¬ 
tion  by 

E  »&<*>'  >»&•»•  **  »,)  , 

air 

(31) 


I - 

and  provides  some  measure  of  the  effects  of  de¬ 
polarizing  collisions  in  level  j.  Integrating  Eq. 
(30a)  over  velocity  we  find 

n  Icon  m-m- 

(32a) 

where 

y::r~  =  dst),w;;p'"(^,v).  (32b) 

Equation  (32a)  does  not  decouple  y  and  p;  however, 
an  approximation  that  is  often  made22  is  to  neglect 
the  5  dependence  of  the  y’s.  In  effect,  one  re¬ 
places  *  by 


where  (ft  =  (<p^,  0^,0)  and  «'  =  (<?„;,  6r;,0)  and  <p 
and  6  are  polar  angles  with  respect  to  A. 

In  traditional  optical  pumping  experiments  in 
which  depolarizing  collisions  are  studied,4  neither 
the  vapor  excitation  nor  the  signal  detection  is 
velocity  selective.  In  these  experiments,  the 
broadband  excitation  creates  density-matrix 
elements  pL-ff>¥,t)  in  a  state  of  given  j  and  the 
intensity  of  radiation  emitted  (or  absorbed)  from 
these  mm’  substates  in  a  given  direction  and  with 
a  specific  polarization  is  monitored.  With  broad¬ 
band  excitation  and  detection,  the  signal  is  a  func¬ 
tion  of  velocity-averaged  density -matrix  elements 

pL-ff.0-  / 

- - - - I 


yw*'-/dW(*>y  :;?''(*),  03) 

where  W(¥)  is  the  active  atom  velocity  distribu¬ 
tion.  A  good  approximation  to  Eq.  (32a)  is  then 


JjpL.ff.D 


£  3*""#*. (34) 

.--PH'” 


The  yZm’f‘~  describe  the  (velocity -averaged) 
coupling  between  magnetic  sublevels  and,  as  such, 
reflect  the  nature  of  the  collisional  interaction. 
Thus  the  structure  of  the  yL"”  can  provide  some 
Insight  into  the  collisional  process.  By  combining 
Eqs.  (33),  (32b),  (30b),  and  (30c)  and  performing 
some  of  the  integrations,  one  may  obtain2 


‘Ynm' 


This  expression  can  be  written  in  terms  of  S-matrix  elements  It  Eqs.  (31)  and  (2)  are  used  for  the  scat¬ 
tering  amplitudes.  The  resulting  equation  can  be  simplified  by  using  the  relation  e, ip,0) 

'£*'*>* s-tRUJvVW)  and  other  elementary  properties  of  the  D  matrices.  The  integrals  over  dn„  and 
can  be  carried  out  and,  after  some  cancellation  of  terms,  one  is  left  with 
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^£<-im/  +  iKa/'  +  i)(2/+i)/j  *  f)('  i  f)P  '  f\(J  J'  f) 

\m  -m'  ql\ni"  -m”  qj  \M  -  M'  q/\M'  -AT  q) 


(J  J'  f)  C 

\JM»  -Mm  a)  J  di'rWr(vr)vl(&nM.t 


_  e/  t/ '  «  .  \ 

|f '  /  i 


(36) 


where  the  sum  is  over  all  repeated  indices  (except  j).  Equation  (36)  contains  the  selection  rule  m  -/«" 

-m'  -m”  which  may  also  be  obtained  from  symmetry  considerations.  One  can  verify  that  =0,  re¬ 
flecting  the  conservation  of  probability  1  )/<*  |co#  =  0. 

Using  Eq.  (26),  one  can  write  the  dynamical  factor  appearing  in  Eq.  (36)  as 


6 -Sjtjf.Sj..,  =  bymybyy  -  f/ -*-„*(- 00 . f;>t/-«»,(-  ».  +  <*>) 

x  ^5(//,>+0°)e*Pf-f(Ail'-'s'-Ail-#)]exii(-2f(rj/..,-ijiM)].  (37) 

In  writing  Eq.  (37)  we  have  implicitly  used  the  selection  rule  | J  -  J'|  sj  which  is  imposed  by  the  3  sym¬ 
bols  appearing  in  Eq.  (36).  Since  J  »j,  differences  between  J  and  J’  can  be  neglected  in  all  but  phase  fac¬ 
tors.  In  the  previous  section  it  has  been  shown  that  the  quantum-mechanical  aspect  of  the  translational 
motion  is  concentrated  in  the  factors  exp[- 2i(rtrit-  -jj/lt)].  The  other  factors  describe  the  evolution  of  in¬ 
ternal  substates  along  classical  paths  r/n(t).  Let  KJ0  be  the  angular  momentum  for  which  rJS)  =r0.  In  Eq. 
(36),  the  sum  over  j  may  be  regarded  as  a  sum  over  the  impact  parameter  (J  +  %)/K .  in  analogy  with  the 
classical  mechanics  calculation.  In  the  region  where  J  >J0  [or  r0  <  r^p'  ]  a  common  motion  approximation 
is  valid.  Since  |  J  -J'  the  phase  difference  in  Eq.  (37)  can  be  expanded  under  the  form 


7/v-7/»  =  7,.--7/„MJ'-J)^k^-,  (W 

where  can  be  identified  as  the  classical  deflection  angle  6/  (see  Appendix  B).  Then,  following  Eq. 

(28)  one  reduces  Eq.  (37)  to 

by**  y'by*  y  —  Sy^’  y'Sy  *  0  ~  by  itiyl  by  fry  —  ’(■—  °°»  ^  —  DO,  +  no) 

x  e*P/I  f  fr-*’<rAt))+V*<r/(t'h~V_l,4r,U))-Vy{r,U)))itexp[-HJ'-J)e,], 


where  (q,,„- !)/„>)  have  been  expanded  to  lowest 
order  in  the  potentials.  This  expression  describes 
the  substate  mixing  along  a  single  trajectory  r,  (< )  ■ 
When  J <J0  [or  ra>ttJMp)],  it  may  be  verified  that 
17/.  -  V»'  I5*  1  that  the  factor  exp[-  2f 
~t)/.)]  averages  to  zero  by  summation  over  J  and 
J’  for  |n |#  [»'  |.  A  classical  trajectory  r/Pt  may 
still  be  assigned  to  elements  of  the  density  matrix 
which  are  diagonal  (in  the  heliclty  representation) 
on  entering  the  region  r<r„  but  the  classical  pic¬ 
ture  fails  for  nondiagonal  elements.  In  other 
words  at  r  =ra  the  magnetic  substate  populations 
P/./»  are  scattered  along  separate  trajectories 
rt„  but  the  coherence  between  substates  is  lost 
owing  to  trajectory  separation.  After  the  depar¬ 
ture  from  the  region  r<r0,  substate  mixing  starts 
again  along  each  separate  trajectory.  In  some 
sense  the  images  given  in  Figs.  2(a)  and  2(b)  are 
valid  when  the  interatomic  distance  r  is,  respec¬ 
tively,  larger  or  smaller  than  r„.  To  work  out 
this  semiclasslcal  picture,  the  only  needed  con¬ 
dition  on  the  de  Broglie  wavelength  has  been 


(39) 

'X«rc.  This  condition  is  not  sufficient  to  regard 
the  atoms  as  wave  packets  of  dimension  much 
smaller  than  the  Interaction  distance.  Thus,  in 
analogy  with  JWKB  calculations  of  scattering  am¬ 
plitudes,  the  classical  trajectories  that  we  have 
mentioned  are  not  really  followed  by  the  atoms. 

A  specific  evaluation  of  "will  be  given  in  a 
future  work. 

Velocity  .elective  ban  apectroKopy 

In  velocity  selective  laser  spectroscopy,  the 
relevant  quantity  which  describes  collisional  ef¬ 
fects  is  the  collision  kernel  w;"?”(6',v).  Calcula 
tion  of  this  kernel  from  Eqs.  (30c)  and  (31)  re¬ 
quires  the  knowledge  of  products  of  differential 
scattering  amplitudes  of  the  form 

ffr'yW.VffllW'V- 

The  stringent  condition  fr~c  Is  needed  to  ob¬ 
tain  a  semiciassical  approximation  of  this  quan¬ 
tity.  We  consider  still  the  simple  case  of  purely 
repulsive  interaction  for  which  a  semiciassical 
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scattering  amplitude  has  been  calculated  (Eq.  29). 
Since  Eq.  (29)  is  valid  only  if  JeM6»i,  a  supple¬ 
mentary  assumption  is  needed  to  take  into  account 
small -angle  scattering.  We  suppose  that  the  width 
ot  in  velocity  space  is  much  larger 

than  the  velocity  change  which  corresponds  to  the 
deflection  angle  defined  by  J9„e  - 1.  Thus,  the 
coilisional  transport  equation  may  be  written 

+  £  0«.”«."-(f,?,f)  J  d^iTVZW'CV'.V) 
m»m“* 

+  f  d*vvrm'mW  r, 

(40) 

where  W^?>  ($',$)  describes  collisions  which  are 
such  that  Jg„e>l  and (V' , $)  describes  the 
remaining  very  small-angle  collisions.  The  first 
two  terms  may  be  calculated  in  the  same  wav  as 

J  mm' 

The  semiclassical  approximation  of  scattering 
amplitudes  is  needed  to  determine  ($',$). 

- — — ’ - 1 

<p) &,(»,  <P)= - 

K*n  sine 


one  which  enters  the  r<  r0  region  in  substate  1  at  im¬ 
pact  parameter  +  jyf  (I)  and  the  one  which  enters  the 
r<  ro  region  in  substate  2  at  impact  parameter  (J0j 
+  i)/k  (II).  Along  each  trajectory  mixing  between  sub- 
states  occurs  for  r  <  rt.  The  trajectories  of  subetate  2 
in  I  and  substate  1  in  II  would  lead  to  scattering  at  an 
angle  other  than  9  and  are,  therefore,  not  continued  in¬ 
to  the  r  <  r(  region. 


As  above,  two  collision  regions  may  be  distin¬ 
guished  depending  on  whether  is  larger  or 
smaller  than  J0.  When  >J0,  a  single  trajectory 
is  available  and  one  obtains 


dTe 


*  expl"»  jf  W-trtrd**  ~  V.*<r,e(t))  +  VAr4t))  -  V^r^(f)>] 

x  exp  i(Mm  +  M’j^J  (4 1 ) 

for  use  tn  Eqs.  (30c)  and  (31).  This  result  contains  the  product  of  a  semiclassical  elastic  differential  scat¬ 
tering  cross  section  by  a  factor  which  accounts  for  the  MM'  transitions  along  this  trajectory. 

When  Jm  >,j0,  distinct  trajectories  corresponding  to  distinct  substates  may  contribute  to  scattering  at 


/s^(e,  *>/£, f(6,  (d9„  j8„,)*^-...,(-  ”,  ”, 

x  expI-KA^,,,  -  A^;')]ex| -  M'  - M"  +  M)\+i(M' -Af*p) 
„  /  8  e  9  9  V1'1  r„  . 


(42) 


The  last  factor  in  Eq.  (42)  represents  interference 
effects  between  diverging  trajectories.  Its  angu¬ 
lar  dependence  1b  given  by 

(43) 

This  angular  dependence  leads  to  oscillations  of 
W'Si"*’ (*',*)  as  a  (Unction  of  V  and  V' .  In 


/w^»">(v',v)p.,,*-(v')<fV,  the  integral  over  v' 
averages  to  *ero  for  terms  with  |  n\*  In' I  provided 
(n/m)u  \Jen-Jem.\-1  Is  much  smaller  than  the 
width  of  pmm  ,(v)  In  velocity  space,  where  u  is  the 
active-atom  mean  speed. 

The  net  effect  of  scattering  in  direction  ftp  for 
a  two-level  system  in  this  limit  is  shown  In  Fig. 

5.  The  angular  momenta  J9t(i  =1,2)  correspond 
to  scattering  of  an  atom  in  state  »  through  the 
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angle  ftp.  For  r>r0  the  substates  are  mixed  by 
the  collisional  interaction  along  each  of  the  two 
trajectories  I  and  n.  For  r<r„  the  two  states  in 
each  of  trajectories  I  and  n  are  split  by  the  col¬ 
lisional  interaction,  but  only  one  trajectory  in 
each  leads  to  scattering  at  (fkp).  Finally,  the 
states  in  a  given  trajectory  are  again  mixed  for 
r  >r0.  The  internal  final  state  is  a  combination 
of  internal  states  which  have  experienced  the  his¬ 
tory  shown  in  Fig.  5.  When  the  above  conditions 
are  not  fulfilled,  no  simple  picture  can  be  given. 

It  should  be  noticed  that  the  phase  factor  in  Eq. 

(42)  cannot  be  clearly  separated  into  a  “spatial 
phase  shift”  which  would  represent  interference 
effects  between  diverging  trajectories,  and  an 
"internal  phase  shift”  which  results  from  internal 
substate  mixing  and  which  is  present  along  a  com¬ 
mon  classical  trajectory. 

Thus,  the  methods  used  to  calculate  and 

W«£t"’(P',$)  are  pej-fectiy  consistent  with  the 
JWKB  and  classical  trajectory  approximations, 
respectively,  that  are  used  to  calculate  total  and 
differential  scattering  cross  sections.  Assuming 
\«rc,  the  result  for  y£"r"  can  be  interpreted  in 
terms  of  a  large  number  of  partial  waves  giving 
rise  to  scattering  at  angle  0<p  with  no  classical 
correspondence  between  impact  parameter  and 
scattering  angle;  however,  the  relevant  phase 
shifts  and  substate  coupling  are  calculated  along 
classical  trajectories  (just  as  the  ??,  are  calculated 
along  classical  trajectories  in  the  JWKB  evalua¬ 
tion  of  collision  cross  sections).  Under  the  more 
stringent  condition  the  derived  expres¬ 

sion  for  the  kernel  WJJ"5,'"(W,V)  can  be  interpreted 
as  arising  from  collisions  having  the  appropriate 
impact  parameter  to  give  rise  to  classical  scat¬ 
tering  at  (kp.  There  may  be  a  number  of  such  im¬ 
pact  parameters  reflecting  the  different  inter¬ 
action  potentials  for  the  various  magnetic  sub¬ 
states. 

We  have  not  attempted  to  give  an  interpretation 
to  Wj"r”(W,^)  under  the  less  restrictive  semi- 
classical  condition  X«rc;  in  this  limit  the  large 
number  of  partial  waves  contributing  to  each  scat¬ 
tering  amplitude  leads  to  a  very  complicated  ex¬ 
pression  when  bilinear  products  of  the  scattering 
amplitudes  are  taken  to  form  the  collision  kernel. 
Only  when  total  cross  sections,  such  as  those 
represented  by  y5”r"',  are  evaluated  does  one  re¬ 
gain  a  result  with  a  simple  physical  interpretation. 

V.  SUMMARY 

In  view  of  understanding  the  signal  formation  in 
laser  spectroscopic  experiments  when  depolariz¬ 
ing  collisions  are  present,  we  have  developed  a 
semiclassical  theory  ol  these  collisions.  First 


we  have  shown  that  single -trajectory  approxima¬ 
tion  and  adiabatic  approximation  can  be  combined 
to  obtain  a  generally  valid  expression  for  the 
semiclassical  phase  shifts  (provided ■*«rc).  An 
explicit  calculation  of  this  phase  shift  has  been 
outlined  in  the  simple  case  of  a  continuously  de¬ 
creasing  difference  of  the  substate  dependent  in¬ 
teratomic  potentials.  The  conditions  of  validity 
for  using  a  semiclassical  scattering  amplitude 
have  been  examined  and  the  case  of  a  purely  re¬ 
pulsive  interaction  has  been  treated  in  some  de¬ 
tail.  Using  semiclassical  approximations  to  the 
scattering  amplitudes,  we  investigated  the  nature 
of  the  depolarization  collision  kernels  and  rates 
which  enter  into  laser  spectroscopic  experiments. 
For  these  two  quantities  a  picture  of  the  scatter¬ 
ing,  in  terms  of  classical  trajectories,  has  been 
given.  In  a  forthcoming  paper,  expressions  that 
we  have  obtained  will  be  used  in  a  numerical  cal¬ 
culation  of  the  corresponding  signal  profiles  which 
could  be  observed  in  laser  spectroscopic  experi¬ 
ments. 
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APPENDIX  A:  DERIVATION  OF  THE  RADIAL 
EQUATION17 

A  convenient  set  of  commuting  observables  in 
the  center-of-mass  frame  consists  of  the  Hamil¬ 
tonian  ff,  f,  and  the  total  angular-momentum 
operators  J*,  J„  where  J,  is  taken  along  a  labora¬ 
tory  fixed  axis  of  quantization  Oz.  The  corre¬ 
sponding  eigenfunctions  are  */,l,/(?,p)  where  Af, 
is  an  eigenvalue  of  J,  and  p  denotes  the  ensemble 
of  electronic  coordinates  of  the  colliding  atoms. 
The  total  Hamiltonian  ff  is 

ff  =  H  „(p>  +  2^  +V(f,p), 

where  ff„(p)  is  the  internal  Hamiltonian,  V(r,p) 
is  the  Interatomic  potential,  and 


The  Hamiltonian,  without  internuclear  motion,  is 


Its  eigenfunctions  are  <^.(r,p)  where  AT  is  the 
simultaneous  eigenvalue  of  J ,,  and  along  the 
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rotating  axis  of  quantization  7.  The  expansion  of 
*/7*(?,p)  In  terms  of  <pi(r,p),  and  the  wave  func¬ 
tion  41  £'.(>•)  describing  the  scattering  is” 


p>  =  -  (r,p) , 

where  81  is  the  rotation  which  brings  f  along  Oz. 
We  substitute  this  expression  into  the  Schrbdinger 
equation 


where  K  is  the  magnitude  of  the  relative  motion 
wave  vector.  Projection  on  ^*(r,p)  leads  to  the 
radial  equation 


(  *L  * 

V  2(x  H? 


=  -  T,  (M\V\M')^.(r) , 

ir*it 

where 


equation  is  determined  by  the  asymptotic  form  of 
a  scattered  plane  wave  which  is 


*  -  e1*'1  $'//($)  +  /'*Ii-(e,v»)<pi.(«.p) , 

where  <p^(p)  is  the  electronic  wave  function  as¬ 
suming  that  the  quantization  axis  is  along  R,  and 
is  the  scattering  amplitude  in  the  helicity 
representation.  The  connection  between  $>^(p) 
and  (pi,(°°,p)  is 

<p  ®  '*» '  &  v* ■  •  p >  • 

r 

Expansion  of  the  plane  -wave  function  in  terms  of 
spherical  harmonics  leads  to 

(p ) -  —  ZJ  (2f  + 1 H2J  +  1  )(e‘*r  -  ( ■ -  1  )'e -lr') 
/ 

*('  *  J)(“  J) 

\0  M  - M /  \0  M’  -M’j 


n  =  f  dp<t>'/(.r,p)^ipi,(r,o) . 


ti.lj.Mll.U,  Af)8»jf>u] 


A«(./,jW')  =  [«/(</  + and  Fj,(r)  is 
the  value  of  the  interatomic  potential  in  substate 
M.  In  the  diagonal  term,  the  contributions  which 
contain  S  and  j(j  + 1)  -  2Af*  may  be  neglected  as 
they  are  of  the  order  olH/rc. 

The  boundary -value  condition  which  is  necessary 
to  select  the  appropriate  solution  of  the  radial 


Summing  over  I  and  using  Eq.  (2)  one  finally  ob¬ 
tains 

* -  2^  £  ■ 1 )[  -  (-  1  >"' V  -*  | 

x  (- l)'*“'l>Ji.(<RVv’('x,>P)> 

Since  *  =TVM'*/>M‘Cf,p),  we  see  that  the  asymp¬ 
totic  form  of  the  radial  wave  function  is“ 

x[8.1(lf,e-'lrr-(-l),*/Si-.e,'r']. 


APPENDIX  B:  STATIONARY-PHASE 
CALCULATION 

The  needed  approximation  for  «■(<?,  8.0)  for  large  J  values  is  given  by  Brussaard  and  Tolhoek,33 

0,0)  Sin 8fe(8^  1,2  sin^+ Afrr  +  ,  (B1 ) 

where 

He) = [j2  -  (a/*+ M'2  -  2m\t  cob  e)/ Bin2  e)1^  (B2) 

and 

Wlf.(e) -J  C0S-*[(  J2  cose  -  MM’WiJ2  -  Afa),/V*  - 

-  Mcos~‘[(Afcos0  -  H' )/sine(d'  -  -  XT  cos ''[(Jlf  cose  -  M)/sin0(,7*  -  Af’*)17*].  (B3) 
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This  approximation  is  valid  provided  W£*.(6) »  1. 
This  expression  is  substituted  into  Eq.  (2).  The 
sum  of  the  term  involving  <5MM.  vanishes17  and  one 
is  left  with 

f <p)~  — ^  ('iJ  +  i)Sin'^iS' • 

(B4) 


tW**.(6))  =  0  which  leads  to 

_ ,/  «/a  cose -MAT  \ 

2dj-~tC0B 

or,  when  M«-J, 


(B6) 

(B7) 


where  Si*,  is  to  be  given  by  Eq.  (26).  The  quanti¬ 
ties  and  exp(»Aj!*),  appearing  in  Eq. 

(26)  are  slowly  varying  functions  of  J  with  respect 
to  exp(2iij/*-).  Thus,  they  can  be  taken  out  of 
the  sum  over  J  and  evaluated  at  a  point  of  maxi  - 
mum  contribution  to  the  sum.  One  may  use  the 
stationary -phase  method  to  calculate 

j dJ exp[2ir/JM.  ±/H’**,(e)] .  (B5) 

The  stationary -phase  condition  is  d/dJ\2i)JU.  . 


The  classical  deflection  angle  6  is  defined  by 

e  =  2^utr,  (B8) 

aJ 

where  dr\nm/dJ  satisfies  Eq.  (B7)  to  first  order 
in  M’/j.  A  set  of  angular  momenta  ,/g*..  may 
satisfy  Eq.  (B8).  We  restrict  now  our  calculation 
to  the  single  case  of  a  purely  repulsive  potential. 
Then  8-0  and  the  semiclassical  scattering  am¬ 
plitude  may  be  evaluated  from  Eqs.  (B4),  (22), 
and  (Bl)  using  the  method  of  stationary  phase. 

One  obtains 


/-*v(®,<p)  =  £Ygtni)i7>  ev")I/2  (a J9lt~)  V$l*(-<»,tJ)Ufr!,ll  (fJ*».°0)exp(*A1/?J  + 


exp(- 1 1  -  t'Glf '  +  M)  |  sjex p(-  iM<p) . 


(B9) 


This  expression  is  bound  to  the  validity  of  the 
stationary -phase  approximation  which  requires 
that 


(BIO) 


This  condition  generally  reduces  to  -Jrc.  One 
has  to  also  take  account  of  the  condition  of  valid¬ 
ity  of  the  approximation  used  for  ©J*.(0,  6, 0).  To 
first  order  in  M/J  the  approximation  demands 
that 


1  sin8 1 »  1  .  (Bll) 

The  points  of  stationary  phase  for  channels  M 
and  M '  are  well  separated  provided  that 

\JMt>  -•/*.<,!»  (a  6/3«/)-,/J.  (B12) 

The  fulfillment  of  this  condition  implies  that  the 
wave  packets  in  channels  M  and  M’  do  not  over¬ 
lap.  When  condition  (B12)  is  not  fulfilled  the  dis¬ 
tinct  wave  packets  coalesce  into  a  single  one,  but 
Eq.  (B9)  is  still  valid,  since  Eq.  (B8)  still  has 
a  single  solution  for  a  given  value  of  M" . 
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Abstract 


The  problem  of  calculating  transition  probabilities 
in  two-level  systems  is  studied  in  the  limit  where  the 
detuning  is  large  compared  to  the  inverse  duration  of  the 
interaction.  Coupling  potentials  whose  Fourier  transforms 
V(u ))  are  of  the  form  f(oj)e  ^  for  large  frequencies 

give  rise  to  solutions  which  may  be  classified  into 
families  according  to  the  form  of  f(to).  Within  each 
family,  transition  probabilities  may  be  calculated  from 
formulae  that  differ  only  in  the  numerical  value  of 
a  scaling  parameter.  In  cases  where  the  coupling  function 
has  a  pole  in  the  complex  time  plane,  the  families  are 
identified  with  the  order  of  this  singularity.  In  par¬ 
ticular,  for  poles  of  first  order,  a  connection  with  the 
Rosen-Zener  solution  can  be  made. 

The  analysis  is  performed  via  high-order  perturbation 
expansions,  which  are  shown  to- always  converge  for  two- 
level  systems  driven  by  coupling  potentials  of  finite 
pulse  area. 
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I.  Introduction 


In  naiy  areas  of  physics,  one  encounters  problems  involving  two 
states  of  a  quantum-mechanical  system  coupled  by  a  time-dependent  po¬ 
tential  10  In  the  interaction  representation,  the  equations  of  motion 
for  and  a^,  the  probability  amplitudes  of  levels  1  and  2,  are  of  the 
form 


i*  lift 


ia.,-  vYOe  aa> 

(la) 

,  - 1 v~t 

;ax* r  V60e  a,, 

(lb) 

where  co  is  the  frequency  separation  of  the  states  and  V(t)  is  the  coupling 
potential.  decay  effects  are  neglected  in  Eqs .  (l)  (and  throughout  this 
paper)  and  we  work  in  a  system  of  units  in  which  -6=1. 

Equations  of  this  type  arise  in  many  semiclassical  problems .  A 
problem  of  current  interest  to  which  they  apply  is  the  coupling  of  two 
levels  of  an  atom  by  a  laser  pulse  that  has  a  temporal  width  which  is 
small  compared  to  the  natural  lifetimes  of  the  levels.  The  pulse,  V(t) 
is  of  the  form 

<2  C tfSJL-fc,  (2) 

where  ft  is  the  central  frequency  of  the  pulse,  and  2A(t)  is  the  envelope 
function  of  its  amplit-ue.  Assuming  that  <<  1,  one  can  recast 

Eqs.  (l)  in  terms  of  A,  the  detuning  of  the  pulse  from  resonance  (ro¬ 
tating  wave  approximation) as 


-  2  - 


.1 

i 

* 


(3a) 


iA± 

icL,  =  AM  e  a  2> 

-:£t 

/  Clx  x  <£?  CL,  .  (3b) 

Sqs.  (3)  or  (l)  are  deceptively  simple  in  form,  and  one  might,  at 
first  glance,  believe  that  the  system  must  be  completely  understood,  so 
that  nothing  remains  to  be  investigated  about  the  equations  or  their  so¬ 
lution.  Actually,  there  is  very  little  known  about  the  overall  qualitative 
nature  of  the  solutions  to  Sqs  •  (3)  for  arbitrary  A(t).  Apart  from  any  in¬ 
trinsic  interest  one  might  have  in  the  dynamics  of  two-level  systems,  such 
information  could  be  useful,  for  example,  in  applications  where  one  wished 
to  choose  the  pulse  shape  to  maximise  the  excitation  probability  for  a 
given  detuning  A. 

To  appreciate  that  our  assertion  concerning  the  lack  of  knowledge 
about  the  behavior  of  systems  described  by  Sqs .  (3)  is  valid,  one  need 
only  recognize  that  the  answer  to  the  following  question  is  not  known 
in  general.  "Starting  with  initial  conditions  a^(-°°)  =  1,  *  0,  how 

does  the  probability  amplitude  a2(t)  depend  qualitatively  on  the  pulse 
area  S,  defined  by 

S*  O'0 dt» 

on  the  detuning,  and  on  the  shape  of  the  envelope  function  A(t)?" 

A  response  to  this  query  can  be  made  for  a  limited  number  of  cases. 

Analytic  solutions  are  available  if  A(t)  belongs  to  a  class  of  functions'5, 

2  3 

(including  the  hyperbolic  secant  of  Hosen  and  Zener  ’  )  mappable  into  the 
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hypergeometric  equation,  or  if  A(t)  =  (constant)  exp  (—oc J 1 1  )^ * or  if 
A(t)  is  a  step  function  (Kabi  problem),  or  if  the  detuning  is  zero.  In 
addition,  there  are  approximate  solutions  available  in  adiabatic  or 
perturbative  limits.  Yet,  there  remains  a  wide  range  of  parameters 
and  pulse  shapes  for  which  an  answer  to  the  basic  question  cannot  be 
provided. 

In  this  paper,  we  shall  examine  the  solutions  to  Eqs .  (3)  in  the 

limit  where  the  product  of  the  detuning  |A|  and  the  characteristic  pulse 

duration  T  has  a  magnitude  greatly  in  excess  of  unity.  In  other  words, 

we  are  assuming  that  the  pulse  does  not  possess  the  appropriate  Fourier 

components  to  significantly  compensate  for  the  detuning.  In  consequence, 

2 

the  transition  probability  |a0(<»)|  will  always  be  very  small  (but  still 
great  enough  to  be  experimentally  measurable  in  atomic  vapors  of  den- 
sities  10  atoms /cm  ).  We  note  that  numerical  solutions  of  Eq.  (3) 
in  this  detuning  range  may  be  possible  but  are  very  costly  in  computer 
time  and  plagued  with  technical  difficulties. 

For  the  case  |At|  »  1,  we  shall  establish  the  following  results: 

(1)  Low-order  perturbative  approximations  for  a^00)  are  not  valid  for 

arbitrary  pulse  area  S,  despite  the  fact  that  | a.^ (t ) |  «  1  for  all  time. 

(2)  An  iterative  solution  to  Eqs .  (l)  always  converges  for  well-behaved 
envelope  functions.  (3)  Asymptotic  solutions  for  a0(t),  t  finite,  may  be 
easily  found,  but  expressions  for  a^t”)  are  difficult  to  obtain.  (U) 
Asymptotic  solutions  for  ag^)  can  be  obtained  for  a  limited  class  of 

*  7 

Kaplan  has  also  considered  cases  where  the  detuning  varies  as  prescribed 
functions  of  the  amplitude,  and  obtained  closed-form  expressions. 
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pulse  envelope  functions  using  contour  integration  techniques.  This  is 
a  broader  set  than  that  for  which  exact  solutions  are  known.  (5)  The 
asymptotic  dependence  of  depends  critically  on  the  nature  of  the 

singularities  of  the  pulse  envelope  function  A(t),  analytically  continued 
into  the  complex  plane .  (6 )  If  two  pulse  functions  have  the  sane  Fourier 

transforms  in  the  limit  of  large  frequencies  ana  if  the  dominant  dependence 
of  the  transform  is  an  exponential  decay  in  the  frequency,  then  the 
asymptotic  forms  of  the  soiutiors  a^('°)  for  these  functions  in  the  limit 
of  large  j A  j  are  simply  related.  Ir,  this  prq»er,  we  address  points  (l), 

(?),  (3),  .and  (6);  methods  for  actually  obtaining  asymptotic  solutions 
(points  00  and  (5)) will  be  discussed  in  a  future  article. 

II.  Asymptotic  solutions. 

2  3 

As  we  have  incicated,  the  Rosen-dener*' ’  (hyperbolic  secant 
coupling  pulse)  problem  is  one  of  the  few  for  which  exe.ct  solutions  are 
known.  In  this  case,  a  simple  expression  gives  the  transition  amplitude 
as  a  function  of  detuning  and  area  for  all  values  of  these  parameters. 
Naturally,  since  this  formula 

s/v  S 

Ctjfa')  V(4)  j  (u) 

where  V  is  the  Fourier  transform  of  A(t),  is  exact,  it  is  valid  in  the 
special  case  of  the  asymptotic  iirit. 

V.e  shall  show  that  there  is  an  entire  class  of  pulses  for  which  the 
asymptotic  transition  amplitude ,  as  a  function  of  S  and  A,  may  be  written 
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down  by  inspection,  once  the  R  os  er. -Zener  problem  has  bec-n  solved.  We 


shall  also  demonstrate  that  there  are  other  classes'  of  pulses  whose 
solutions  as  t  00  are  unrelated  to  noser; -Zener ,  but  are  connected 
to  each  other  in  the  sense  that  once  one  has  been  solved,  the  solutions 
for  the  entire  class  may  be  obtained  by  inspection. 

The  existence  of  these  related  solutions  will  be  established 
via  term-by-term  comparison  of  order  perturbation  expansions  which, 
unaor  very  general  conditions,  are  convergent  in  two-level  problems. 

(Lee  Appendix).  With  suitable  scaling  of  the  coupling  strengths,  the 
scries  for  different  member's  of  particular  classes  will  be  seen  to  be 
identical,  in  the  limit  of  large  detuni r.ys . 

The  particular  potentials  analyzed  in  this  paper  are  A(t)  whose 
Fourier  transforms  for  large  c;  assume  the  form  p(t.)  exp (- j bu |  ) .  where 
p  is  a  slowly  varying  function  of  a,  and  b  a  constant.  It  is  convenient 
to  make  a  variable  change,  such  that  v  =  |b|w  and  x  =  t/|b|.  Consequent! 
the  exponential  decay  factor  ir.  the  Fourier  transform  beccr.es  exn(-|v|) 
and  the  equations  of  notion  transform  to 

,a,=  A-Pcxie  a2) 

-i'o<x 

/  ax  =  (3  -P  Cx)  e  o. , , 

where  a  =  |bA|  and  where  the  dot  now  signifies  differentiation  with 
respect  to  x.  fi,  previously  designated  as  S,  is  the  pulse  area.  The 
reduced  potential  function  f(x)  is  defined  such  that  /^(xjax  =  1.  The 


(3a' ) 
(3b') 


pulse  area  is  invariant  under  the  indicated  chance  cf  variable.  One 


loay  also  write  hq.s  .  (3)  as  a  pair  uncoupled  second-order  equations 

+  »w)a,  +  /3 -P  &i= 

•  .  .j.  •*. 

aa_  +  3  -P 


(5a) 


(5b) 


There  are  two  aspects  so  the  solutions  of  bqs .  (3)  or  (5).  These 
are  the  calculation  of  the  amplitudes  at  finite  and  infinite  times,  re¬ 
spectively.  The  former  are  of  interest  if  the  transients  are  to  be  used 
as  input  to  other  problems,  such  as  multirhoton  ionisation11,  while  the 
latter,  with  which  we  are  mainly  concerned  here,  are  the  transition  am¬ 
plitudes,  a2(°°).  The  two  temporal  recimes  differ  greatly  in  the  methods 
that  must  be  used  to  perform  accurate  calculations. 


Apart  from  the  Rabi  problem,  the  problem  wnic'n  has  attracted 
the  most  study  is  that  of  Rosen  and  iiencr41’'5,  fix)  =  (sechn  ::/2)/ 2,  for 


which  the  solutions  are 


a,  = 

<2  5.  = 

r 

=  - 


(a,  b,c,  *)-, 

»  '  ) 

\-CV  C-a-b  _  .  .  ^  ?  a\ 

iK*  (i-O 


(6a) 


(6b) 


(6b* ) 
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where 


A 

IT  > 


2  = 


<2- 


) 


and  F.  designates  the  hypergeometric  function.  The  form  of  a0  given 

C.  «*■  ^ 

by  bq.  (6  b)  is  valid  for  all  x,  while  that  given  by  tq.  (ub')  holds  only 
for  finite  x,  unless  i>  corresponds  to  an  eigenvalue,  a  pulse  area  for 
which  a,,(+  °°)  vanishes.*^  We  recall  that  a ^{°°),  the  transition  amplitude 
for  the  Rosen-Zener,  problem  is  oiven  by  ha.  (1). 

One  m-ay  write  the  solutions  to  bps.  (3)  as  perturbation  series 
in  the  usual  fashion,  noting  that  only  even  orders  enter  the  expression 
for  a^,  while  only  odd  orders  appear  in  the  formula  for  a^.  The  expansion 
for  a„(+  °°)  is 


(3fe+0 


-2-&4 


% 


^  (~\)^  where 


pfc+O  ^  n 

Q  »5/?ooe  J*.  I 

••  _ _ )  “ 


J-fe+l  J-J  .  ' 

it  i 

'.-n  —C*J 


if-0  ^ 


— <*» 


In  the  Appendix,  it  is  shown  that  this  series  converges  for  all  finite 
pulse  areas . 

For  the  remainder  of  tiie  paper  we  will  restrict  ourselves  to 
the  case  of  pulses  that  are  symmetric  in  time  and  where  |aj  »  1  — 
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the  adiabatic  or  asymptotic  limit.  The  Fourier  transform  will  be 


symmetric  in  v.  We  shall  begin  by  comparing  the  finite  and  infinite 
tine  solutions  of  the  Rosen-Zener  problem,  which  exemplify  relevant 
properties  of  transition  amplitudes  induced  by  smooth  pulses. 


the  gF1 

Q  a  = 


V.'e  nay  obtain  the  finite  tine  solution  by  explicitly  expanding 
function  of  Lq.  (cb1) 


3  - 

»rr 


For  large  a. 


it  is  sufficient  to  retain  the  leading  tern 


-  \*J X 

e. 


This  is  equivalent  to  first-order  perturbation  theory  in  the  adiabatic 
limit 


*  -  ,W  x  / 

V(x)e  dx  - 


MU')  -J«* 
> 


where  subsequent  parts  integrations  are  neglected,  since  they  are 

0(  “),  n  >  1.  We  immediately  see  that  this  sequence  of  parts  integrations 
a 

is  unsuitable  for  calculation  a^C03),  since  each  tern  separately  vanishes 
when  x  -*•  ».  Lven  including  the  third  -  and  higher-order  terras  in  the 
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perturbation  series  via  analogous  sequences  of  parts  integrations  does 
not  enable  one  to  obtain  a  non-?,ero  amplitude  as  t  ->  00 .  Consequently, 
other  methods  are  necessary  to  calculate  for  a^l00). 

It  is  clear  from  the  preceding  paragraph  that  for  large  enough 
a,  first-order  perturbation  theory  is  a  sufficiently  accurate  approxi¬ 
mation  for  most  purposes,  provided  x  is  finite.  For  infinite  times,  not 
only  does  the  adiabatic  sequence  of  parts  integrati ore  lead  to  an  in¬ 
correct  a  (°°),  but  even  an  exact  evaluation  of  the  first  order  integral 
may  be  insufficient.  This  is  typified  by  the  exact  Acsen-benc-r  amplitude, 
mq.  (4),  in  which  the  factor  sin£  does  not  reduce  to  its  first  order 
limit  of  i?;  unless  js|  is  small  compared  to  unity.  This  failure  of  the 
first-order  theory  occurs  no  matter  how  large  the  detunii^  becomes  .  One 
must  retain  enough  terms  in  the  perturbation  expansion- to  accurately  re¬ 
present  the  sine  function.  Thus,  for  the  Kosen-Sener  pulse,  if  the 
coupling  is  great  enough  so  that  saturation  effects  would  appear  at 
resonance,  simple  first-order  theories  can  not  be  used  for  a  nonresonant 
pulse  of  the  same  strength.  A.,  we  shall  see,  other  smooth  pulses  also 
possess  this  "saturation  memory".  In  fact,  in  some  cases,  a  higher-order 
theory  is  necessary  off  resonance  even  for  a  case  where  a  first-oraer 
theory  would  suffice  at  resonance.  This  is  exemplified  by  the  formulae 
of  bqs .  (9)  below. 

Since  each  coupling  function  f(x)  is  different,  one  might  be 
led  to  believe  that  separate  calculations  must  be  performed  for  each 
individual  case.  Fortunately,  as  we  have  stated  earlier,  there  prove 


to  be  classes  of  p aloes  where,  if  one  knows  the  functional  dependence 
of  the  asymptotic  transition  amplitude  on  u  and  B  for  one  member  of 
the  class,  one  knows  it  for  all  members  of  the  class,  although  the  actual 
time  dependence  of  the  potentials  may  be  drastically  different,  ••'hat  is 
significant  is  that  their  Fourier  transforms  assure  the  sa  e  form  as 
a 

When  Kosen  and  Zener  denuced  Lq.  (k),  they  suggested  that  similar 

2 

formulae  might  hold  for  other  smooth  pulses.  This  conjecture  proves  not 
to  hold  in  general.  It  is  manifestly  false  for  asymmetric  pulses,  nor  is 
it  even  valid  for  all  symmetric  pulses. What  we  shall  show  is  that  a 
kind  of  dcsen-Zener  conjecture  does  apply  at  large  detunings  for  pulses 
ir,  which  f(x)  has  simple  poles  at  x  =  i .  This  lav  dees  not  appDy  to  pulses 
which  have  higher  order  poles  at  this  point,  although  scaling  lavs  for 
these  do  exist,  different  for  each  order. 

The  following  theorem  will  be  established.  Let  tve  coupling 

pulses  A(x)  and  A  (x)  have  Fourier  transforms  V(v)  and  V  (v).  The 
o  o 

Fourier  transforms  of  both  approach,  for  large  values  of  the  argument, 
the  same  asymptotic  form  Va(v).  If  is  of  the  form,  <;,(v)e  ‘  1  where 
<t> (v)  is  a  slowly  varying  function  of  v,  then  the  asymptotic  transition 
amplitudes  generated  by  the  two  pulses  will  be  the  same,  provided  that 
the  pulse  areas  are  both  finite.  A  sufficient  condition  for  the  indicated 
asymptotic  behavior  of  the  Fourier  transforms  is  that  they  be  equal,  for 
large  v,  to  a  contour  integration  whose  value  is  given  by  the  product  of 
the  residue  at  x  =  i  and  the  usual  Cauchy  factor  2vi.  If  two  such  pulses 


ore  to  have  the  same  <J>(v),  they  must  possess  poles  of  the  some  order  at 
x  =  i. 

The  contribution  of  order  (2k+l)  to  the  transition  amplitude  my  be 
rewritten  slightly 


A  x 

The  factors  e  d  J  do  rot  affect  the  integrals.  They  are  used  to  remove 


ambiguities  as  x^-*  -  in  the  treatment  below,  where  we  express  the 
amplitude  in  terms  of  integrals  in  the  frequency  domain.  The  limits 
Aj  -*■  0  are  to  be  taken  before  the  x^  integration  is  performed,  .express¬ 
ing  each  A(x.),  j  >  in  terms  of  its  Fourier  transform,  we  have 


"d-l  ,  l  ' 

$  ^  V(%)e 

~  °°  -oo 


<% 


l>y  working  in  the  frequency  domain,  we  shall  be  able  to  examine  the 

(2k+l) 


structure  of  the  integrals  for  a. 


and  establish  that  the  contri¬ 


bution  from  regions  where  the  asymptotic  form  of  V  is  not  valid  is  lower 
by  0(i)  than  the  contributions  from  regions  where  it  is  valid. 
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'i’he  integrals  over  the  x.  are  trivial  to  perform.  Y/e  obtain 

m} 


afe4l 

IL  T'  - 

We  now  proceed  to  determine  the  asymptotic  form  of  these  amplitudes. 

(3) 

The  analysis  is  easiest  to  follow  for  the  third-crder  contribution  , 

but  exactly  the  same  reasoning  and  conclusions  will  apply  for  the  higher 

order  terns.  (The  theorem  is  true  bj'  inspection  in  first-order,  since 

that  contribution  is,  apart  from  a  constant  multiplier,  just  the  Fourier 

transform  itself.  Thus,  if  two  coupling  functions  have  Fourier  transforms 

of  the  same  asymptotic  form,  their  first-order  transition  amplitudes  scale 

(3) 

the  same  way  with  3  and  a.  The  leading  non-trivial  term  is  •) 

,  .  ,  T?  v(«vta)V(W«) 

<3a  =  v>o  0vr  j  \  (  -  1  A)  (  +  1  A)  . 

—  pO  JTeO 


It  is  convenient  to  make  the  change  of  variable  V.  =  y.  a. 

1  i 


rJ 


m  i, 


i-  r r  Vfcy.Wfc *  />- lM j ya 


-  _p— 3.  I  I  _  yr  /!  /  '  >  •  •  — 
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OO  OO 


MrJ! 


m(. 1  j 

-oc 

L.» 

+  iTT^ 


«OD  -oO 


4)  w^»)  vfcCr,  +y,-  o)Jy,  <v, 

(y,-o  cy.+yo 


u  +  cv^/ofi/fro-fi 

-f'L  uyfc.;x  -/4-i-;>  _lj, 


A/  ?-  <V 


where  ?  indicates  that  the  integrand  excludes  infinitesimal  regions  near 
y.  =  -y„  and  y.  =  1.  We  may  formally  integrate  the  last  tvo  terns.  If, 
(-1)  is  factored  from  1  he  second  of  the  two  integrals,  they  combine  to  be¬ 


1 

i  1 

M(V(*y*))  | 

'+3>+;* 

lt  is  immediately  obvious  that  if  these  are  partitioned  according  to  the 
rule 

f  =  p  Chilli*  ^ 

£^o  j  x-xc-»e  I  j  x-x0  +  '> 

the  principal  value  contributions  exactly  cancel,  while  the  iir  terms  are 
proportional  to  e  ^a,  and  exponentially  small  compared  to  a^\  which  de¬ 
cays  only  like  e-a.  Terms  proportional  to  exponentials  which  decay  more 
rapidly  than  e  C  do  not  contribute  to  the  asymptotic  form. 

Ve  now  proceed  to  examine  the  remaining  contributions  to  , 
where  it  is  again  understood  that  the  small  regions  in  the  neighborhood 
y2  “  ~YX  and.  y^_  =  1  ore  excluded  from  the  integrals .  For  all  regions 


except  where  |y|  <  |~| ,  where  a  is  a  number  of  order  unity,  V  (cty )  -*•  V  (ay) 

Thus,  for  the  entire  y1_y2  Plane»  except  where  y^  0,  yg  **  0  (but  not 
both  simultaneously)  and  y^  +  y^  -  1,  the  numerator  of  the  integrand  is 
well  represented  by  its  asymptotic  form.  Furthermore,  since  at  most 
one  of  the  three  Fourier  transform  factors  departs  from  its  asymptotic 
form  in  any  given  region  of  space,  the  area  in  the  y  -  y2  plane  over 

A / 

which  one  of  the  V  both  departs  from  its  asymptotic  form  and  decays  no 
more  rapidly  than  e  a  is  0(l/a).  It  is,  of  course  implicitly  assumed  that 
the  exact  and  asymptotic  forms  of  the  Fourier  transiorns  remain  bounded 
as  their  arguments  0.  For  the  former,  this  is  equivalent  to  the  re¬ 
quirement,  which  we  have  already  stated,  that  3  be  finite. 

how  consider  that  portion  of  the  y^-y0  plane  where  all  factors 
in  the  numerator  arc  well-approximated  by  their  asymptotic  forms.  Examine 
in  particular  the  exponential  decay  factors 

«• 

e  e  e 


The  only  portion  of  the  plane  where  the  combined  effect  of  the  expo¬ 
nential  factors  leads  to  an  overall  decay  that  is  not  faster  than  e-a 
is  the  range  0<y^<l,0<y2<  1-j^.  The  integrand  does  not  change 
sign  in  this  portion  of  y^-y,>  space,  which  encompasses  an  area  1/2, 
compared  to  the  area  l/a,  which  is  the  corresponding  extent  in  which 
the  nonasyraptotic  integrand  decays  no  more  repidly  than  e  a.  iiote 
that  there  is  no  portion  of  the  plane  in  which  the  integrand  decays 
more  slowly  than  e""01.  Thus  the  nonasymptotic  integrand  contribution 


is  0 (—■)  compared  to  that  of  the  asymptotic  ir.oegrand. 

Similar  considerations  enable  one  to  deduce  that  one  may  also 
replace  the  Fourier  transforms  in  the  higher-order  integrals  by  their 
asymptotic  forms . 

We  thus  conclude  that  if  the  time-dependences  of  two  coupling 
functions  are  such  that  the  asymptotic  forms  of  their  Fourier  transforms 
are  identical  and  of  the  indicated  form,  the  large  detuning  transition 
amplitudes  are  the  same , 

As  we  have  indicated,  a  sufficient  condition  that  two  pulses 
have  the  same  a0(<»)  for  large  a  is  that  both  asymptotic  Fourier  transforms 
be  equal  to  contour  integrations  given  by  (2mi)  (lies  (x=i  )) .  We  compare 
the  hyperbolic  secant  of  Rosen  and  Zener,  f  =  ^  sech  with  the 
Lorentzian  f  =  ~  (l+x  )  .  The  corresponding  A(x)  are 


Au(x)  = 

nr r 

ft 

,  TT  X 

AhW  = 

6 l 
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The  transforms  for  both  may  be  calculated  via  contour  integrations . 
The  Lorentzian  case  is  trivial  and  applies  to  all  v,  not  just  large 
frequencies .  We  choose  a  contour  that  runs  along  the  real  axis  from 
-R  to  +R  and  is  closed  by  a  semicircle  in  the  upper  half  plane.  The 
contribution  to  the  contour  integral  from  the  arc  vanishes  as  R  -*■  03 , 
so  that  the  Fourier  transform  is  identical  to  the  contour  integral, 
whose  value  is  determined  by  the  residue  at  the  simple  pole  at  x  =  i . 


The  result  is 


For  the  hyperbolic  secant  we  choose  a  rectangular  contour  -which 
runs  from  -R  to  +R  along  the  real  axis,  that  is  continued  by  rectangular 
segments  parallel  to  the  imaginary  from  the  points  (±R,  0)  to  the  points 
(±R,  2i ) ,  and  is  closed  by  a  line  parallel  to  the  real  axis  which  runs 
from  (R,  2i )  to  (-R,2i).  The  two  vertical  segments  give  vanishing  con¬ 
tributions  as  H  +  »,  and  the  horizontal  segment  off  the  real  axis  goes 
exponentially  to  zero  compared  to  the  segment  along  the  real  axis  as 
v  -»  00 .  Thus,  for  the  hyperbolic  secant,  the  Fourier  transform  is  identical 


to  that  of  the  Lorentzian  in  the  asymptotic  region.  For  large  V  it  is 


(7b) 


Since  the  Rosen-Zer.er  solution  gives  the  transition  amplitude  for 
all  detunings,  according  to  Eq.  (U),  as  -i/Zv  f(a)  sing,  this  formula 
must  be  valid  asymptotically  also.  As  we  have  shown  that  the  asymptotic 
Fourier  transforms  of  the  Lorentzian  and  hyperbolic  secant  are  proportional 
for  large  detunings,  the  Lorentzian  must  induce  a  transition  amplitude  that 
obeys  a  formula  similar  to  Eq.  (it).  From  Lqs .  (7),  we  see  that  to  con¬ 
struct  the  Lorentzian  and  hyperbolic  secant  Fourier  transforms  so  that 
they  are  asymptotically  identical,  it  is  necessary  to  choose  the  Lorentzian 
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pulse  area  4  to  be  twice  that  of  Bj..  This  immediately  gives  the 
large  detuning  scaling  law  for  the  Lorentzian 


This  result  has  been  independently  obtained  by  carrying  out  an  asymptotic 
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solution  of  Lqs .  (3).  One  can  also  show  that  for  the  pulse  A^,  = 

Sf,  cosechirx,  the  appropriate  scaling  lav  is 

=-,1^1  4U)sm2.3.  (8b) 

For  the  hyperbolic  secant  pulse,  the  transition  amplitude  vanishes 

for  pulse  areas  3  =  nir,  n  integral  for  all  detunings.  The  Lorentzian, 

on  the  other  hand,  has  eigenvalues  B  =  nir  for  zero  detuning,  while  those 

for  large  detuning  are  3  =  2m.  The  eigenvalues  of  Ac  go  from  nir  at 
-  .  nir 

a  =  0  to  ~  as  a  + 

The  existence  of  a  pole  at  x=i  is  a  sufficient,  but  not  a  necessary 

condition  that  the  asymptotic  Fourier  transform  of  a  coupling  pulse 

p(oj)e  ^  .  For  example,  the  function  (l+x2)  has  an  asymptotic 

1/2  -V  1/2 

Fourier  transform  proportional  to  v  e  The  factor  v  precludes 

deducing  the  asymptotic  transition  amplitude  from  the  Rosen-Zener  formula. 

Similarly,  the  squares  of  the  hyperbolic  secant  and  of  the  Lorentzian  each 

have  poles  of  second  order  at  x=i,  with  the  consequence  that,  for  both 
*■'  1  -lv! 

of  these,  V  —  v  e  1  1 ,  so  that  while  these  will  have  asymptotic 

Gl 

transition  amplitudes  that  are  related  to  each  other,  they  cannot  be 
obtained  by  scaling  from  Lq.  (1»),  In  our  next  paper,  we  shall  show 


how  to  calculate  asymptotic  transition  amplitudes  when  the  coupling 
pulse  has  second-  and  higher-order  poles  at  x=i .  For  now,  we  merely 
present  the  formulae  for  the  transition  amplitudes  generated  by  the 
squares  of  the  hyperbolic  secant  and  Lorentzian 


~ul  r-r^'1  < 


Qj(L3)=-i^re  1  sin[cj 


J: 

an~  J 


»sm; 


where  C  =  1  +  ^  +  ig2  +  -  1.19^.  liquation  (9a)  can  be  obtaineu 

from  Lq.  (9b)  by  scaling  techniques  derived  in  this  paper. 


III.  Summary  and  Conclusion 

In  this  paper,  we  have  demonstrated  that  pulse  shapes  A(t) 
whose  Fourier  transforms  asymptotically  approach  the  form  (J-(v)e 
where  <j>  is  slowly  varying,  may  be  categorized  into  families  which  differ 
according  to  the  function  <{>.  Within  each  family,  the  transition  ampli¬ 
tudes  a2(°°)  are  related  by  simple  scaling  laws,  so  that  if  one  is  able 
to  derive  an  expression  for  tne  transition  amplitude  generated  by  one 
member  of  the  family,  corresponding  formulae  for  all  other  members  of 
the  family  may  be  written  down  by  inspection. 

A  sufficient  condition  that  the  Fourier  transform  be  of  the 
required  form  is  that  it  be  obtainable  in  the  asymptotic  regicn  as  a 
contour  integral  evaluated  from  the  residue  at  a  single  pole  on  the 
imaginary  time  axis.  For  the  case  where  A(t)  has  simple  poles,  a2(«>) 
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may  be  inferred  from  the  solution  of  the  Rosen-Zener  problem  *  , 
for  fifty  years,  by  a  trivial  scaling  operation. 

Our  results  were  obtained  by  examining  the  structure  of  the 
terms  in  perturbation  expansions  for  transition  amplitudes.  (Vie  have 
demonstrated  that  these  sequences  always  converge  in  two-level  problems 
provided  that  the  pulse  areas  are  finite.  Low-order  approximations, 
however,  are  frequently  not  useful  for  t  -*■  “  even  when  they  are  valid 
at  finite  times.)  With  suitable  choices  of  ratios  of  pulse  areas, 
corresponding  terms  in  the  series  for  different  members  of  the  same 
family  will  be  identical. 

12 

In  a  future  paper  ,  we  shall  present  methods  for  explicitly 
calculating  transition  amplitudes  that  apply  to  higher-order,  as  well 
as  simple  poles.  Thus,  we  are  not  restricted  in  practice  to  writing 
scaling  Jaws  for  pulses  which  may  be  compared  in  the  asymptotic  region 
to  the  hyperbolic  secant. 

The  authors  are  indebted  to  Dr.  A.  lambini  for  interesting 
discussions  of  this  and  related  problems.  This  work  was  supported  by 
the  Office  of  liaval  Research. 
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Appenaix  -  Convergence  of  Perturbation  Theory  for  the  Transition 
Amplitude 


Wc  demonstrate  here  that  the  perturbation  series  for  a?  converge: 
for  all  finite  pulse  areas.  The  contribution  of  order  (2h+l)  is 

,(%1  .  Ofe-iO 

t,  =•  -  « p  a, 

a 

i'(-<h<V  (A-D 


afe+i  -h  r_  -;**i  J4f  f'c,  ' 
-r(i  to  Ui*de  jx,TT 


Mow  assume  that  A(x)  is  of  a  single  algebraic  sign.  Without  loss  of 
generality  we  ray  take  this  to  be  positive.  We  compare  the  series  vich 
the  corresponding  expansion  for  «  =  0. 

©*  jk+i  *y»* 


U-2) 


(A-2 '  ) 


c --,ri  >>*.»«.?  ^ 

-  oto  =  <3  _  OO 

Invoking  the  theorems  on  repeated  integrals  of  the  same  function 

.(SO  _  (i2t+l  *  '  ^ 

Oio 


^  u 


■P  (xl  dx 
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lO  1  \  -  OO 

and  the  terms  are  recognised  as  identical  to  those  for  the  series  -i  sinp. 


Mow  consider  the  series 
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a&  +  l  2- 

*»-  ii  c  i=  1^4  (S/fw*) 
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y  jfe + o  j  ' 

This  is  evidently  the  series  for  sinh3,  which  converges  so  long  as  3  is 
finite,  nence,  the  series  of  Lq.  (A-2)  is  absolutely  convergent,  liow 


«n*  ^  i  £?« 


oo 


iC-'fo/X, 


dS 


i  I  ft'  I 


so  that  the  series,  tq.  (A-l)  is  also  absolutely  convergent,  and  our 
result  is  established. 

We  note  that  the  same  arguments  will  apply  to  perturbation  series 

x 

at  finite  times,  provided  merely  that  /^fCx’Jdx1  =  g(x)  is  of  one  sign 

and  finite.  If  f(x)  changes  sign,  the  results  will  still  be  valid  pro- 

x 

vided  the  generalized  area  /^Jf (x1 )jdx’,  is  finite. 

A  simple  case  where  the  convergence  theorem  does  not  apply  is  the 
coupling  function  A(x)  =  (const)  (tanhnx/2)/x, since  3  is  logarithmically 
divergent.  In  addition,  since  the  pulse  area  is  proportional  to  the 
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Fourier  transform  at  zero  frequency,  the  multiple  integrals  in  the 
frequency  domain  for  the  third-  and  higher-order  contributions  to  the 
perturbation  series  contain  regions  where  the  integrands  blow  up,  so 
that  the  individual  terms  beyond  first  order  may  not  even  exist .  (The 
first-order  contribution  will  be  finite,  since  the  Fourier  transform  for 
this  pulse  exists  for  v  ^  0.  In  this  case,  we  note  that  the  infinite 
area  does  not  imply  a  pulse  of  infinite  energy,  so  that  it  theoretically 
could  exist.  One  evidently  cannot  use  the  methods  developed  here  to 
describe  the  dynamics.  At  the  very  least,  decay  would  have  to  be  in¬ 
cluded  in  the  analysis,  and  a  completely  r.on-perturbative  treatment 
utilized.) 
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£vil  a- 

0*  ROL’RKE* ,  and  S.  M.  MMDARE.  Georgia  Itmtnt;  of  Tech¬ 
nology.  ** — The  renonance  F.im.tn  prut  lie**  oi  a  number  of 
vibrational  line*  of  copper  tet r.«ph*nv Ip jrphvrin  in  a 
nitrogen  oatrix  have  beer,  iw.iiarrd  throughout  the  0(0-0) 
and  Q(O-i)  Absorption  region.  based  on  absorption  apectra 
analysis,  tne  nitrogen  matrix  provides  .in  environment 
approximating  the  gas  ph.eo,^  The  major  features  in  the 
excitation  profiles  can  be  analyzed  using  a  simple  adia¬ 
batic  theory. ^  From  spectra  taken  with  excltuion  near 
the  Soret  band,  it  la  possible  to  explain  the  strong 
enhancement  of  the  39*.  cm*^  profile  at  frequencies  1200- 
1600  cm'*-  removed  from  the  Q(0-0;  band  as  weak  Kertzberg- 
Teller  (HT)  coupling  of  the  392  cm'*  mode  and  strong  HI 
coupling  of  these  higher  f requenclea.  The  strength  of  the 
392  cn"*  Raman  intensity  is  due  to  a  strong  Franck-Condon 
affect  for  this  mode.  Additional  structure  observec  in 
the  profiles  is  attributed  to  interference  between  funda¬ 
mental  and  combination  terms  in  the  scattering  Intensity 
aquation. 

^Current  address:  E.  t.  Dupont  Savannah  River  Laboratory. 
“Supported  by  NSF  Crant  PMR-7907758. 

*D.  C.  O'Shea.  P.  E.  O'Rourke  and  S,  M.  Mudare,  Paper  KE2. 
Sen  Francisco  APS  Meeting. 

2p.  E.  O'Rourke  and  D.  C.  O'Shea,  this  session. 


BH  t4  Radiative  Mean  Lifetimes  of  the  Excited 
States  of  the  Hydrogen-Like  Atoms.  K.  OMIDVAR, 
NASA/Goddard  Space  flight  Conter--Using  Kramers' 
semi-classical  formula  for  the  oscillator 
strength  of  the  hydrogen-like  atoms1 ,  it  is 
shown  that  the  mean  lifetime  of  an  excited  state 
with  a  principal  quantum  number  n  behaves  with 
respect  to  n  es  (uZ* )  n’/tn  <n )  ,  where  u  is  the 
atomic  reduced  mass,  and  Z  is  the  effective 
charge  of  the  point  charge  coulomb  field  acting 
on  the  running  electron.  Using  this  result,  it 
is  shown  that  the  mean  lifetime  of  a  state 
specified  by  the  principal  and  angular  momentum 
quantum  numbers  n  and  £  behaves  as  (vZ*)  ‘n‘£2. 
Agreement  with  selected  measured  mean  lifetimes 
of  the  excited  and  rydberg  states  of  He  and 
alkalide  atoms  will  be  shown. 

‘H.  JtoPfWf{fldetlfc,thShUf.  &i§:  (X4faBri6l?3SMa±)  . 
under  Contract  No.  N00014-77-C-0553. 

BH  1 5  Cell U tonally  Aided  Psdl  .stive  Excitation  Stu- 
dlM  in  SpiUmn* .  M.  TAVIL,  P.R.  LEHMAN,  K.  GlACObltiOt, 

0.  RfcDI,  H.b.  STROKE,  R.  VETTER  ft,  NYU  -  A  atudy  it 
being  and*  of  the  interaction  of  lignt  from  m  ring  -lye 
Inner  with  Na  undergoing  collision*,  to  understand 
better  the  physics  of  the  processes  beyond  the  impact 
region  leading  to  line  asymmetry  and  possible  heating 
and  cooling.  In  one  experiment,  the  LD  state  w% a  ex¬ 
cited  far  off  resonance  in  a  tvo-photon  transition 
(578.7  na)  vlth  Ar  at  pressures  p*0*55  Torr.  For  pifQ, 
fluorescence  was  observable  for  detuning  *10  Doppler 
widths.  At  nr 2*0  Torr  snail  i.ia^Tj  peaks  were  observed 
In  the  wings.  They  vanished  without  Ar.  In  a  second 
experiment,  stepwise  excitation  with  2  photons  froa  a 
single  laser  (5oO.L  na)  is  used  to  populate  the  LD 
level  la  the  presence  of  Ar  or  He.  The  intermediate  3P 
•teas  appear  to  be  heated  in  the  process.  The  width  la 
studied  by  the  hole  aade  in  the  3P-35  fluorescence  as 
the  3P-*»D  transition  is  scanned,  or  by  the  ^P-3S  cas¬ 
cade  transition.  Results  are  eoapared  to  theoretical 
predictions  by  one  of  us  (PPL). 

■supported  in  part  by  NSF  grants  PHY-T909173/02  and  IJfT- 
7921530,  and  by  the  Office  of  Naval  Research. 
tPersMnent  address:  r.cole  Nonoaie  Super! sure,  Paj^s. 

R|«f 3dotrtoit,t : i'twiij3. 

in,  ...»  r-ipr:c  c.  hi :  b.b.oJ  6«*c  — 

BH  16  rrV-.^t  Mj-i^ur^^nt  of  Static  Electric  Field 
Ionization  k  i 1*\  i(t-)  o t  jhllua  20  $  n  <  6 0  Ryjherg  States 
Preliminary  RosVir *. •  D.R.  MAR l AN Z,  W.  Van  Je  WATER, 

F.M.  KoCH,  Y.»V  I'Miy .  —  .\ii  experiment  Is  in  progress  to 
aessure  orecinelv  the  F-dependence  of  I*i(F)  over  the 
range  10*  -  10s  »“*  near  the  "saddle-point'*  ionisation 
limit  n^F  *  1/16  au.  'he  fast-beam,  *2C  **().,  cv  laser 
epectroscopio  method  is  similar  to  that  used  previously* 


/U7s  -Li- 

to  measure  PjfF)  for  individual  Stark  substates  of 
hvdrngen,  which  Ionize  at  larger  values  of  r/F  » O. I  -  0. 3 
au.  W»;  have  adapted  progr  \r*  kindly  furnished  by 
Zimmerman  et  al.*  to  calculate  needed  He  St  irk  maps. 
rT ( F)  is  extracted  from  least-squares  computer  fits  to 
stgna l- averaged  ionization  curves.  'He ( Ians)* S .  f^F)- 
curvf  j  on  semi log  plots  rise  rapidly  between  10s -10  s'1, 

but  bend  over  between  107  -  108  s'*  much  more  than  those 
for  H  Stark  aubatatss.  Data  for  these  and  other  states 
will  be  presented  and  Interpreted. 

•Supported  by  NSF  Grant  PHY80-26548 

*P.M.  Krtch  and  D.R.  Marlani,  Phys.  Rev.  Lett.  46, 

1275  (1981). 

2M.L.  Zimmerman  et  al.»  Phys.  Rev.  A20,  2251  (1979). 


BH  1 7  Microwave  Hultlphoton  Ionisation  of  Rydberg 
Atone:  Helium  Compared  to  Hydrogen.  P.M.  kOCH,  W.  VAN 
da  WATER,  and  D.R.  MAR I AN I ,  Yale  U. *— An  experlaent  Is 
In  progress  to  measure  with  high  relative  precision  the 
F0-dependences  of  the  rate  W  (over  the  range  10*-i1  *■) 

of  the  microwave  ionization  of  l2C*602  laser-excited 
helium  and  hydrogen  Rydberg  atoms  (20<n<60)  lo  a  faac 
baaa  (>6  kaV) .  We  use  a  microwave  electric  field  F(t)- 
P0cos^t  (linearly  polarized  parallel  to  the  beam  axis) 
at  discrete  frequencies  <» >/2w  between  8  and  12  GHz. 

Slopes  k  of  log- log  plots  of  W  vs.  F02  can  be  dramati¬ 
cally  different  for  H  and  He  atoms  with  nearly  the  sane 
binding  energy;  e.g.  at  u>/2*-9.91  CHz,  kjH(n  -  -.2)  J  >  20 
where  as  k[He(ls41s)3 Sj)  %  2.  Additional  data  for  other 
H  and  He  states  and  for  other  frequencies  (especially 
near  observed  hydrogen  "resonance"  frequencies1)  will 
be  presented  and  Interpreted. 

•Supported  by  NSF  Crant  PHY80- 26548 

*J.E.  Bayfield,  L.D.  Gardner,  and  P.M.  Koch,  Phya.  Rev. 
Lett.  39  .  76  (19  7  7). 
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BXa  1 

Velocity  Measurements  of  Evaporation  Residues. 
V.  Cl  'AN,  MT^U^hV,  R.  SfOkSlAD,  I.  TSERRUYA, 
Uiwrence  Berkeley  laboratory;  A.  BUDZANOfc'SKI, 
t78T  ar.d  Tracey,  amT^.  Blann  Lawrence 

U ver^cre  Lab. *--Thc  velocities  of  the  Ficavy 
products  from  the  reactions  h0*2 7A1, ,:Ca,  Ni 
were  measured  with  a  T0F  spectrometer  and  beams 
of  ,f0  at  140,  217  and  313  NbV  from  the  LBL 
88- Inch  Cyclotron.  Evaporation-residue-like 
products  for  160*‘*°Ca  at  the  hif^er  energies 
shew  mean  velocities  less  than  those  expected 
for  complete  fusion  and  equilibrium  decay. 

A  similar  effect  has  been  reported  for 
2ff\'e*Ca.1  The  energy,  mass,  and  angular 
dependence  of  the  mean  velocities  will  be 
discussed. 

•This  work  was  supported  by  the  Director, 

Office  of  Energy  Research,  Division  of  Nuclear 
Physics  of  the  High  Energy  and  Nuclear  Physics 
and  by  Nuclear  Sciences  of  the  Basic  Energy 
Sciences  Program  of  the  U.S.  Department  of 
Energy  under  Contract  No.W- 740S-ENC-48. 

1)  D,  G.  Kovar  et  al.  BAPS  26,  1133  (1981). 


BXa  2  Systematic*  of  Light  Ion  Emission  from  Heavy 
ion  ReactTonvr‘'o.  ‘RActri.i;  Ai^ir/Trrr'^^T , 
CVB.  fULMfcq,  r.r.  LEE,  R.L.  rosinson,  P.N.  STEISLN. 

Oak  Ridge  National  Laboratory*.  O.L.  HthORIE,  Lawrence 
gerxeley  La&orat^ry.  H.  BftEufff,  H.D.  HOLMGREN,  anc  v.a. 
SILK,  University  cT  Maryland— Energy  spectra  of  2*1,2 
particles  from  51,  100,  U7  MeV/amu  lb0-1nJuce<J  reac¬ 
tions  have  been  measured  using  beams  from  the  LBL 
Bevalac.  At  E(l60)  •  100  Mev/amu,  targets  of  Al ,  M, 
Sn,  and  Au  were  used  to  study  target  mass  (Aj)  effects. 
High  energy  proton  yields  are  found  to  vary  as  Aj‘;*  at 
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